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PREFACE 


When the present volume was first contemplated some five years ago it vras 
primarily meant to be a second edition of the author’s Topology (1930, Volume 
XII of the American Mathematical Society Colloquium Series). It soon became 
evident however that the subject had moved too rapidly for a mere revised 
edition, and that a completely new book would have to be written. With the 
(jonsent of the Colloquium Committee the task was undertaken by the author 
and resulted in the present work. Its basic topic, often referred to as “Combi¬ 
natorial Topology,” is in substance the theory of complexes and its applications. 
Many factors have contributed to a great increase in the role of algebra in this 
subject. For this reason it is more appropriately described as “Algebraic 
Topology,” and this explains the title of the volume. 

The purely topological (non-algebraic) part has been concentrated in the 
first chapter, and all the necessary group-theoretic material in the second, 
thus resulting in a great economy and simplification in the treatment of many 
ciuestions, notably duality and intersections. The next three chapters deal 
with the theory of complexes proper. The basic type sclect(^d is A. W. Tucker’s 
modified in that the elements may also take negative dimensions. As is well 
known one of the important recent advances has been the extension to complexes 
of the duality and intersection properties of manifolds. This may be ac¬ 
complished by means of special “dual” cycles (the “pseudocycles” of Topology, 
Chapter VI), or by a special dual complex as done by Tucker (companion 
algebraic^ development by W. Mayer), or else again with Alexander and Whitney 
without new elements but with a new boundary operator for the chains. J3y 
utilizing negative dim(msions it has been possible to associate with each complex 
X a dual complex X* such that the relation between the two is wholly sym¬ 
metrical. As a consequence the “co-theory” of X (Whitney’s terminology) 
appears as the ordinary theory of .Y*, and all the duality and intersection 
properties are obtained by combining tlie Y, X* I’elationship with group-duality 
and group-multiplication in the sense of Pontrjagin. There emerges thus a 
theoiy of comi)lexcs of purely algebraic nature, with manifolds relegated to the 
second plane. 

The homology theory of topological spaces is taken up in Chapter VII, the 
necessary limiting processes constituting the theory of nets and webs being dealt 
with in Chapter VI. Wo have chosen as our basic theory the Cech homology 
theory and in substance reduced to it the other known theories thus unifying a 
domain which has definitely stood in need of it for some time. 

The relative concepts which played such an important role in the previous 
volume have not been neglected in the present. They appear chiefly in the 
guise of certain binaiy dissections which run right through complexes, nets and 
topological spaces, and are at the root of the mechanism of webs. 
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The lasfc chapter contains the applications to polyhedra and certain related 
questions, notably a very concise and very general treatment of fixed points. 
The book coiK^ludcs with an appendix by Eileuberg and Mac Lane on the homol¬ 
ogy groups of infinite complexes and another by Paul Smith on his theory of 
fixed points of periodic transformations. 

Owing to limitations of time and space it has not been possible to take up 
the applications of algeliraic topology. However with IMarston Morse’s Calcidm 
of Vaviations in the Large (1934, Volume XVIII of the Colloquium Series), 
W. V. D. Hodge’s The Theory and Applications of Harmonic Integrals (1941, 
Cambridge University Press), and a forthcoming volume by Hassler Whitney 
on sphere spaces, the reader intorcstod in the applications will readily satisfy 
his curiosity. 

Certain deviations from standard usage have been adopted in the text and 
should be kept in mind. Thus ^^compact” replaces “bicompact,” and “com¬ 
plex” replaces “abstract complex.” (A nomenclature of complexes and mani¬ 
folds is given at the end of Chapter VIII.) All groups arc topological (the 
topology may be discrete); unless otherwise stated homomorphisms are supposed 
to be continuous and group-isomorphisms topological, exceptions being indi¬ 
cated by the mention “in the algebraic’ sonso.” For vector spaces over a field 
there is a special set of conventions indicated in Chapter II (22.2). 

The literature in topology has grown to such proportions that it has been 
impossible to provide more than a scanty bibliography. References are given 
by the author’s name followed by an appropriate letter in square brackets. 
Those to the present volume are of the form (IV, 16.3), where IV stands for 
Chapter IV and 16.3 for the numbering in the chapter. 

It has ])ocu my good fortune to have obtained sympathetic cooperation and 
advice from many sources. In preparation of the manuscript invaluable as¬ 
sistance was received from Samuel Eilcnl^erg, W. W. Flcxuer, N. E. Steenrod, 
John Tukey, and as regards the second chapter, Claude Chevalley practically 
acted as a (iollaborator. Parts of the manuscript in more or less final form or 
important i)ai*t.s of the proofs were carefully read by Hubert Arnold, E. G. Begle, 
Paco Lagerstrom, Saunders MacLano, Moses Richardson, Seymour Sherman, 
.r. D. Tamarkin, A. D, Wallace and Hassler Whitney. To one and all it is a 
great ])lcasuro to express here my appreciation and thanks. 

S, Lefscretz 

Princeton, N. J. 

October, 1941 
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CHAPTER I 

INTRODUCTION TO GENERAL TOPOLOGY 



The Hcopt' of the chapter is sufficiently clear from its title. Particular at¬ 
tention has l)(‘(*n paid t,o compactness and there is also a thoroughgoing treat¬ 
ment of inv(*i*se mapping systems which come strongly to the fore in (II), and 
also in (VI, VII) in connection with the homology theoiy of topological spaces. 

Gvnvval rvfcmiccs: Tlio standard treatises and in addition: Alexandroff- 
Urysohn [a|, Cech [g], Stcenrod [a], Tukey [TJ, Wallace [a], Wallman [a], 

§1. PRIMITIVE CONCEPTS 

1. We introduce a few formal abbreviations: 

A B means implies R”; 

A ^ B means “A is e(iuivalent to /T’; 

A = /? m(*ans ^‘A is isomorphic with R.” 

We shall assume that tlie reader is familiar with the basic concepts of point 
s('ts. ^riie null-set is designated by 0 and if X is a set, X — 0 signifies that X 
is empty. If A", Y are sets we write A' C Y or Y Z) X for: “every element of A" 
is an ('Icmumt, of Y'\ or: “A' is a subset of Y'\ Wo shall also say of three sets 
A', r, Z that “ Y is between X and 7Y" whenever X C Y C Z or else X Z>Y ZD Z, 

''11 u' staR'inent “.r is an clement of the set A'^” is written symbolically :r t X 
or A' 9 ;r. Fnniiu'ntly the different (hunents of a set A' are denoted by the same 
leit('r .r with additional aiffixes as: .rf , , • • - , or say by :Va with complementary 

afRx(‘s as: .r«», - . In that case the set will sometimes be designated by 

• We shall also write A' == {a’K A" = {Xal, • • • whenever it is 
th(‘ intention to designate the <lifferent (dements in the manner just stated. 
Howen^'er, the symbol { ) is too convenuiut to be reserved strictly for the 

pn^ccHling usage; deviations will be allowed but their meaning will generally 
be (di^ar from the context. 

L('t LYa} b(^ a collection of sets wliich may or may not bo distinct. Let par¬ 
ticularly Xa — {.Ta}'. Then the set of all the Xa for all a is called the union of 
th(* Xa and (l(\signatcd by UaA"*. In this and similar symbols the subscript a 
will often be omitted, and we shall write U in place of Ua, wherever the 
is (dear from the context. Similarly the set of all the elements which are in 
civ(uy Xa (i.o., common to all the Xa) is called the iniermtion of the Xa and 
denoted by flaA'a. If the number of Xa is finite, say consisting of the collection 
A'l, •' • , Xr {r a.n intcg(3r), we also designate the union and intersection, respec¬ 
tively, by Xi u A^ u ' • • u Xr and Ai n Xa n • • * n X,.. 

Given two sc'ts X, Y, the set of all the elements of X which are not in Y is 
call(»d the complement of Y in X, also the difference of X and 7, and is denoted 
by X - 7. 
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If P is a property and A’ = {rl, the totality of all the elements x which 
satisfy P is denoted by {.r 1 :c has the proptu-ty Pj. As an example ol this 
notation, if {a;} is the set of all real numbei-s, the sot of all those Iictween 0, 1 
is denoted by {.r | 0 < .r < 1}. 

Negation of any relation shall be indicated by a bar drawn through its symbol 
as in Y i A' (Y not contained in A), Y X (Y different from A’), etc, ^ ^ 
The sets Xa are said to be disjoint whenever any two are disjoint (A « n Aj, ~ 0, 

for, a 7 ^ h). , , , . j. 1 

2. Transformations or functions. Let X = |x}, 3^ = {y} be two sets and 
let <7 bo a subset of the set whose elements are the ordered pairs (x, y). We 
suppose that G has the following property: every clement a: is found in precisely 
one pair (x, y^) < G- There results then an assignment to each .t « X of a dchnite 
element e Y and this assignment is known as a iramfomalion of X 7 
or function on X to Y. The statement “P is a transformation of A' into 3 
■will be generally written in one of the symbolic forms: 2 . A —>■ 3 , 

•g _ » “x defines T.” The set A is the range of T and y^ is the mine 

of -T at a:. The element y® is frequently designated by Tx, and called the 
transform or imago of x under T. The set 3' ol all the values lx for all x e A 
is a subset of Y called the transform or image of A under T, and wo write 3 ' = 
TX. It may happen that Y’ = 3', i.e., that every element y occurs^ in some 
])air (x, y) eO (every j/ is a Tx), in which case T is said to transform A only 3^. 

The transformation T is said to be unwaknt whenever x 7 ^ x' ->■ Tx ^ T.v\ 
It is said to be one-one when it is both univalent and a transformation ontio. 
That is to say, every y occui-s in one and only one pair (x, y). 

The sot G of the pairs {x, y) sciwing to dclino T is known as the gi'ayh ol T. 


Example, x is a real variable and-Y =}’= |*|, while I': llienA' IXs^X, 

«i> .V is a transformation of X into X l.iit not mi.hi X. Suppose now tlie siime situation 
except that * is a complex variable. This time T i.s a traimformation of .V onto X. 


Lot A, F, T be as before and let Z C A. Then il x e Z the assignment of 
Tx to X defines a transformation Tii Z —* Y denoted by T | Z. We also say 


that T is an extension of 2 ' \ Z to A'. 

(2.1) Midti-valucd tran^ormations. Let the sets A, F, G be as before, except 
that this time G is not subjected to any restrictions. .The clomonts y in any 
pair (x, y) e Gin which a: occurs make up a sot 3-''* C F, which may be 0 (fm 
automatic subset of evei-y set). The assignment T to any x of the set F* is 
called a multi-valued transfot'mation of A into 3'. Tlio terms “value, image, 
transform” and designations "Tx, TX," are carried over to multi-valued trans¬ 
formations. If it is known that every Tx consists of n elements, T is sometimes 
said to be n-valued. The earlier transformations correspond to n - I, and ai-e 
sometimes designated as single^alued. 

A multi-valued transformation X —»I'” may be eonsidored as a (single-valued) 
transformation of X into the set 3^^ of all the subsets of F. 


Examplb. If X is the sot of all complex numbers then x —* is a multi-valuod trans¬ 
formation X-* X, the values F* being sots of n complex numbers. 
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(2.2) Indexed system of sets, A multi-valued transformation T:X F, 
with Tx = Far, is also called a sysicyn of sets indexed hy X, or more simply an 
indexed system, and denoted by {Fj.}. It may be said that this designation 
will be used chiefly whenever X plays a minor role. As an example of an 
indexed system we may mention set sequences. We have then X = (1, 2, • • • , 
7ij • ■ •and the sot sequence is here a system {F„} indexed by \n]. Whenever 
every Fn is a single point the set sequence becomes a point sequence or more 
simply a sequence, 

(2.3) Inverse transformations, one-one transformations. Let IT : X —> F 

be singhvvalued or multi-valued, and sot Xy = |.i* | T:s ? y). Then y Xy 
deflne^s a multi-valiuKl transformation known as the inverse of T and denoted 
by Thus if x is a complex variable tlum T : a; —> a:'Ms a transformation 
A' A” whose inverse is T~^ : x —> already (considered above. 

If both T and are single-valued T is one-one. In terms of the set G 
the transformation T is one-one whenever every x and every y each occur in 
a single pair (x, y) € (?. 

(2.4) Ideniijicaiion, Let It be a relation of (Miuivaleruce between the elements 
of a set A" = |.r) and let tlu* resulting eciuivalenc(c classes be taken as demont.s 
of a new set Y == |?y). The set Y is said to be obtaiiu^l from X by identifica¬ 
tion of the elements in each class y. 

There is an obvicnis c.onnection between ^fldentilu^ation” and “transfoi*ma- 
tion.’^ Indeed if we define T by Tx = the class y ^ ,v tluMi T is a transformation 
A” —V Y, Conversely, if T is a transformation A"" —> Y and w(' define th(^ relation 
It by ^‘:r and ;r' are in tlic relation R whenev(^r x and x' are (4(Mnen<.s of thc^ sam(^ 
set T ^y” then It is a relation of eqiiivahnic.e and Y is derivc^d from X by identi¬ 
fication of the (dements in each class. 

Exami’lios. (2.5) A “hook” may ho ohiaiiuul from a oollcu'liotL of rcctanglos l/ynl hy 
itlcnlifioation of points on a sot of edges om^ in (»ach r(‘ct.angle. JCaeh equivalence? 

elasH eonsistH of tin? points at a specified distanc<? from om? vertex in (?ach IJa or of a sin¬ 
gle point not on an Ua . 

(2.6) Let A' consist of a einnilar region with its houndary ciiTumference Z and lot the 
relation H he d<jfin<?d as follows: each interior point is in the relation R. with itself and itself 
alone?; two end points x, z* of the same diameter are in the relation R with one another and 
with no other points. The resulting identification yields the projective plane. Similarly 
flu? Euclidean set ic? H- •«• + rrj ^ 1 gives rise to projective n-space. 

(2.7) Imbedding, Lot T bo a univalent transformation X F and let X' = 
TX, Then the process of rciplacing F by (F — XO u X is known as 

ding X in F. 

3, Cartesian products* 

(31) Definition, Lei {Xa} he a system of sets indexed hy A — {a}, with 
Xa « {uia}. The cartesian product, or merely product of the Xa is the set of 
all the single-valued functions f(a) on A to UXa sitch that f (a) € Xa for every a. 
The product is denotedhyT?Xa or also by XiX ••• X XnWhenA == {1,2, 
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If the sets Xa ore merely the same set X repealed we also write the product as a 
power: X^. 

Examplks. (3.2) Take two disjoint sots A'l « == ( 0 : 2 1« Thon Xi X, A "2 ia in 

onO“Ono (jorrospondoneo witli tlu? collection of all the pairs (a:i , oj-j), e Xi , Similarly if 
A't = |.Tii, ? = 1,2, • • • , are disjoint sots then A"i X • • • X A',, is the collection of all the 

sots (a!i , ••• , X„), Xi eXi . 

(3.3) lAd, A”! = A'a — A ~ ia;|. Then the product A' X A", also written A"'-*, is in one-one 
correspondence with the s<d. of all ordered pairs (re', ;r"), x* and x" « X, Ifere thou {x\ x^') = 
{x*\ X*) when and only when x* = x”. Similarly A" X • • ■ X X (r faetors), written also A"**, 
is ill one-one correspoiuleiice with the s<d of all ordered ?*-iiples • • • , of elements 
of A^ 

(3.4) Application to functions. By a function / on the sets A",, , or of the variables Xa , 
to a s(it K, is meant a function on PA^n to Y, If there are oidy a finite number of Xa , say 
an , • • • , Xr , / is often designated by f{xi , • • • , a:r). 

(3.5) Graphs, Let A", Y designate the sets of points a;, y on two cartesian axes x^ 0 x, 
y* O y ill an Euclidean plane tt, Then tlie points of tt are in one-one correspondence with 
the pairs of coordinates Xy ?/, i.e., with the elements of A*” X Y. With a function/ on A' 
to Y there is associated tlio set (7 of all points (Xjf{x))y in which we recognize the graph of/ 
in the sense of (2). 

By interchanging x, y and A', }" throughout, G may bi* viowikI as the graph of/"**. If/ 
is single-valued every vertical meets G in a single point. 

This simple configuration is so elTective that its terminology has been increasingly 
borrowed. Explicitly, given the product PA",, and an (‘leiiKUit x in the product, wo call 
projeclUm of x on A",, , or «th coordinate, of x, its value a:(a) at a. Tu the cas(‘ of a product 
of two factors X X Y, we call x and y the horizontal and vertical projiictions of the point 
(ic, y) of the product. The horizontal, vertical, «th projection of a set in X X Y or PA'« 
is the aggregate of those of its elements. 

(3.0) Other products. Interesting goiieralizations of the cartesian product may be ob¬ 
tained. For example, we may take as olenumfcs all the unordered jiairs (a*', x'*) of olemmits 
of A'’, thus obtaining the symmetric product of A*" by itself. Similarly tlie unordere<l sets 
of r elements give the symmedrio product of A" liy its(‘lf r times. 

4. Partially ordered and directed systems. A sot A is auid to be parlially 
ordered or merely ordered, if certain pairs of cloinentH (a, h) of A satisfy an 
ordering relation denoted by a < h and subjected to the solo comlition of transi¬ 
tivity: a < b and h < c a < c. Instead of a < h we also write b > a, Tlu‘ 
ordering is said to be: reflexive U a < a for vw.vy a e A, proper if a -< a' and 
a* < aa ^ a\ The set A is said to be simply ordered whenev(^r every pair 
of elements a, h are ordered: one of a < h or h < a or both must liold. 

Let A be ordered by -<. Thon A is said to Ix^ directed by >• [ by •< ] wheii- 
over given any two elements a, b of A there exists a third c such that c > a 
and e > b [c < a and c -< b]. We also write accordingly A == {a; >•) [A = 
{a; <]]. 

Examplkh. (4,1) A is the sct of all nsal mimborfl and a<b^a^b. This s<*t is simply 
ordered and directed both by < and >*, 

(4.2) A is tlic Euclidean plane referred to the coordinales (;r, y) and (tr, 7 j) < (a;', y^) 
means that x =« x\ y ^ y\ This set is ord(ircd but not simply ordered and not directed. 

(4.3) A consists of all the subsets of a given set E and a < a CZh, This system 
is directed by >• and not simply ordered. Its ordering will occur frequently and is some¬ 
times called ordering by inclusion. 
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A Hiihset .4' of a diroctod sot A = [a; > } [= {a; ■< }] is said to be cofinal 
[coinMal] in A whenever for every a e A there is an a' € A' such that a < 

[/7 > a'|. Thus if A == (an) is a monotone numerical sequence, then any sub- 
seciuonee *1^ is cohiial in *4. In i)oint of fact, cofinal s 3 ^stems play in many 
respecd-s a role analogous to that of subsequences. 

In a partially ordered syst(»in ^4 the subset A' is said to have oq for an upper 
hoimd whenever a < ao [« > aa] for every a e A'- The element ao is 
said to 1)0 maximal for A if a > aa an > a. If the ordering is proper then 

this d(4init-ion spc'eializes to the usual one: aa is maximal if no a aa is such 

that a > aa. 

(4.4) If IX; >1 ftS a counlable directed system^ either it contams a maximal 
clement or it contains a cofinal simply ordered sequence. 

Lot iX! = |Xi, Xo, •••}. t^hooso \[ == Xi, and choose x!, so that Xl > X^, 
X'n^i and \n~i > Xl. If such a choice is impossible at the 7ith step, then xl-i 

is a maximal (dement. If the choice can always bo carried out, then {X„} 

is a sc(iuonc(* cotinal in {X). 

5, Zorn’s theorem. We now introduce a theorem which will be used in a 
number of jn'oofs. It is logically equivalent to the well-ordering postulate, 
but in a form which can bo used to replace arguments basc'd on wcll-ord('ring, 
l)articularly transfinitc^ induction, by a simpler i)rocoduro, 

VV(' gi\’(' thr(*(‘ stat(unonts of the theorem, which ar(‘ easily proved eciuivalent. 

(5.1) Tiieoiikm of Zoun. If in a partially ordered system A each simply 
ordered subset has an upper bound in the syste7nj then there exists at least one 
maximal element a e A, 7oith a > Ui) for a preassigned ao. 

A i)r(>j)<‘rty P nf .sets is Huid to \\nv(' Jinilv characler if \vh(*n(*vcr it IioUIh for overy finite* 
Hub.sct of a H«*t A’ it alst) holds for X itself, and convensoly. 

(b) If a property P of Home suhsefs of a svi X has Jhiile chavnvtcr Him there exists at least 
one suhsei }' of X with property P sueh that any subset amiahiing 1' which has propexly P 
is equal to K. 

{<0 Erery partially ordered system contahis at least one maximal simply ordered subset; 
that is, a subset H which cannot be extended in simple order by an element greater than or less 
Hum nil elenumls of li. 

This Iasi form of Mu* Muujrom is perhaps most intuitive; but (b) l)nrigs out more clearly 
tiu* Irasis for thi? pi-oofs making use of Zorn’s tluurrem, since the iiropertios involved usually 
are first <lefined for finite subsrds of sonu* set and then extendod. 

In the formulation (a) and for the sulrsets of a given sot ordered by iiiolusiou the theorem 
was given by H. L. iMoore [M, S'l| but the first general forinulatioii, and particularly its 
usage as a substitute for trausfinile induction ni’o due to Zorn. 

§2. TOPOLOGICAL BVACES 

G. W(' shall umlorstaiul by lopologicai space an aggregate of elements, the 
puinls of »{, and an iiggrogato ll of subsets, the open seis of 91, which satisfy 
th(* following axioms: 

OBI. The nulirsci and 91 itself are open. 

OS2. The union of any number of open sets is open. 
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083. The intersection of two {a7id hence of any fitiite mmher of) open sets is open. 

Although a space, as we have defined the concept, is made up of points, tlic 
points themselves will not be used in a major way until (§6) is reached. 

(G.l) Open base. An open base, or merely a base, for is an aggregate {TFa} 
of open sets ( 9 ^ 0 ) of such that every open set of is a union of these basic open 
sets. The empty set is understood to be a union of an empty aggregate of sets. 

If we wish to make a set R into a space by choosing an aggregate { Wa] of 
its subsets as a base, we will need 

(6.2) {Wa} is a base for a topological space if and only if: (a) R is a union of 
WaS; (b) the intersection of every two TFa s is a union of IFo’s. 

The necessity of these conditions is clear from OS123. If 72 is a union of 
TFo^s, then OSl will be satisfied. 082 is automatically satisfied. The inter¬ 
section of two unions of WJs is the union of intersections of pairs of I Fa’s; 
hence if the intersections of pairs of TFo's are unions of Wa's, then the inter¬ 
section of two unions of Wfs is a union of WaS and 083 holds. 

In the applications it is more convenient to replace (G.2) by the equivalent 
condition: 

(6.3) [Wa] is a base whenever: (a) every point x is in some Wa] (b) if x e Wa 
n Wh there is a Wg such that x e We Cl Wa n Wb- 

Two bases {Wa]^ {W[] are said to be equivalent if they are bases for tlie 
same topological space. The condition for this is that every Wa is a union of 
sets Wb, and conversely. Or more conveniently in terms of points: if x e Wa 
there is a Wl such that x e Wh C Wa and likewise with Wa , Wb interchanged. 

(6.4) Subhase. An aggregate { Wa] of open sets of such that their finite 
intersections constitute a base is known as a subbase for 9t. If a space has a 
subbase it is necessai’ily topological. 

(6.5) Base and subbase at a point. Let x be a point of 91. An aggregate 
1 Wa] of open sets, all containing x, is a base at x, whenever if U is any open set 
containing x there is a set Wa such that x e Wa C U. An aggregate { Wa] is a 
suhhasc at x whenever the finite intersections of its sets constitute a base at x. 

(6.6) Countable bases. The presence of countable bases is often an important 
property of a space. In this connection we must mention the two well known 
axioms duo to Hausdoifif: 

First countability axiom. There is a countable base at each point of 9L 

Second countability axiom. The space dl has a countable base. 

Clearly the second implies the first. 

In connection with countable bases we have also the classical: 

(6.7) Theorem of Lindbl5p. If 9!: has a countable base and V = UVa , 
where the Va OLve open sets, then there is a countable subcollection {Fa»} of {Fa} 
such that V = U7«„. 
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Lc^t {TFn} be 11 countable base. Every Va is a union of sets Wn- The totality 
of the sots IVn which are contained in some Va is thus a subcollection [W^] 
of [IKnl necessarily' ooimtalde. Wc have then V = Now for 

each \Vn there is a 

IFn 

and clearly 1F«,J IxOiaves as reiiuired. 

Eroin the tli(M)r(sn we de<luc(* 

(0.8) If ))t <i couniable /m..sc | IFn} then every base [Va] contains a countable 
suhaggregaLc {Fn,,} winch is already a base. 

By the th(H)roiu just proved out. of tlu' sots Va whose union is IF^ there may 
be selected a countable subcollection {Fw^^J whose union is again IFp. There¬ 
fore { Fa^,J (all p, (j) is a countable base. 

7. Closed sets. The comi)loincnt 1/ of an open set is known as a 

closed set. The i)roi)erties of closed sets arc the duals of those of open sets; 
explicitly, the duals of OS 123 are: 

CSl. and. 0 are. closed. 

C'S2. Any infercscclion of closed sets is closed. 

CS3. The union of (wo (and hence of a finite number of) closed sets is closed. 

Conven’sely, if we had lh(‘ closed sets satisfying (•S123 and defined the opcai 
sets as the eomidcaninits of clos(»d s(d.s, tlum the open s(d.s would satisfy ()S123. 

(7.1) (Uosed base. An aggr(*gate \Fa\ of closed s(d.s of is a closc'd base 
whenev(*r (wery c^IoschI s<‘t. is an intersection of basi(*. closed sets. Clearly: 

(7.2) [Fa] is a closetl f)ase for if and only if {Si — Fa] is an open base for 
the space. 

8. Transformations between spaces. A single- or multi-valued transforma¬ 
tion T is c.alledo/>ca[cZe«cd]if it tak(\s op(m sots of 5)i onto open sets of T ffi [closed 
sets of 5Ji onto (dosed s(^ts of T Jli], Since the imago of a union is the union of 
the imag(^s W('. have 

(8.1) If [l^a] is a base, for ^)i, then a transformation T of 5)i onto '3 is open if 
and only if each TUa is open in 3. 

A eoniinnous transformation or mapping is a transformation whoso inverse 
T ^ is op(m. An argument similar to that for (8.1) yields 

(8.2) If {Frt} is a subbase for 3, them a transformation T of))t into 3 is con- 
tmuaus if and only if each 7^"‘Va is open in 5)i. 

If both T and T"^ arc^ singlcsvalued and continuous, then T is called a topo¬ 
logical transformation or a homeomorphisin. Clearly: 

(8.3) A one-one ira^isformation T is topological if and only if both T and 
are open. 

Now if a transformation is ^^onto,*' the inverse image of the complement of 
a set is the complement of the inverse imago of that set. Hence we have: 

(8.4) A transformation of onto 3 is continuous if and only if its inverse 
is closed. 

A formal description of topology may now be given: 
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(8.5) Definitions. A topological property of a topological space dt is a prop- 
erty of 9i which remains inmriant under topological transformations. Topology 
is the study of the topological properties of topological spaces. 

Examples. (8.6) A rigid piano motion is a topological transformation. A folding ovtn* 
of the plane is a continuous tranafonnation but it is nut topological. 

(8.7) Topological equivalence. The relation expressing that one space is the 
topological transform of another is evidently an equivalence, and is called 
topological equivalence. 

0. Some examples of topological spaces. 

(9.1) Euclidean (Consider the set A" of all the ordered sots of n real mimlx'r.s 

{iTi , The subsets of .V defined by ineciualitics 

tti < Xi < hi , A « I, 2, • - , n, 

are known as n-inicrvals^ written /'*, or merely inlcrvaU wlnui n » 1. Since (/'»[ is imnn*- 
diately seen to verify (6.2) it may be chosen as a bas<^ in a toi)ol<)gy for .V'*. TIkj resulting 
topological space, or any other topologically equivalent, is known as an Euclidean n-.spacr, 
written (S", also as a real line for =» 1. The open sets of (5" ar(^ Hometimes calhul regions. 

Strictly speaking “Euclidean 7i-space“ should he applie<l only to certain unitric spacu's 
described more accurately in (44.1). Mowever, in this and other similar instances it will 
be generally more convenient to enlarge the meaning of a well known t(»rin in tlu* above 
manner, rather than to have recourse to a more involved terminology. 

Let U be the base just defined for and let 53S be the set of the ralUmal n-inie.rvaU^ i.e., 
corresponding to the a,- , hi all rational. If ;r 6 /«, tlu;re is an (‘hnuent of hel wetm x 
and 7”; hence every 7” is a union of sets of 3?. More()V(*r every tdemonf of is an I ”. 'riitu’i*- 
forc 35 may serve as a base for (S'^ In otlier words (S'* has a CAtuntable base namely 35. 

(9.2) Let R be any point set and lot the open sots b(^ defined as all the subsets of R. so 
that the points themselves arc oj)en. The verification of the ti.xitnns OH12;5 i.s now trivial. 
The topology thus affixed to H is known as the discrete topology. Its ehi(»f function is to 
make statements for topological spaces valid for arbitrary point sets, it luung always 
understood when this is clone that the disende topology is assigned to the S(jt. 

(9.3) Let he a set ordered by <, Defiim as an open set a-ny sulKsel f' such tliat :c e f* 
and a; < a;' ai' 6 U. Then the sets II v(u*ify 08123. In fact ()H3 is fulfilleil in i he stronger 
form: 

OSS'. Afiy intcrsecUon of open sets is open. 

5)i is known as an ordered space. Let a set E have the* propeuMy that x e F and x' <x'^ 
x' eF. Then — F = U is open, and so F is closed, (Conversely, if 7’ is closed It. has 
t.hc i)ropcrty just considcM*ed. From this follows tliat the ehmd sets of))l satisfy (he same 
axioms OS123 os the open sets of Noteworthy examples of orthuHul HpiKu^s are the com- 
plcxcs (III, 1). In their theory however t.lu^ faet that they are topological sjmees is not- 
important. 

(9.4) An interesting example of ordenal spacit is the real line 7/; — « < ,« < d-oo, con- 
sidered as a set ordered by The open 8(d-H are t.hen the “rays" a ^ ar < <», and the 
closed sets the rays - « cx^u. This topojogy is manifestly difTerent from the customary 
topology of L us an (SL 

10. Additional topological concepts. Tlic ntnv eoneopi-H to bo iutrodutnd nuhst 
of course be expressed directly or indirtictly in tonus of tlu^ priinifcivo ediunents, 
the open sets. 

(10.1) Ihe interior of a set A, written Int *1, is the opcni H(?t which is tho union 
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closed sots D A (Icsist closed set containing A). 

(10.3) A is dense in if A = 91. 

(10.4) The boundary SQA of .4Js tlic intersection of the closures of A and 
its coniplcmcnt: 93^4 = yT n 91 — .4. 

(10.5) A noighhorhood of A is any open set containing A. 

Many formal properties may be derived directly from the definitions. Thus: 
(lO.G) Interiors are open sets, and the interior of an open set U is U itself: 
Tnt r ’' = Closures and boundaries are closed sets, and the closure of a closed 
set F is F itself: P = F. 

(10.7) A is dense in 91 A n Ua9^ 0for every set Ua of a base { Ua\• 
Noteworthy and readily proved properties of the closure are: 

(10.8a) A CIA, 

(10.8b) 0=0, 

(10.8c) A == A, 

(10.8d) JVB = Au B. 

It may be .shown that if we take (10.8 abed) as axioms for a closure operator 
and define a set F as closed hy: P = F (10.6), then we obtain a collection 1/^) 
.satisfying C8123. Thus following F. Riesz and Kuratowski, one may describe 
topological spaces in tcrm.s of a suitably restricted closure operator. 
Additional properties of the closure needed later will now bo considered. 

(10.9) riA« c: nia, 

(10.10) 91 - A = Int (5)1 - A). 

This last property may also be expressed as: the complement of A is the union 
of all the open wits which do not meet A. It leads to the following important 
propcirty (the only one of the prc.sont set where “points” are mentioned): 

(10.11) The closure A is the set of all the points x such that every neighborhood 
of X meets A. 

For if X 6 A, no neighborhood U of x can be in 91 — A and so every such 
neighborhood meets A. On the other hand if this last property holds then 
a: < 5)1 — A, since otheiwiso 91 — A would be a neighborhood of x disjoint from 
.^l. Therefore x e A. 

(10.12) Let 5)1, © he topological spam and T a mapping 91 —» ©. Then if 
A is any subset of 91 we have T{A) C TA. 

For 7’~\TA) is closed and 3 A, hence T~^{,TA) 13 A which yields at once 

( 10 . 12 ). 

11. Topologization of subsets. Let A be any subset of the space 91 and let 
|f'a]> {-fo} be the aggregates of open sets and closed sets of 91. We see at 
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once that any of the properties OSi which hold for { Ua] also hold for {il n f/„} , 
provided only that we replace by A in their statement. The same is true for 
{Fa}, CSi, and {A n This leads to adopting throughout the present 

work the rule 

(11.1) Principle of relativization. Any subset A of a topological space 

is turned into a topological space by choosing as its open sets the intei'sectmis 

with A of the open sets of 5)t hi this statement ^^open sets^^ may be replaced by 
closed setsy 

(11.2) Example. Under the principle of relativization the siihscts of any Euclidean 
space arc topological spaces. 

Observe that B might well be closed in A but not closed in For example, let L b^ 
the real line. If A is the interval 0 < aj < 1, and B the set 0 < a: ^ 1/2, then B is closed 
in A but not in L, 

(11.3) The closure in A of a subset of A is the intersection with A of its closure 
in ))i. 

(11.4) Application, Let T be a mapping —> © and let A C 9i. Then T \ A 
is a mapping of A onto a subset B of ©, for 7^ | A is continuous in the relative 
topologies. In particular T is a mapping of 5)i onto its image 

12. Topological products. Let {Sto} be a collection of topological spaces, and 
let [Ua, AI be the aggregate of open sets of 9ta. We have already defined the 
set-i)roduct PSla* We now agree to topologize it by choosing as a base the sots 
V = PUa, Ha ), where lU, Ha) == 5Ka except for a finite set of a's depending on V, 
These sets might well be called “basic prisms.’’ It is easily seen that (6.2) is 
fuliilled and so the product is a topological space 

Wc notice that {Ua X is a subbase for SR. 

(12.1) The projection Xa : SR SRa is an open mapping. More generally if 

[a\ - {h} u {c}, W - PSIJa , SR" = PSRc, so that 5)t = SR' X SR", thm the pro¬ 

jection T : S)t 5)i' is an open mapping. 

It is only necessary to consider the projection 7r« . If Ua is^open in SRa then 
Fo.= (ic l Xa e Ua} = iriT^f^aisopenin SR, so Tais amapping. Since TaVa = Ua, 
TTa is open by (8.1). 

The following proposition is expressed in the form in which it usually occurs: 

(12.2) Let © = {y} he a topological space and let fa{y) be a continuous func¬ 
tion on © to If wc set x = Ifaiy)} = <p(y)i then (p(y) is likewise continuous 

on ©. We may also say that <p is a mapping: © —» SR. 

Since Xa == fa{y) is continuous = tp^^Va is open and since {7a} is a 
subbasc for SR, (p is continuous (8.2). 

(12.3) Application to the continuity of functions of several variables. To simplify 
matters consider a function of two variables/(a;, a;') with ranges SR, SR' and values 
ill a space ©, By definition / is merely a function of the point (x, x') of SR X S)t' 
i.c,, with range S)i X Sit', with values in and/is said to be continuous in both 

x', when it is a continuous mapping SR X Let {f/j, {?/'} be the 

open sets of SR, 3t'. Since {U X C/'} is a base for SR X a n. a, s. c. for the 
function / to be continuous is that if f(xQ, xi) = yo and 7 is any neighborhood 
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of 2/0 tlicn thoro exists a neighborhood U X C/' of (:ro, Xo) e X such that 
the values of f on X T' are in V. This is the well known condition: There 
exist neighborhoods P, P' of Xq , Xo such that x e U, x' e P' /(x, x') e F. 
Th(‘ (^tension to any number of variables is obvious. 

(12.‘4) The graph G of a mapping T: —> Jit' is topologically equivalent to SE. 
More precisely if tt is the projection X 5)}' —> then r\G is a topological 
7 napping G —> 

It is already known that tt | (? is one-one, and it is continuous since tt is con¬ 
tinuous. Therefore we only need to prove tt [ G open. If (P}, {P'} are the 
open sels of 3i\ then {P X ^i'} and {5)t X U'} together form a subbasc for 

X J)f'. Hence (G n P X 9^'} and {(? n 91 X P'} together form a subbase 
for the subset P. Now t{G n P X 5K') = P, 7r(P n 9t X P') = r“-'P' == 
an open set of since T is continuous. Since r | G maps the elements of a 
subbase of G onto open sets it is open, and (12.4) follows. 

(12.5) If 9i = PStfl, *‘1« C , A = Pyla, then A = PJa • Or, explicitly: 
the closure of a product is the product of the closures. 

Since A is a product in order that x = {xa| e A a n. a. s. c. is that every ncigh- 
borluxxl of X nie(‘t A, and hence that every set of the subbasc {Ua X 
(Prt are the op(‘u sets of 9f„) containing x meet A. Hence the n.a.s.c. is: for 
(»V(‘ry a (‘very neighborhood of Xa must meet A a , or :r„ € Aa for every a, and 
this is (12.5). 

If th(‘ An an^ clos(‘d than da = Aa^ and hen(.‘.e A = A or: 

(12.0) .*1 product of closed sets is a closed set. 

This may also be proved directly as follows. If the Aa are closed then A == 
n (in, (in = X Pl^.%.. SillCO Hi — Ga = — -1,.) X P3l\ is open, On 

is closed and so is A. 

(12.7) Kudulmn n-i^jxice (S" is the product of n rcsal lines: Li X • • • X Ln- 
If w(! rcplaco in this ])rodu(!t oiU‘ factor say Li by an interval X of Li, there is 
obtained a strip “pcirpeudicular” to Li, and tlic totality of tlu'se strips forms 
a snbbase. Thus in (he Muclideau plane tluj horizontal and vertical strips 
form a subbasc*. 

(.12.8) l*(miUcli)iopi!x, cells, si)hem. Wo have already defined tho interval 
us a subset a < x < h of the real line. Its closure a ^ x ^ b (a b) is known 

as a se-gment. Let Xi, • • •, Xn be intervals, and U == h tho < . 

uients. The product Px< is an7i-interval I". The product!’ P i- : • - i 
as an n-paralldolupe. The set S'*”* = P'‘ — /" = 3JP" is called a topological 
{n — l)- 8 pherc. Tho topological zero-sphere consists of two points, tho topo¬ 
logical one-sphort) of tho perimeter of a rectangle. 

The terms “pai’allclotope,” “sphere’' are also applied to airy sets topologically 
equivalent to P”, However, a set topologically equivalent to J" is gen¬ 

erally called an iirCcU. 

The number n for the ra-paraUelotope, n-cell or n-sphere is called its dimension. 
For tho present this designation is merely to be understood in a foimal way. 
Later (VIII, 15), we shall identify n with the topological dimension. 
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Owing to their importance it is advisable to recognize parallelotopes, cells and 
spheres even when they occur in a form unrelated to the products. Most models 
may be deduced from: 

(12.9) A hounded convex region D (region with hounded coordinates) in an 

Euclidean n-space is an n-cell] its closure S is an n-paraUelotope and its boimdary 

is a topological {n — l)-sp/iere. 

Let Xi be running coordinates for the space and choose for ?i-cell the set: 
Qo • 0 < Xi < 1, Take a point a on Q and a point ao on Qq . Any ray X from a 
meets the boundary in a single point p. Draw from ao a ray Xo parallel to X 
and in the same direction, and let it meet 930o in po. Let T be the transforma¬ 
tion whereby a point xq dividing aopo in a given ratio between 0 and 1 goes into 
the point x dividing ap in the same ratio, while Oo a, po —» p. T is manifestly 
a topological transformation, and since TQo = 12, TSSflo = 8312, (12.9) follows. 

Application. Let (5" be referred to the coordinates Xi, Then the Euclidean spherical 
region 

is an n-ccll. Its closure, the set 

X)®* s 1, 

is an n-parallelotopo. The boundary, the Euclidean (7i l)-sphere, Ls a topological 
(n — l)-sphcre. This is, of course, the jiistification for the term ‘^sphere.” 

(12.10) Let {Z»l be a countable collection of segments. The prochict 

P“ = Pk is known as the Hilbert parallelotope. If P" is parametrized by 
0 g Xn S 1, then the ^^strips’’ defined by one condition of the form an < Xn < bn , 
0 ^ < bn , an < Xn ^ 1, make up a subbase for P". 

Here again strictly speaking the Hilbert parallelotope as we have defined it, 
is only a topological image of the set commonly designated by that name. 

(12.11) Let .Y, Y tlcuoU', respectively, the segments iiiid lot |1M 

1)0 ii system indexed by A', where Yx = Y. Then PF* = Y^ is the set of all functions / 
on X to Y, Let Ux ))e an interval of Yx . Then the set Vx = 1/1/(a?) « Ux\ is open in 
Y^ and jF/l is a siibbasc for this space. "J'he space thus obtained has many important 
jiroperties ni groat interest, in analysis. For instance, the subset Q of which rcproBiints 
the continuous functions on [0 — 1] to [0 — 1] is “very thinly spread^* in F-^'. 

The space Y^ is also interesting as a si)ecial case of what we shall call later (25.2) a 
‘‘compact parallelotope^.^* 

13. Topological identification. Wo have seen (2.4) that a relation of equiva¬ 
lence R between the elements of a set -Y yields a new set Y by identification of 
the elements in each equivalence class y- AVe also have an associated trans¬ 
formation T of X onto Y whereby Tx = y. Suppose that Y is a topological 
space and let Y be topologized by specifying V Cl T to be open whenever 
is open in Y. Then OS123 are readily verified, and so Y is a topological 
space. This space is said to be obtained from Y by topological identification. 
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ExAMPiiWS. (13.1) The sot. described ns “projective plnnc” in (2.0) receives by topo¬ 
logical idontificiition a ([('finite topology and it is the set thus toi)ol{3gi5!od which is referred 
to h<*ncof(n’t]i ns projective plane. Similarly for proj(^ctivo n-space. 

(13.2) Tj(^t A' = |:r| bo the real line and let the relation R bo defined by the condition: 
a- and x* jin* in the relation R whenever x s x' mod 1 (;c — :r' is an integer). This is maiii- 
fi'stJy a n'latiou of (upiivalence and topological identification yields the space Y referred 
(o as the real line mod 1, or also tlm circumfcre.ncc. 

(13.3) Topological imbedding. Lot 91 contain a set S such that there is a 
topolog;i(^al mapping; /: 0 S. If we replace every point x e S by f~^x both 
ill ))t and in its open sets, we obtain what is known as a topological imbedding or 
immcrmig of 0 into 9t. Tt is an imbedding in the sense of (2.7) since it replaces 
9t by (9f S) u 0. 

§3. AGGREGATES OF SETS. COVERINGS. DIMENSION 

14. In view of the fundamental role of aggregates of sets and coverings it is 
important to settle the nomenclature as rapidly as possible. 

We shall be dealing with aggregates of subsets of a given space 9i, Let 
31 = {Aa\ be such an aggregate. The set of the closures of tlie A a is 
denoted l)y 31. Givcm a se(^()nd collection 3,^ = \Bfi} Vic shall write: 

31 u 3^ or 31 V = the union of 31 and 93; 

31 A 3^ = />V1; 

31 X 3^ = Ida X 

31 > 3^ = (‘V('rv -1« is in sonu' Ba ; we say also that. 31 is a rcjinemml of 33 or 
rcjiiicH 3i 

As a sp(‘eial ea,s(' of 31 a 33 one of the colh'ctions, say 31, may consist of a 
single set A so that 31 a 3^ is now \A n Bfi). 

Tlu‘ order of 31 is tlu’ largcsst numlxM’ p if om^ exists such that some p + 1 S(d,.s 
of 31 in(.(‘rs(‘ct; if p do(‘S not. exist th(' ord(‘r is said to be iiilinite. 

The finit(‘n(\ss prop(U'ti(‘s of the aggr(^gat.(\s are imjxu'tant. We say that 31 is: 

point-jinilv wlumc'ver ev(uy point of 9i Ixdongs t.o at most a finite number 
oi A ix ; 

nrighborhood-Jinilr wIuuK^vor ev(uy point of 9i has a neighborhood N which 
meeds at nn)st a finite number of Aa ; 

locallg finite when('V(‘r ('very A„ meeds at most a finite number of Aa ; 

ftnilely covered by 3i whmovov 31 > 33 and oyoiy contains at most a finite 
munlx'r of .1« . 

:Noti(x^ that, wlu'ii 3f, 33 are point-finite or neighljorhood-finito so is 31 v 93. 

Two aggr('gat('s 31 == 1A«}, 33 = {R/^} arc said to be similar whenever then'o 
may Ix^ ('sl-ablished a one-one transformation r: {a] —> {/?} such that 
A„ n • • • n Art^ 9 ^ 0 ^ Rr® n • • * n ^ 0* The transformation 31 9J 
defhu'd by A „ Bra is known also as a similitude. 

J3y a covering of 9i is meant an aggregate 31 whose sets A« liavo 9t for unicu: 
UAa — 9t ((wery point x belongs to an Aa). An open [closed] covering \s a 
covering l)y opc'n [closed] sots. 
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Let {?](«} be a colloctioii of coverings. We say that the subcollection 
is cojinal in (3l«} whenever every has an 31/3 refinement. 

Notice that a neighborhood-finite covering ?[ may be characterized thus: 
There exists an open covering each of whose sets meet at most a finite number 
of sets of SI.' 

15. Dimension. The general theory of dimension, of Mengor and Urysohn, 
fully developed for separable metric spaces, has not reached very far beyond 
these spaces. An important reason is that several equivalent definitions, all 
natural and which agree for separable metric spaces, seem to part company for 
other, less simple, spaces. A full treatment of these questions is wholly outside 
the scope of the present treatise, and they will be touched upon here and there 
only in those phases of interest in algebraic topology. Let us say at all events, 
that while in the early definition of Mengcr-Urysolin the ^^ocaP’ point of view 
predominates, we shall adopt the definition, inspired by Lebesgue, in terms of 
the order of coverings, as it is most closely related to our general purpose. 

(15.1) Definition. Let K — {JU ; >} he a class of coverings of a topological 
space which is directed by refinement: 3lx > 3t;i <-► 3lx refines 3t^ . For a given 

consider all the Six > 31^ > let he the least order of all such Six * The 
K-dimension of 9i is sup , 

Among the noteworthy classes K are: all the finite open or all the finite closed 
coverings, all the point-finite, or neighborhood-finite open or closed coverings. 
If 91 is topological then each of these has the property that Sl^ a SL refines both 
% and 3b and is in the class. Hence each may serve to define a dimension. 
Wo have thus the dimensions by finite open or closed coverings, • • • . The 
most generally utilized is the first, and it is to this dimension by finite open 
coverings that the term dimension^ written dim 9^, is applied in the sequel. 

Little is known regarding the mutual relations between the various dimensions 
and there are few, if any, very general properties. A simple property is; 

(15.2) If F is a closed set in 9^ then dim F g dim 9t. 

Any finite open covering of F is of the form {F n Ui}, where U = {Ui] is a 
finite c<filection of open sets of 9i. Since {C/i, 9t — F} is a finite covering of % 
if dim 9{ = n, the covering has a refinement 95 = { Vj} whose order does not 
exceed n. The sets {F n Vj] are then a refinement of the covering (F n Ui] 
of F, whose order docs not exceed n. Therefore dim F ^ 7i = dim 9t. 

§1. CONNECTEDNESS 

16. There is perhaps no simpler intuitive property of a space than con¬ 
nectedness. 

'Definition. A topological space 9i is said to be connected when it is 7iot 
two non-void disjoint open sets. 
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If == r u 7, where and 7 arc opc^ii and disjoint, then U and 7 arc also 
closed, so tliat is the niiion of two disjoint closed sets, and conversely. Therc- 
foi*c in the delinition ^^ojx^n sots'^ may be replaced by “closed sets’.^^ Moreover 
the property of the definition is seen to be ecpiivalent to the following: The null- 
set and 9i itself are the only subsets of which are both open and closed. 

Lvi yl, B be two subsets of 3f whic^h satisfy the so-called Hausdorff-Lennes 
ficparation condilio}i : 

(1().2) (A n B) u {A n 5) = 0. 

Jixidicitly neitluu* s(‘t m(‘ets tlu^ closure of the other. Wo prove: 

(1(.).3) Theoiuom. *1 iLd.H.c. for the cotuiccfedncss of a subset C of is 
that it admits of no decomposition C = u B wherein A , B arc not empty and 
satisfy the. Ilavsdorff-Lcnnes condition. 

This ciiaractiuistic i)roperty is frc(iuently takc’ii as the delinition of con- 
ii(‘et(‘dn(\ss. 

If (' = -1 u B aiul (l().2) holds, then (■ n A C C — B Cl A, and hence .4 is 
clo.s('(l in (*, Similarly B is closed in C, and hciKu^ B and .1 are open in C and C 
is not connect{‘d. 

If r is not coiint‘(4.ed, then (■ = .4 u /i, wlun’c^ -4 and B are disjoint, non¬ 
empty, ()p(*n and closed in (!; hence (d n B) u (A r\ B) = {(^ u A n B) v 
Ll n (> n B) = (.4 n B) u (.4 r\ B) = A u B — 0, Thus the f.heon'm is proved. 

17. Connected aggregates. The delinition of connectedness foi' aggregates 
of s(4s r(‘sts upon the simple i)roperties of certain finite collcMdions, the chains. 

l.(‘t us call iopo!o(fical chain or merely chain a finite collection .4 = yli, 
-4ii, * • • , .4r == -4' sii(4i that consecutive sets of the collection inhu’sect. The 
Ai are the links of th(‘ chain. The chain is said to^Vm A to /!', and if every 
At is meinlKU’ of a coll(H‘.tion = {Aa}, the chain is said to join A. to A' in S(, 
and it is calle<l an 'iWhain, In particular when r = 1 then A = A' and the 
chain consists of oik* link A, 

L(^t us tak(^ a parlhuilar set A in 31 and let 3li be the subaggregatc of 31 con¬ 
sisting of all tlu* s(*ts which may bo joined to A by a chain in 31. The aggre¬ 
gate,^ 3li is called a component of 31. The following properties arc immediate: 

(17.1) The set *4 belongs to the component 3li which it serves to determine. 

(17.2) The component detmnmed by a7iy set of 3li is 3ti itself. 

In otlu*r words tlu^ components are independent of the individual sots which 
s(U*ve to d(4.cnminc them and they depend on 31 alone. 

(17.3) Two components of 31 with a common set A coincide, or equivalently: 
distinct components arc disjoint 

(17.4) Each compo7ient of a locally finite aggregate is composed of a countable 
number of sots. 

For wo may then obtain, say 3li as follows: Take the sets Ai (finite in number) 
which meet Ai e 3(i, then the sets An (finite in number) which meet the sets Ai, 
etc. The totality of the sets thus obtained is 3li and it is countable. 
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An aggregate 31 consisting of a single component is Staid i.o l)o ron)irrfr.(L 
It is characterized by the property that any two of its sets may bo joiiK'd ]>y 
an 3r“Chain. This corresponds in every way to the intuitive coiua'pt of con¬ 
nectedness. 

(17.5) Let 3(, 93 he two aggregates such that 31 >• and that every set of 4^ con¬ 
tains a set of 31. Then if 31 is connected so is 58. 

For let B, e 58. By assumption we have in 31 two sets A C B and .1' C />*'. 
Since 3t is connected there is a chain A, Ai, • • •, Ar, A' joining A to .1' in 31. 
Choose for each Ai a set Bi ID A,-. Then B,., J?' is a chain joining 

B to S' in 58. Therefore 58 is connected. 

18. We now link up connectedness in sets and in aggregates by: 

(18.1) A n.a.sx. for connectedness of a space is that all the coverings of any 
one of the following families be connected: (a) all the open coverings; (b) all the 
locally finite open covet'ings; (c) all the finite open coverings; (d) a family cojinal 
in any one of (a)-(c) (refinements as in 17.5). 

The proof of (a, b, c) is the same, while combined with (17.5) they yic'Id (tl), 
so we merely consider (a). If the condition holds all the open coverings arc* 
connected. Therefore in every decomposition u 7, ff and V optm, 

necessarily U n V 7 ^ 0, or is connected. Thus the condition is suHichmt.. 
To prove necessity let 91 be connected and let the open covering U Ix^ dis¬ 
connected. U has then at least two components. Let U bo the ojxm s<*( 
which is the union of all the elements of one of the components, and V tlu* ()]>(*u 
set which is the union of the remaining elements. We tlieii have f ^ u 7, 
U and V are open and f/" n 7 = 0. But this is ruled out since is conueclt'd. 
This proves necessity and hence (18.1). 

19. We shall utilize the result just proved to derive a (certain numIxM’ of 
simple properties of connected sets. Unless otherwise stated they ai'o siii)i)osfd 
to be subsets of a given topological space 9t. 

(19.1) A union of comicctcd sets of which evcTy pair intersect is itself connected 
(18.1, 17.1). 

(19.2) Whenever in a sequence of connected sets Ai , Aa, • * * emh meets the 
next one, their union is connected. 

For Ai, Ai 0 A 2 , Ai u Au u As, • - • are all connected and contain Ai . Honcho 
their union which is UAi is connected. 

(19.3) If A is connected so is A. 

Let ll be a covering of A without sets not meeting A. Then A a U 
is a covering of A. Since A a U > U these two aggregates are related as in 
(17.6). It follows that in the sequence of sets and aggregates of sets: A, **1 a U, 
U, A the connectedness of each implies that of the following one. Thi.s prov(\s 

(19.3). 

(19.4) If A, B are comiccied so is A X B. 

If y)j 2/0 e A X B, both are in the union of the connected sets A X v/i, 
X X B with the common point (.t, yO and (19.4) follows. 

(19.5) The image of a connected set under a mapping is connected. 
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For l(‘t T map -4. continuously onto B and let U = {Ta} be an open covering 
of B. Tlu^n I is an open covering of A and hence connected. Therefore 

any two sc^ts T~^'Ua and may be joined by a chain of such sets. Since 

T is single-valued, TT '^Ua = , and so the images of the links of this chain 

mak(^ up a, U-chain joining Va to W , heucc^ U is connected and so is B. 

20. From flO.l) follows that the union C{x) of all the connected sets con¬ 
taining a giv(‘n point x is (connected. U y ^ x and y e C{x) then C{y) = C(x). 
For otluM'wisc' their union would be a connected set containing x and Cfl C(x) 
which contradicts the definition of C(x), Thus C{x) is uniciuely defined by 
any one of its points. The set (’(.r) is called a component of We have simi¬ 
larly of course comj)ononts of an}" subset of 

Since C\x) contains all the connected sets containing x and is itself coniKK'ted, 
it is tlu' nntxinial connected set containing the point. 

('20.1) The n-cell, n-pamllelofope, Hilhcri pnrallrlotope, n-sphere {n > 0), 
are all connected. 

We first, show that a segnaait /: 0 ^ ^ 1 is couih'cUhI. For if it is not we 

hav(‘ / == .1 u />*, wh('r(‘ .1, B are {4osed and disjoint. Lot 0 e .1 and s(‘t a = 
sui) \l \ I t A \ t < B\. Sinc(‘ A is closed a e A. Furthermore what('V(*r ?? > 0 
t.luM’c* is a ])oint of B in th(‘ int('rval a, a + v- Hence a e B — B, and so A, B 
art* not disjoint, contrary to assumption. 

Sinc(’ any two points of oiu' of the s(*ts in (20.1) (‘an be joiiu'd by a “clos(*d arc” 
(one-parall(*lolop(‘, to])oIogical image* of a se'gnuait), by thi* n'sult just prove'd 
th(‘ s(‘ts are <‘onm*ct(*d. 


§5. (M)M1>A(.T SPACdOS 

21. It is n(»t. too much to say that all tlu^ spac(‘s of chi(*f int.(‘r(*st in geaieral 
topology, and eveui more* so in alg(‘braic topology, ar<* compact si)ac('s or their 
subs(*ts. 'This is larg(‘ly due* to the fa(4; that in dealing with c()in])act s])ac(\s 
om* may fn‘(iu(*ntly replace infinite^ coll(‘(^tions by finite collegetions. 

\\V einplu'.si/.i* at the oulHC't. the following iinporOint (loparliircH from hilli(*rlo a,ecu*pled 
tiu'iuinology: (a) with Hourhaki W(‘ shall r(*plac(^ Mk' t(*rm hicomparl of Ah^xandrolT- 
Trysohn hy tJu^ term c.ompart; (h) what has luam known hitherto as rompncl (following 
PreeluU. win> introdimed the (‘on(‘e[)t) shall Ix^ called anmlfddy compart; (c) following 
Ah‘xandrorf-ib»pfi a. compact m(‘t;ric sjiaec slnill he called a rompaclum. It is important 
that. thes<‘ motlifications he k(‘pi in mind, 'fhe chief justifuaition for adopting tlann, aside 
from <u)nv<mi<me<‘, are first that “hicompaot metric” = *‘<?ompa(d. metric*” and that 
‘^compact” (non-nnU.ihO spacens in tla^ earlier S(‘nHe occur hut rarely. 

22. (22.1) DiDi^iNmoN. *1 collection of sets is said to have the finite inter- 
section property •whenever every finite stiheolleetion has a 7ionr‘empty intersection* 

(22.2) The following properiics of a topological space are equivalent 

IM. If its any open covering of SR, then some finite subcollection of {[/«} 
is already a covering. 

P2. If {F«} is a collection of closed sets with the finite intersection property^ 
then the inierseciion of the whole collection is 7ion-empty. 
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For P2 is equivalent to: if the sets of {Fa} have a void intersectiou the same 
holds for some finite subcollection, and this is the dual of PI, henc^c equiva¬ 
lent to PI. 

Oil the strength of (22.2) we lay down the 

(22.3) Definition. A topological space satisymg any one of P12 (a7i(l heme 
both) is said to be compacL 

Notice that the concept of compactness is primitive in the seasc that it may 
be expressed without reference to the other properties of open or closed sots. 

In the applications it is convenient to have: 

(22.4) If the Ua in Pi are restricted to a particular open base, or the Fa in P2 
to a particular closed base, then w still have equivalent conditions. 

Let in fact 35 == [Vb] be any covering of and suppose PI to hold in the 
restricted manner. Let IV = [ Ua] be the set of the elements of the base which 
are contained in any Vb- Since every Vb is a union of elements of IV, IV is also 
a covering. By assumption it has a finite subcovering { Ua^ , • • Each 

iKi is in sonic set Vi,. of 35. Hence {Fi,.} is a finite subcovering of ® and so 
PI holds. The treatment of P2 is wholly similar and is omitted. 

(22.5) Compactness of subsets. A subset A of a topological space is 
compact when and only when one of the following two equivalent properties holds: 
(a) if [Ua] is any open covering of A by open sets of 91 then some finite sub- 
collection of { is already a covei'ing] (b) if [Fa] is a collection of closed sets of 9t 
such that {A n Fa] has the finite intersection property, then the sets Fa have a 
non-empty intersection which meets A, 

This is an immediate consequence of the principle of relativization (11.1). 

23. (23.1) A closed subset F of a compact space is also compact. 

For a collection {Fa} of closed subsets of F with the finite intersection prop¬ 
erty is also a similar collection for 91 itself, and so flFa 0, proving F compact. 

(23.2) If a compact space 9{ is mapped onto a subset A of a topological space 
© then A is compact. 

liCt r be the mapping and {Fa} a collection of closed sets of A with the finite 
intersection property. Then {r“Va} is a similar collection for 91. Hence 

rir-'Fa 5^ 0 

and therefore flFa 0, proving A compact. 

(23.3) The union of a finite number of closed subsets of a space is compacL if 
and only if each subset is compact. 

Let F = UFa. If F is compact, then, since each Fa is a closed subset of F, 
each Fa is compact. If each Fa is compact, consider any open covering of F; 
each Fa is covered by a finite number of its sets (22.5a) and hence F is covered 
by a finite number of its sets. Thus PI holds and F is compact. 
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21. Products of compact spaces. 

(24.1) A n arbitrary product of compact spaces is compact (Tycho- 
noff; proof ufl.<!r llonrlmki). 

Let. ilf = where the 9i\ arc compact. (Jivcii in a family % = {l^al 
of cloHod wts with llio finite intersection property we must show that there is 
a point common to all the F,, ■ 

ily Zorn’s t.l»(?orem i<( is contained in a family (M = | G(,l of sets (not necessarily 
closed) with l.he lini(.e intcrsect.ion property and maximal relatively to this 
proiierty. As a (■on.scuiuencc: (a) any linite intersection of sets of ® is in 
(b) a set mee1.ing every set of ® is in ®. 

Let. TTx be tlui projection —> Jib and set ®x = Since ®x is a family 

of closed ,set.s in fltx with the linite intcraection property there is an Xx common 
1.0 all its sots. Let x = l;rxl and let N be any ncishborhood of x. If {ATx] 
are the neighborhoods of .rx l.hcn Ux'iVxl is a .subbase at x, and so fo r some finite 
set Xj, we have: xeCliTx-Nxi) C N. Since .Cx; e irxfib, Nx^ meets 

7 rx<Cr/,. Plence t'x^Nx, meetts Gi,, ancl so it is in W. It follows that flfTriT,' l^x.)« 
hence N e 'I’herefore N meets Fa and conseciucntly x e Fa = Fa • This 
jirovcs th(! theorem. 

(24.2) If fU, 0 arc compact then every Jinite open coveriny iR} = 1IL*) of X 
has a refinrnient U X 95 where U and 9.5 arc finite open coverings of Si aiul 0. 

1 .el. If/}. { r I be the open seta of 9i', so that | f / X F} is a biiso for 3J X 0. 
Foreacli (;r,,(/)« 9i X ©select a Wi s (.r, y), then a X V'y between {x,y) and 
1)',-. 'rims {f’x X fixed, is a covering of tlu^ comi)act set %l Xy, and so 

there is a finil.e subcovciring [f,/J X FJ}. If V'v = H F,} tlum {U'y X F„} is a 
covering of 3i' X F". Since [Vy} is a covering of th(i compact set © it has a 
finite subcovering SS = {F»j|. If It,' = {fC, } and U = Ui A ■ • • A Ur, then 
U X 95 i.s readily shown b) b(4iavc as asserted. 

25. Applications. 

(25.1) Segments arc compact. 

Lot f: 0 ^ .r i 1, be a .segment. It has for base all the sets F of the follow¬ 
ing typos: 0 ^ X <a,a < X <h,b < x ^ 1, where a, b are rational and 0 < a, 
6 < 1. Therefore liy (22.4) we merely need to show that a covering 95 by such 
sots has a finite subcovering. Since the set of all the F’s is countable so is 95. 
Let then 95 = {F„} and suppose that it has no finite subcoveiing. The sets 
f - (Fi u • • • 0 F«) are never empty. Since IFn+i C IF«, and each Wn 
is a finite sot of di.sjoint segmonte, there may bo selected among these segments 
one, say h, such tliat l„.n C h throughout. It follows then from elementary 
properties of the llodckind cut that nz» 9 ^ 0, and so it contains a point x. Since 
X € IFn for every «, it is contained in no F», which contradicts the fact that 95 

is a covering and (25.1) follows. ^ 

(25.2) Let a he any cardinal number and I a segment. Then 1“ is a compact 
set known as **compact paredMotope" (24.1, 25.1). 
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! (25.3) The n-parallelotope P” aiid the Hilbert parallclotope P" are compact, 

(25.4) All spheres arc compact, 

, For aS” is dosed in P" *"\ and so (25.4) follows from (23.1) and (25.2). 

I (25.5) Any power of a civcMmferance C is compact and is known as a ^U.oroid'^ 

' aiul a is called the ^Uiwiension'^ of the toroid (24,1). 

j (25.6) Every closed and hounded sjihset of an Euclidean space (S« is eompael. 

By ^‘bounded subset of S”’' wo mean here a set A such that the cooidinalos 
of its points arc bounded. Since A is in some and closed in 7^”, (25.0) 
follows from (25.3) and (23.1), 

I (25.7) Real projective spaces arc compact, 

I For the set A of all points of which satisfy 

E ^ 1 

is closed and bounded, and hence compact. Since a real projective n-spacu^ 
is the image of A under a mapping it is likewise compact (23.2). 

26. Compacting. This refers to the operation of imbedding topologically a 
1 space in a compact space. The basic result is the 

1 

I ( 26 . 1 ) Theorem. Every topological space Si may be 7nappe(l lopologically 

\ onto a dense subset of a compact space @ such that dim @ ^ dim ift (Wallmau 

I [a]). 

j We will define the points, the dosed sets and the open sets of ©, and for 

later purposes develop their properties somewhat l.>eyond the immediate i’(»- 
quirements of the tlieorcnn. 

Notations, The i)()ints, open sets and closed sets of are denoted by .r, k,/, 
and the saim) for © by X, P, F, 

The points of ©. jj(‘t ip denote the union of a closed set of 31 and of a finite^ 
point s(it of 3i. By a basic set is meant a collection ^ == (^a} with the finite 
intersc'ction property. By Zorn's theorem f is contained in a similar collection 
I whi(4i is maximal with rc^spcct to this property. Such a collection will be 

: called a maximal basic set (= m.b.H.). The points X of © are the m.b.s. and if 

I X = {v3al (hen the (pa aix^ called the coordinates of X. As in (24) the maximality 

' of A' im])lie,s that: (a) every finite intersection of coordinates of X is a coordinate 

of A"; (b) ev(^ry set (p, and in particular, every set / meeting every coordinate 
of A" is also a cooi’dinato. 

lOvery x 6 3t is a set <p, and so it is a c.oordinate of at least one maximal basic 
set X = [tpa]- Since X is a basic set x a <pa 9^ 0 , hence x e <pa and C\(pa = x, 
I Suppose that x is a coordinate of X' = {epb} X. Then some (pi 4 X. Since 

I X € (pi, X may bc^ augmented by <pl without ceasing to be a basic set, which 

I contradicts the assumi)tiori that X is maximal. Therefore X' == X. Thus: 

(2G.2) Every point x of 3t is a coordinate of a unique m,h,s. which is written X(x), 
If X 9 ^ x' then x n x' = 0, hence 4 X and X(x') ^ X(jx). Therefore 
(20,3) The transformation T: x X{x) is univalenL 
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r.et X be n point which is not an X(x): X eQ — T'i)t If ipaeX then (pa == 
f,t u a'l u • • • u Xr . Since X 7 ^ Txi , none of the Xi may belong to all the co- 
<jr(liniit(‘s oi* A\ Therofon^ for each i tliere is a which does not contain Xi . 
H(‘nce ifu = does not contain any Xi . Now {(pa ntpbt^ipc ^ 0) (fa n (pu 0 <pe 7 ^ 
0) \vliat.(^v(‘r tlu‘ coordinate (pc of X, Therefore n (pc 9 ^ 0 and hence/« is a 
coordinate* of -V also. Thus: 

(2{)."l) // X <f 'DM Im Hw coordinate = /« u .Ti u • • ■ u .t,. , then the closed set fa 
is also a coordinate- of X. 

27. The cl(>sr(l sets of ©. Let / l)e a closed set of and ^(f) the set of all 
th(‘ points A' with the coordinate /. We verify at once: 

(27.1) ci>(0) = 0, *(»{) = e, / 

(27.2) 4>(n/j = n<i>(/„) 

\vh(*nev(*r 1 /,,) is finite; 

(27.3) 

Less obvious is the relation 

{27 A) ^K/u/') =^K/)u^K/')- 

lict/i = / u Since/i 3 /, by (27.3): ^E>(/) C and similarly fh(/') C 
l'h(‘i’(*fon* 

(27.5) ^K/)u^h(f) Cc^(/u/'). 

Suppose* now X € «I>(/i) — «t(/')‘ Winc(* fi is a coordinate* of A" and/' is not, 
there is a finite* int(*rsection <p of coordiiuit<‘s of A" which inchid(‘/i, and sueh that 
(f do(*s not nuM‘t/'. Sineu* A' is a maximal basic s('t, ip itse'lf must lx* a. coordinate 
of X and so ^p dfi — f' CZ f, hi*nc(* A" efl>(/). This prov(‘s (27,5) with the in¬ 
clusion r(*V(*rse(l and (27.1) follows. 

R(*lerring to (5.2, 7.2) and in view of (27,'i) the collection bl>(/)t may be 
chos(*u a.s a closed base* for 0, turning it into a to])ologi(^al space. We shall 
show tluit 0 is compact. Since \<Hf)] is a l)as(*, we nu’ndy n(*(‘d to sliow that 
if {y = Wfn)\ has th(* finite int<*rse(‘tion property then n«h(/„) 7 *^ 0, Now by 
(27.2) wlnui ^ lias the linito int(*rsection property so lias {/«}. That is to say, 
j/i j is a btisic set. It follows that tluM’c is a lu.b.s. A” with the/„ as coordinates. 
Thus A' e *I»(/a), n<l>(/rt) 7 ^ 0, and 0 is compact. 

The open srfs of 0. Let n = ))t — f and set = 0 - fl>(/) = an open set 
of 0, A point X is in ^K'w) wlnm and only when it does not have / as a co¬ 
ordinates or when and only when it has a coordinate (p C u. Since j'lK/)} 
closed base* for 0, 112 (?^)} is an open base. From (27.1), • • *, (27.4) follows tlicu 
by dualizatiou: 

(27.0) Q(0) - 0, = 0, u 9 ^ xd ^ Q.(u) 9 ^ fl(w'); 

(27.7) i^(Uaft) =5= Un(w^f), 

whenever {?/«) is finite; 
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(27.8) 

ii C u' O(?0 c: <2(w'); 


(27.9) 

12(ii n w') = 12(i0 n 0(ii')* 



Further properties of the Q(u) follow. 

(27.10) IfW = I , * ■ •yUr} is a finite open covering of 9i then 1^(U) = SS2(i/.x)} 

is 0710. for'Zand in addition: (a) 11 •< 11'*-^12(11) < 12(11'); (b) order i^U) = order U; 
(c) Ui —> ^2(^^^) defines a similiiiidc 11 12(11). 

The covering property is a consequence of (27.6) and (27.7), while (a), (b), 
(c) follow from (27.6, 27.9). 

(27.11) A ny finite open covering SS o/ S has a finite refinement S2(ll). 

Since {12(ii)} is a base for © there is a refinement {12(?^ia)) = 12(Ui) of 

Since © is compact 0(Ui) contains a finite subcoveriiig 12(U) which refines 55. 

28. All the elements for the proof of the compacting theorem are now at 
hand. We have already shown that © is compact and we have a univalent 
transformation IT: -^ ©. Let TiH == R. If x 6 u then X{x) = Tx has the 
coordinate x in n, and so X{x) e 12(w). Conversely, X{x) e i2(u) implies tluit 
X(x) has a coordinate ^ in u, and since x e (p^ likewise x eu- Therefore x e u ^ 
X{x) € 12(ifc) n R. It follows that T induces a one-one transformation of the 
elements of the base | for into those of the base {12(w) n J? j for R. Conse¬ 
quently T imbeds topologically as a subset of S. 

Every u 9 ^ 0 contains at least one point x of and so Q(u) contains X{x) = 
Tx 6 R. Therefore 12(w) meets R and © — 7t! contains no 12('w), hence no open 
set since lS2(t0} is a base. It follows that © = jtt. Thus the imbedding is 
dense. 

Let finally dim = n and let 33 be a finite open covering of ®. By (27.11) 
it has a finite refinement 0(U), where U is a finite open covering of vSince 
dim == n, 11 lias a refinement U' of order not exceeding n, and 12(11') is a re¬ 
finement of 55 of order likewise not exceeding n. Therefore dim © ^ n. This 
completes the proof of the theorem. 

29. Locally compact spaces. The compacting process just given, while very 

general, usually i)rovidcs a far more involved space than one would wish to 
have, CV)nsider, for example, the interval X: 0 < < 1, and let /, /' be two in¬ 

finite convi'rgont setpicnces tending towards 0 or 1, but having no common 
terms. Plach is the coordinate of a m.b.s., and the two m.b.s., say X, X thus 
obtained must be distinct since / n /' = 0. Thus in the case under considera¬ 
tion the space © of (26.1) is such that © — 72 contains at least as many points 
as there are disjoint sequences 0, 1. On the other hand if C is a circumfer¬ 
ence and y e 77, X is topologically eciuivalcnt to R = C — y, and so (7 is a com¬ 
pacting space such that C — 72 is a point. This is a special case Of a theorem 
which wo shall now prove. First a 

(29.1) Definition. A topological space is said to he locally compact wheor 
ever every point x of 9i has a neighborhood N whose closure N is compact. Thus 
the interval, the real line, indeed any Euclidean space, are locally compact but not 
compact. They show that the locally compact class is very extensive. 
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(29.2) A 7i.a,s.c. for 5)t to he locally compact is the existence of an open base 
ivhose elements have compact closures, 

Siiffi(^ioncy is obvious. Suppose 5R locally compact and lot {i7} be a base 
and I V] the open sets with compact closures. Since V V CL F, we have 
r n F c: F, and hence U n T" is compact. If W is any open sot and x e TF, 
ther(^ is a I ^ between x and W and a F ^ x. Hence n F is an open set between 
X and IF whose (*.losure is comi)act, and so {f/ n F} is a base whose sets have 
compact (Oosures. This proves necessity and hence also (29.2). 

(29.3) Theorem. A locally compact space SK may bo compacted by the addition 
of a single point y. 

Let F denote the closed sets of 9L Define the closed sets of 9i' — ^iuy as all 
the sets F u y and all the sets F which are compact. The verification for 9f' 
of the conditions CSi of (7) is a consequence of the same for 9i, and so 5TF is 
a topological space. vSince the closed sets of are the intersections with 
of those of is topologically imbedded in 5)J'. Let \fa} be a collection of 

closed sets of 3F i)ossessing th(' finite intersection property. Separate the /„ 
into two groups. 'Flic (irst made up of sets fb which arc compact, and also 
closed sets of its(^lf. The second group consists of sots such that fc = 
Fc u 7/, wh(‘re F.. is closed in Suppose that there exist sets//,, and let//,„ be 
on(‘ of th(Mn. We have n/„ = n(/a n fb^). The sets/« n //,„ are closed in the 
com])act s('i.//,o and their colh'ction has the finite intersection property. Hence 
th(‘ir int.ers(‘ction is non-empty and the same holds for |/«1. 

Suppose now that there are no sets /,. We have then 

C/a = n/c = n(/'% uy)3y 0. 

Since H/b 9 ^ 0, is compact. The theorem is therefore proved. 

(2().'l) IlioMAitK. Hinco liiwil uimipjictnBss hiis not l)oc!n utiliKdcl in the proof, Uk' thoornm 
IH viilitl for any t.opologioal Hi)a<io »{. Ilovvovur, if a: < 9i has the neighborhood N and ff 
i.s not. comp.ael, (.lion N j y. Iloiieo wliou is not locally compact tho open acts of 91' do not 
bidiavo very well and ao the tlieorc'm ia of value only iii tho locally compact caae. 

§G. SEPARATION AXIOMS 

30, Tlie tluHiry dovclopcd so far rests exclusively upon the axioms} OSi in 
which tlu! points arc nowlicre mentioned. Thus the points have merely boon 
th(( primitives ohmumts of which the sets considered are composed. To express 
it in anotluT way the properties with which open or closed sets have been imple¬ 
mented do not as yet enable us to distinguish between the individual points by 
means of these .s(>ts: It may well happen tliat there exist pairs of distinct points 
X, y such that every open or closed sot containing ono of the two also contains 
the other. This is certainly remote from the situation in the familiar spaces, 
where usually the points ai’e closed, and where in fact no two are on the same 
total aggregate of open sets. 
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We require then a suitable ^'separation’’ axiom for tlu^ poinl-s. 'Phc* mo-f 
frequently utilized are the following which we dcscu'ibo in tlui "7’rnoinen(*lai<urc‘ ' 
of Alexaiidroff-Hopf [A~H, 58]: 

Axiom To. Of each pair of distmei points at Imst one has a neujhhorhu^f! 
which does not contain the other. 

Axiom Ti. Each point of every pair of distinct points has a neighhorhood which 
does 7101 contain the other. 

Axiom (Haiisdorff^s separation (uioni.) Every pair of distinct points 
have disjoint neighborhoods, 

A topological space Avhich verifies Axiom Ti is known as a Trspaci\ all.ht)\iglt 
r 2 -spaces are commonly called Haiisdorff spaces. They inciudt^ all the s])ae{>s 
of classical geometry and analysis. 

The following proposition is an immediate (^onscipumce of the '/^-axioms 
together with the principle of rclativization: 

(30.1) The subsets of a Trspacc are Trspaces, 

Again from the Ti-axioms together with the delinition of to|)ological pnuluet'^ 
we deduce: 

(30.2) A product of Trspaccs is a Trspace, 

In our ascending scale of axioms the following property shows that wiihltu* 
T'l-class points begin to assume tlu'ir (nistomary proixulios: 

(30.3) A n.a.s.c, in order that the, points of a topological space he closed st ty, 
is that he a Trspacc, 

For let n:, y bo any two distinct points of ^)i\ A n.a.s.c.. for :r to Ih^ closed is 
that -• X bo open. Since y is meredy any |)oint of — ,r a n.a.s.c. is that- givcti 
any y 9 ^ x there exist an op('n set C l)etw('(»n y aiul — ;r, stu^h that //1 I \ 
X IL In other words the re(iuir(‘(l condition is iliat ^)t satisli(\s Axiom 7'i. 

Wc prove also for an ulterior purposes 

(30.4) If ® is a JIausdorff space and T is a mapping ))l —> then the graph (t 

of T m 5)t X S is closed. 

Let (xq , ?/(,) € G, or yyo = Txu and let (.to, //i) 4 0, or 7/1 7 ^ v/u. Sin(*(‘ 2 is a 
Haiisdorff space t/o , yi have disjoint n(nghl)orhootls Ko, V\ , Siikh* T is continu¬ 
ous :ro has a neighborhood such that, x e U Tx e Ko h(me(^ Tx 4 . H(*nci* 

{U X Fi) n G = 0 or (.ro, pi) has the neigh))orhoo(l U X Vl from points 
of G. Therefore X 0 — G is op(Mi and <r is <*los('d. 

lOxAMCTjos. (30./)) All cxnniph's ronsith^rc^d hifjKM't.o in (lu^ rhcjilor <‘x<*op|. ni-it-rr*! 
s})acea (9.8) aro 7^-HpcccH. W(* shiUi (‘xplicitly lliiit rdls, spheres, garallclutoprs, HavthUnn 
and projective spaces as well as ail Ihcir suhsvis,Jhial/g disrrcic sparrs, arc all Pi sparry. 

(30.6) The following example (3HHe}itiaIIy due to AlexandrolT-Pr.VHolin |;i|, tlewrihes a 
space which is Ti hut not Tn, The spano is tli(‘ ns'il line Li - w < x < j- , Por ,r,i • 0 
a base at 0^0 consists of tJio intervals witli the ceiUer .ro. For .ro > 0 a hast' jf') at .r^i Is 



SEPARATION AXIOMS 


25 


[OJ 

mailo up UB follows: U is an interval 0<a<x<boi center ajo together with the interval 
< ;r < —a with the center —rro removed. It is readily seen that as between Xo and 
—Xo Axiom Ti liolds but Tn fails to hold. 

(30.7) Any ordered spacer which contains at least one ordered pair: x < is a iTo-spacc 
blit not a 7h-Bpa.ee. Thus the real line L with the points ordered as in (9.4) by ^ is a 7V 
spaee hut not (!V<‘n a 7h-spac<i. Under its customary topology however L is a T 2 -spacc. 

31. Limits. A few words about this important concept will not be out of 
place. Let be a topological space. A sequence |xn} of points of 5R is said 
t,o have for limit the point x of 5)1 or to tend or converge to x, written {a;«} —> Xy 
or Xn —> Xy whenever corresponding to any neighborhood U of x there is an 
integer p such that n > p Xn « fL When {.Xn) has a limit it is said to be 
convergenL 

(31.1) Theouem. Let iK have countable bases at each point and let T be a 

iransformatio7i 5)J 5)i'. Then a n.a.sx. for T to be continuousy i.e.y that it be 

a mappingy is that if (oTn} x then [Txn] Tx. This is the situation in par¬ 
ticular when 5)t has a countable open base. 

The proof of noc(\ssity is ehuneiitary and i*equires no restriction on the bases. 
Conversely, suppose tlu' condition fiilhllcd and yet T fail to be continuous, 
'idiiu'e ('xist ihen x and .r' == Tx, with a neighborhood (of x' such that x 
is not an intcuior point of T^U-^ We may construct a countable base {(/«) at 
.r such that Un\i C . 'rh<‘n fh, contains a point .ru <1 T'^IJ'. Therefore 
Xn X and yid- 7’x„ x', (contrary 1,0 assumption. This proves (31.1). 

(31.2) Theouem. In a Ilausdorff space liniils are unique. 

Sup])os(^ that a scmiuiuh^i^ |:r,d converges to two distinct limits Xy x\ 'Fhero 
exist disjoint n('ighborhoo<ls C, U' of .r, x/ such tiiat for n s\ifiicicntly liigh 
Xn € U 0 = 0 which is absurd. This proves (31.2). 

32. Compact subsets of Hausdorff spaces. Many of the important and 
b(dit.(U’ known chara(‘.t(uusi,i(^ propcu’ties of (!ompacd» sets appear first in the Haus- 
dorlT class. 

(32.1) A cornpacl subset ^ l of a Hausdorff space 5)i is closed. 

L(d. X e 5){ — A and y 6 -1. TIuu’O exist disjoint open ncighlK)rhoods Uy{x) of x 
and (ix(:y) of ?/. Since --1 is <;oinpact and has the open covering {A n Ihiy)} 
then^ is a finiU? subcoveu’ing. Hence there is a finite set {?/**} such that A C F = 
UL^x('/yt). If W == ni(^yf(a:), we have then A CZ Vy x e W, V n W — 0y and 
sinc.(^ ]V is ()p(m, so is 5)t — A which implies (32.1). 

(32.2) A continuous image of a compact space into a Ilausdorff space is closed 
(23.2, 32.1), 

(32.3) A continuous transformation of a compact space into a Ilausdorff space 
is a closed transformalion (32,2). 

(32.4) A one-one mapping of a compact space oiiio a Hausdorff space is topo¬ 
logical; hence both spaces 7nust he compact Hausdorff spaces. 
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For T, the mapping, is continuous and closed hence both T and T * nre 
continuous. 

(32.5) If A and B are disjoint compact subsets of a Ilausdorff sinire, then then 
have disjoint neighborhoods. 

Let y^A.xeB. As shown in the proof of (32.1) there exist) disjoint nei#>'h- 
borhoods F* of A, and If (a;) of rr (the F, TF there considered). Siiuu^ {H n I} 
covers the compact set 5, it has a finite subcovering {/i n TF(a:f)K TI(*n<’e 
this time F = DF^^ and W = ^W(xi) are disjoint neighborhoods of A, /L 

33. Normality, The separation axioms alone arc in general not powerful 
enough to reach down to the usual spaces. For example, tlu^y do not sudifu^ 
to characterize metric spaces. For this reason further restrictions an^ nupun’d 
and one of the most important, given presently, is a separation axiom for clostul 
sets analogous to Hausdoifif's axiom. The basic definition is: 

(33.1) Definition. A topological space SK is said to he nonnal whenever 
every two disjoint closed sets F, F' have disjoint neighhorhoods: F C f/, F' C 

U nfe/' = 0. 

In point of fact normality, like compactness, is a primiiive concept, in the wnine (hat it 
may likewise be expressed without roforonce to the other properties of oi)en or elowed hc(s. 
One must also bear in mind that normality docs not imply, nor is implied by any of (he 
separation axioms Ti . Of course mutual relations do exist. Thus if JK is T\ and nonnal 
it is necessarily a Hausdorff space. 

The dual form of (33.1) is 

(33.2) If [U^ !7'} is an open covering of 5K then there exists a closed covering 
{F, F'} such that F Cl U and F' C U\ 

(33.3) Definition. Given an open cov&t'ing U ~ {Ua] of 9i, if there exists 
for each a an open set Fa such that Va c: Ua, and that 35 = {Fa} is a covering^ 
we shall sny that U has been shnvnh to 93, also that U is shrinkable. 

A stronger result than (33.2) is: 

(33.4) Every point-finite {in particular every finite or locally finite) open cover^ 
ing Vi of a normal space is shrinkable. 

.(a) U is finite. Although the proof for this case is covered by the gcnciral 
proof, it is so simple, that we give it first. Let U == {17n}. Riuco tli(» 
closed sets F == , F' = 9? — (U {[7,-1 i 5*^ 1}) are disjoint, they have dis¬ 

joint open neighborhoods U, Fi. From Fi C 9t — U follows Fi c: 9i — U C 
Ui . Since 9i — (jJ {Ui\i9^ 1}) C Vi we know that {Fi, J/o, • • •, f/n) is 
an open covering. We proceed to shrink the Ui , ^ 1, in the same way, 
proving the theoi*em. 

(b) General case. Let U = {?/«}, A = [a] and let (p{a) be a function on A 
such that": (a) ^(«) — Ua or else p{a) = F« , F« C ; (b) [<p{a)] is a covering. 
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OrcU'r «T> = {^} by the relation: (p < (p* whenever <p\cl) = ip{a) if <p{a) = 7 ^. 
11 is r(^a(lily shown that if f|>' = {^'} C <I> is simply ordered, and tp''{a) = V\(p*{a) 
tlK‘n v?" and = sup «!>'. Therefore by Zorn^s theorem contains an 
(d('ni('nt ipx sueli that ip > ip\-^ (p — <pi, It remains to ])e shown that (pi{a) — Va 
for ('V(uy a, Huppose indeoil that^i(it?) == and set F = 3 f — U { 951 (a) | a 9 ^ 
I 3 \, We show as above that there is an open set 7/i such that F dVn jVp Cl U^. 

(/Ps such that ip^Xf-x) = a 9 ^ (3, and <p* 2 {^) 9 ^ <pi and >(pi . This 

e()nti‘adi(Jtiou prov(^s that. (pXiS) == 7(j and (33.4) follows. 

Noti(^e that point-finib'iiess is required t,o prove tiiat is a coverin(>*; Lot 
f'Vi 7 • • ■ ) cont.ainin| 2 ; :r. From some ip[ on, none of them 

will 1)0 modified so that if <p^ > then 99'(ai) = (pXai) = v?"(ai) = Uai or Var 
Siiieo 950 is a covering, for some auX^tpXf^d = ^ (ofi). 

A diro(5t generalization of the property of (33.1) is: 

(33.5) If |7ij is* a finite collection of cloml hcIi^ in the normal space Jit, there 
can be found for each Fi an open set f Z) Fi such that F^ n * • ■ n Fy == 0 
r, n n llj - 0. 

Supposes first that KAj is a finite collcMd.ion of noninterseeting dosed sets. 
Tii(^n |(lf)i — f/,)l is a finite op(‘ii covering and so by (33.‘1) there exist open sets 
ir,- such that Wi CZ ~ f/,- and that {IF/t is a covering. Therefore f^• = 
))i — TP, is an op(*n s('t such that f/, C (f,- and that nr.,- = 0. 

Ill tin* g(‘n(*ral cas(' con.sidiM* all th(‘ combinat.ions « = |ai , • • a,} of indices 

such that = 0. Hy tlu' nssult just obtaiiuul tlua-e exist (corresponding 

iKMghborhoods r", of the F^,^ such that = 0- For a giv(‘n i let fh- = 

I / ea\. (U(‘a.rly [7,1 is sucli that F* Cl F,- and that F,-n ••• n Fj = 
0 —► ... fi I'j — 0. Th(' implication in tine otlua* dinactiou is obvious. 

{33.()) A compact Ilausdorff space is normal (23.1, 32.5). 

31. Urysohn’s characteristic function. Normality is intimately ndated to the 
(‘xist<‘n(c(» of nonconstant n'al (continuous functions, L(‘t .1, B be disjoint sets 
and f a real continuous funct.ion on whose valu(\s on A, B im) constant and 
distinct. Tlnai for suitabl(‘ constants a, b the function a + b arc tan/lias the 
sam(‘ projxcrthcs and takes its vahucs in tlu^ sccgnnmt [0 — 1|. Urysolm has con- 
sid(‘r(‘(l mor(‘ particularly continuous func.tions/ on to [0 — 1 ] such that/(A) = 0, 
f(jj) = 1 , If Hucli a fuiKction ('xists it is (called a cJiaractcTislic fimction of the 
pair (A, B), Of particular importanc(' is: 

(3‘1.1) UuYSOiiN^s LiCMMA. Normality is equivalent to the existence of a char¬ 
acteristic function for (very pair of disjoint dosed sets (F, F'). 

Suppose that F, F' hav(^ the characteristic function/and set U = {a; \f(x) < 
1/41, IF s:s {:r |/(.r) > 3/4}. Since/ is continuous I/, IF are open and as 
ih(\v are thus disjoint n(4ghl)orhoods of F, F', is normal. 

Oonvorsedy, let bo normal and F, /^disjoint closed sets. There exists an 
open set (/(1/2) such that F C r^(l/2), 17(1/2) C JR - F'. We treat similarly 
the pairs of disjoint closed sets (F, — !7(l/2)), (17(1/2), F'), and thus obtain 
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C7(l/4), C/(3/4), etc. This produces au open for every dyadic ])r()per 

fraction t = m/2'' with the property: t < i' U{t) C Given any x e ))i 

we define/(a;) = where y = sup {i \ x i U (t)}, The function/ is si n^lo-valued 
and has the proper range. Furthermore / = 0, at F, / = 1 at F', If X = (ih 
is a subintei’val of 0 — 1, or else closed at an end point a, b whicli is tlicii 0 or 1, 
we haver'(X) = U{P(i) | ^ < &} - ri{C7® i ^ > a} = an open sot. There¬ 
fore / is continuous, and the lemma is proved. 

A noteworthy application of TJrysohn^s lemma is the proof (alter Ah^xaiulrolt- 
Hopf [A-H, 75]) of: 

(34.2) Tietze's extension theobem. Any mapping f of a clomi .wlmtl, F of 
a normal space into an n-parallelotope P'' or into the Hilbert parallelotopr 
has an extension or P'^ asthe case may be. 


If P” or P^" are referred to coordinates Xi , :C 2 , • • each of tlu\s(^ will h(‘ a 
I’eal continuous single-valued function on F and (34.2) will follow from: 

(34.3) Any real continuous single-valued function f(x) on F has an extension 
(p(x) to 9?: I P = /, which is also real continuous and single-valued. 

Evidently/ may be I’eplaced by 1/2 ■+• (1/t) are tan / whose valiKss ar(‘ in 
the segment [0 — 1]. Therefore we may assume that this is alrcuuly iho. cast' 
for/. Given any two disjoint closed sets A, P in % wo denote their charac¬ 
teristic function in 9i by <i>(A, B] x). Functions {/„, <pn}, whore tiui raiigt^ 
of the/n is P, and the range of the <pn is 9t, are now introduced as follows: 

/o ~ fjfn+l ^ fn ^n] 

setting now Pn = {x\fn(x) ^ (1/3)(2/3)”}, Pi = {x\fn{x) ^ (2/3)(2/3)“|, 
we have two disjoint closed sets, and take 

<Pn^UiyHFn,FUx). 

These relations yield a determination of the functions in the order /o, , /i. 

<pi, • • •, and an elementary recurrence leads to the inequalities: 

(34.4) 0g/„g (§)”. 

Introduce now 

Sn(x) = V»o + ■ • • + 

From (34.4) follows that the series ]C^n(*r) is uniformly convergent on ami 
since the <pn are continuous and single-valued lim Sn(,x) exists and is a (a)n<.inu- 
ous and single-valued function (p{x) on 9t. From the relation 

Sn(ic) = fix) - fn+lix), X (5 P, 

follows then that <p\F = f. This proves (34.3) and hence ( 34 . 2 ). 

35. Tychonoff spaces. These spaces originally called completely regular by 
their discoverer Tychonoff are given by the 
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(36.1) Definition. A Tychonoff space 91 is a Hausdorff space such that, for 
every point x and neighborhood U of x there is a characteristic function of the pair ' 
X, at - U, 

We verify immodititely: 

(35.2) Every subset of a Tychonoff space is a Tychonoff space, 

(35.3) Every normal Hausdorff space is a Tychonoff space. 

The follo\vin|>; two ch^finitioiis arc designed to introduce two iuiporiaiit (jou- 
copts needed iininidiately: 

(35.4) Definition. Let he a topological space, [9^,} an indexed system of 
topological spaces and for each a let fa be a function on to 9i\i . Then k = |/«) 
is said to he a separating clafis for 9t whenever for any two distinct points .c, y of 
there is an a sueJi that fa{x) ^ fa{y)- 

(35.5) Definition. Under the same conditions Id { he the open sets of 9fa * 
Then k is said to he a basic ctassfor 9t whenever |/r*Faxl i^ a subhasefor 9i. 

(35,G) When 9? is a 'IVspaer, a basic class k is neeessarily separating. 

Since 9J is a 7V*space if x 7 ^ y there is an ()p(Mi stdi U sucli that say x € U, 
ijiU, and heiicc^ an f~H\t\ .such that !/ifa^Va}, and so cleiirly 

Ja{x) 9^ /«(//). 

Red-urning to Tychonoff space.s we prove: 

(35.7) Lemma, Let 9t he a Tychonoff space. Then the class k = |/«} of all 
continuous functions on 9i to the segment [0 — 11 is a. basic class for 9f:. 


Consider tlie/i as mapping 9t on segnumt 0 ^ ^ 1. Since/« is eon- 

tinuous the set Vn == fa^\y | 0 g jiy < I} is open. Take now any opcui set U 
of 9i, and x eJf and lot fa he the (!haracteristi(*. fuiKdion of x, 9i — f L lOvideutly 
X e Va Cl IL Therefore \ Va} i« a base and k is basic.. 

Th(i fundamental theorem for the spaces undci’ (consideration is: 


(35.8) Theohem. Every Tychonoff space 9i may he mapped topologically into 
a compact parallelaiopc md every subset of such a paralleloiope and indeed of a7iy 
compact Hausdorff space is a Tychonoff space (Tychonoff). 

Let K = \fa] be as in (35,7) and set A = {a}. For each a introduce a segment 

: 0 g ya ^ 1 and set = J?la . If 2/ = {2/a}, Z/a = fu{x), then x y dofme^s 
a transformation T: 

(a) T is univalent (35.6, 35.7). 

(b) P is open. For {7a} being as before, r7a =* [2/1 2/a < 1} n TSi is open 
in T^l and since {Va} is a base, T is open. 

(c) T is continuous (12.2). 

Properties (a), (b), (c) prove that T imbeds 91 topologically in 
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Sinc(^ every compact Haiisdorff space is normal (33.6), by (35.3) and (35.2) 

and its subsets are Tyclionoff spaces. 

(35.9) Remark. The proof of (35.8) goes through step by step if k is replaced 
by any subclass kq = |/bl such that iFt} is a base. 

30. Separation properties and compacting. The influence of separation on 
the two (compacting processes that have been giv(‘n is dc'sciibed in the two 
propositions to follow. 

(36.1) Theorem. The space and the coniq^act space 0 of the general com- 
pacling theorem (26.1) are related in their separation properties asfolloios: When 9l 
is 7o, Ti , or Hausdorff normal, so is ©. 

liCt the notations be those of (26, 27, 28). Take two distinc.t points X, X' 
of 0 both in T9f = R. That is to say, X = X(.r), X' = X(;r'), x ^ :v\ Suppose 
first 9t to be Tq . There exists then an open sect u of 9f containing say x but 
not .r'. Since x, x' are coordinates of X", X' we have A" eil(u), X' effi( 7 ^), and 
so th(‘ yVaxiom holds for the pair (X, X'). Suppose now X <f/2. There ('xist 
disjoint coordinates <pu , cpl, of X, X'. If <Pa = /a n Xi u • • • u .r,., by (26,4) /« is 
also a coordinate of X and fa n <pl = 0. Hence if u = 9i — /« then X" 412(^0 j 
A"' € 12(n) and the situation is as before. Therefore 0 is 2V . 

Suppose now dt to 1)0 7\ , Since t,lu‘ ]:)oints of 9{ aiv closed s(d.s all the coordi- 
2 iaU\s <pti are closed sets. If X 9 ^ X' they have disjoint coordinates,//, and 
HO 12(9i — /i), 12 ( 9 i — fa) arc neighborhoods of X", X' whicJi an^, mspe^etivedy, 
fr(M'! from X', X. Therefore 0 is Ti . 

SuppoHo finally 9t to be normal Hausdorff. Wo liave again disjoint (coordi¬ 
nates/„ , fi, of X, X'. Since 9i is normal there (^xist disjoint opcni neighl)()rlioo(ls 
u, v! of fa , fb . Therefore fi(«), Q{u') are disjoint neighborhoods of X", X' in 0 
and so 0 in Hausdorff. Since it is compact it is also normal, and the proof of 
(3().i) is conupletcd. 

37. For locally compact spaces we have the stronger 

(37.1) 'Theorem. When the locally compact space 9i of (20.3) is a T^spacc so 
is the associated compact space 


== 9t u y. 

W(^ may jus well exclude at the outset tlu5 trivial eas(» of 9t (!orupac*,t. Wo 
(l(uiot(^ l)y 11 = {f/} the eollectiun of all the open sets T of 9t such that U is 
(Hunpact. 

(37.2) A set V is also open in 9i'. 

For F s= 5^ — U is not compact, else 9f would bo thc^ union of the two (join- 
pa(tt s(Jts F, U, and hence compact (23.3). It follows that F - F uy is (dosed . 
in JK' and so 1/ = 9t' — (F' u y) is open in 91'. 

(37.3) U is a base for 9i. 
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Let V be an open set of and ;i: e 7. Tlion some U contains x and F n C/ C 
C7 7 n f7 6 U. Since xCZVfxUc: 7; U is a base. 

The proof of our theorem is now a simple matter. Any point x e has a 
neighborhood U, The set t7 is thus closed in 5R' and so 7 = — C7 is a neigh¬ 

borhood of y, J3y (37.2) U is also a neighborhood of x in 3i'. Since f/ n 7 — 0, 
Axiom To holds for the pair (ar, y). 

Suppose now J)i to be Ti and lot x, x' be distinct points of 91. The Ti condition 
may be fulfilled with neighborhoods out of any base for 91, and in particular out 
of the base U of (37.3). Since the elements of U are open in 9J' also, the Ti 
condition is fulfilled for the pair (:r, x'). Since To is fulfilled for the pairs (;r, y) 
so is Ti . Therefore 9i' is a Trspace. 

§7. INVERSE MAPPING SYSTEMS 

38. The spai‘-es which arc to be introduced here ai’e especially important in 
the applications to homology. For our purposes it will be quite sufficient to 
restrict, the treatment to Hausdoi-ff spaces. 

Let then |9fx| be a systcmi of Hausdoi-ff spaces indexed by a directed set 
A — {X; > ) and suppose that whenever X > g there is given a mapping, also 
known as a projrriion, ttJI : 9i'\ —> 91;* such that X > g > v 7r?7rji = . The 

system IS = j9fx ; Trjil of the 9{x and the is (tailed an inverse mapping system. 

L(^t. 9f* = P9i'x and in 9i* let 9i be the set of all the points x = |:rxl sii(*.h tliat 
X > jLi —► 7 rjl.rx = . We call 9i the limit-space of the inverse mapping syst(mi IS. 

Notices inci(I(»ntally that, for X < X we have Trx.rx = X\ or ttx = 1. 

ExAMrLs. p)fxl JK a [Grt) of circunif('r(‘nccs, wlioro f/,* is tho iin;ig(^ of a nvil 

variabh^ .r„ r<‘<lu(*(*(l lood 1. (‘ll()os(^ A'h an int-ngor, and didino = 

• • • 7r”J{Ui , 'riicn X - K/,, ; is uii inv<*rs(^ mapping sysUnn. Its limit-spneo ^)i', 
inlroductul i)y Vintoris, is known us u aoUmoid. 

As a subset of 9i* the limit-space 9i receives the relative topology and by 

(30.1) and (30.2) 

(38.1) The limit-space 9i is a Hausdorff space, 

(38.2) Tho topology of the limit-space 91 is frequently described as follows: 
For each open set (fx« of 9Jx introduce the set 7xa = {a; | re c 9t, x\ e Uu} and 
choose {7xttl as a base for tho topology. This topology is readily identified with 
tho relative topology. Define in fact 7xa = {rc|rc€91*, rcxeJ/xa}. Then 
Vxa = 7xa n 9t, and since (7xa} is a subbase for 91*, {7xa} is one for 9i in the 
relative topology. Furthermore given Vfih , Vyc lot X > /x, v. Owing to the 
contimiity of tlu^ projections (Trly^UfO ,, (ir^py^Lho are open, and so is their inter¬ 
section Uxa . Erom this follows that 7;*& n 7,c = 7xa, so that {7xo} is actually 
a base for the relative topology, maldng the identity of the two topologies 
obvious. 

The set 91 as a subset of 91* may be viewed as the graph of the set of relations 
ttJojx - Xft, We find therefore the natural analogue of the property (30.4) for 
graphs: 

(38.3) The UmiirspaTe 91 is closed in the product space 91*. 
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For X > M introduce aSJ = {.r | and lot Gj^ Ikj tho Ki'iipli ‘'f . 

We have: X . Since (7jl is closed in ^)f^ X iK/i (30.1), is 

closed in SR* (12.6). Therefore 9J = fl/Sj! is also closed in 9f*. 

From (38.3) and (24.1) wo deduce: 

(38.4) When the 5R\ are compact so is the limit-space. SR*. 

39. We now come to the important: 

(39.1) Theorem. If the 5)i\ are compact and nut empty then Ike limit-spare 
is likewise not empty (Steenrod [a]). 


Let the notations be those of (38.3). Since SR* is compact w<' only need 
to prove 

(39.2) has the finite intersection property. 

Given a finite set i = 1, 2, •••,?’, choose Xa >■ Xi, • • • , X,. ,Siu<‘(' 

X< > Hi we also have Xo > m.' • Take any e 5Rx„, define j.\. = iri^J.rx„ . = 

, and let x be any point of 5R* with the cooi-dinates .I’x,. , .r^,, . I'Vom 
Trj); = irijTTxJ there follows Trj^jxxt = > and so x « . This proves (39.2) 

and hence also (39.1). 

A complementary property is: 

(39.3) If the Slix are compact and. x^ is such that for eecry \> h the set ( 7 rJ;)~‘.rp 0 

then 91 contains a point x with the coordinate x^ . 

If is the natural projection SR* -> 91^ thou F = t^'x,, is clos(>(l in S)f* and 

(39.3) reduces to: F n 91 9^0, and hence to: 

(39.4) IF, has the finite inlereclion properly. 

Choose this time Xo >• Xi, • • • , Xr, H.V hyi^otluisis ( 7 rjl")' '‘.r^ 0, and so 

we may take .rx^ in that set. We now take x as bc'fore sa\'(' dial, in addition 
its H coordinate is to be x^, a condition which may manifestlv he fullilled. 
Thus X 6 F and still x « .S'J;: . Hence (39.4) holds and (39.3) follows. 

40. Let M = [m; >■} be a directed .subsystem of A == {X; >■}. Then the 
spaces 91^ and projections xj!. give rise to a now inviu’se mapping .system i’j — 
{91p ; ttJ,} laiown as a partial system of E. If M is colinal in A we say (.hat iSi 
is cofinal in S. 


Let 2i be a partial system of 2 and © its limit-space. I)‘ .t; = |;rxl e 91 the 
coordinates x,, of .^■ determine a uniiiuc point x' of 6. Tlie transform.adon 
t: 91 —»© whereby rx = x' is known as tho projection of 91 into ©. 

(40.1) Let 2i with limit-space ® be a partial system of 2. Then: (a) the pro¬ 
jection r: 91 -H. © is a mapping; (b) when 2i is cofinal in 2 then r is topological, 
so that 91, © are then topologically eguivalmt. 

31* = ©* X Px,.m91x and the proji^c.tion 
r*: 91* ©* is continuous. Now if = {a:x} € 91 tho point T*;r is the point of 

@* whose coordinates are the p. coordinates of x, i.e., r*.c = r.t;. Hence 
T = T* I 91, and so r is also continuous. 


Suppose now that 2i is cofinal in 2. We shall 
mapping of 91 onto ©. Given x' - {.-b,,} « © if s = 


.show that T is a ouoone 
{.Tx} 6 91 is to be such tliat 
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TX = :u' then wo must have x\ ~ ^ fi> > \. Choose some fi > \ and let X\ 

bo defined by this relation. U ni > fi > \ then = r^Xp^ 

so that Ml yields the same value of x\ as m. Take any two indices mi ? M 2 • There 
is a M >• Ml) M 2 and since m, Mi M, M 2 yield the same value for x\, so do 
Ml, M 2 . lliereforo xx is unique. If X >- X' choose fx > \. From Xx* = — 

7r^7^x.r;* = 7rt.rx follows that {a-xj are in fact the coordinates of a point x eJK. 
Since this ])oint has the coordinates :tv of rr' we have rx = x\ Thus every 
point x/ is the image under r of one and only one x and so r is a one-one mapping. 
To prove t topological there remains to show that it is open. Let Uxa , Vxa 
be as in (38.2). Then x e Fxa xx eUxa • Choose any Since ttx is 

continuous {^xy^Uxa = Ufii is open in and Vlb = {.r' 1 x^ € Up,b} in open in @. 
Since rVxa = , x is open and hence topological. This proves (40.1). 

Two inverse mapping systems are said to be equivalent if there exists a third 
in which both arc cofinal. From (40.1) we deduce: 

(40.2) Equivalent inverse mapping systems have topologically equivalent limit- 
spaces, 

41. When jX} is a sequence it is more convenient to use 1, 2, ••• as the 
indices. We write therefore 5)fn for 9{x„ and for 7rx"'^‘, and require that for 
n < p < q w(‘ hav(» ttJJtt'/, = tI . The system {JlLt ; ttJ j is then called an inverse 
mapping sequence. From (-1.-1) and (40.2) we see that 

(11.1) 117/cm jX] is countable, = lim |^)tx ; tI\ is tapologically equivalent 
either to some ))ix or to the limit-space of an inverse mapping sequence eojinal in 

11 is (4(‘ar that, if [ 1 7«1 is a base for (^acli ^)tx, then [ Fxai (in the notation of 38) 
is a base for ^)f. Tims we have 

(11.2) When jX) is countable and the JKx all have countable bases, 5)i = 
lim |^)Jx ; Trjll has likewise a countable base, 

§8. METRIZATION 

42. GuicU'd by tlu^ Faiclidc^au situation, given a point set li we call distance- 
funelion or mercjly distance a real function d(x, y) defined for all x, y eR and 
l)oss(*ssing t-he following propcu’tics: 

1)1. d(x, ?/) = 0 when and only token x = y, 

1)2. (Trmngle aximn): d{y, z) ^ d{x, y) + d{x, z). 

From 1)12 wo derive, with Lindenbaum, the other two noted properties of 
tlu5 distances: 

1)3. d(:r, y) ^ 0. 

])4. d{x, y) = d(2/> 

Wa prove 1)3 by making z - yin D2. Regarding D4 making a; = g in D2 
and taking account of D1 wo have d{y, x) g d(x, y). Since the inequality 
may be proved also in reverse order D4 follows. 

The set R with an associated distance-function d{x, y) is called a metric space. 
We also say that d{x, y) defines a metric for R, 

We shall now discuss the first properties of metric spaces. 
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(42.1) Subsets of a metric space. Let 9{ be a metric space with the distance 
d{Xj y). If A C and we take x, y e A, d(.r, y) becomes a suitable distance- 
function for A, so that A is metric also. 

(42.2) Distance hctxoccn two sets. Diameter of a set. Spheres. The distance 
d{A, B) between two subsets A and B of is inf |r/(.i;, y) | x e *4, v/ e /i}. Tlu^ 
diameter of A (diam .4) is sup {d(.r, y) | a-, 2 /«-41. The sot of all points x such 
that d{x, *4) < € is called an e 'neighborhood of .4 and denoted by ©(.4, e). 
When A = Xo , a single point, ©(a’o, e) is commonly called a spheroid or sphei'e; 
the point .To is the center of the spheroid and e its radius. The analogy with 
Euclidean spherical regions is obvious. 

(42.3) 6 aggregates, e coverings, e transformations. This type of designation 
with appropriate variations is frequently convenient. The mesh of an aggregate 
or covering is the maximum diameter of its sets. An e aggregate or covering is 
one whose mesh is less than €. If a space has a finite e covering for every e > 0 
it is said to be totally bounded. An e transformation of a metric space into a 
set Q = {y] is a transformation such that mesh 

(42.4) In terms of the spheres we may define regions as in Euclidean geometry: 
U is a region whenever x e U implies ©(.t, e) Cl U for some € > 0. 

43. The chief justification for considering metric spaces at this juncture lies 
in the 

(43.1) Theorem. If a metric space is iopologized by choosing regions as open 
sets it becomes a normal Haiisdorff space with a countable base at each point. 

The verification of OS123 (6) is immediate. If .r ^ y, then d{x, y) = € > 0. 
Hence ©(t, e/S) and ©(?/, 6/3) are disjoint neighborhoods of x and y. If -1 
and B are disjoint closed sots, then | Zd{x, A) < d{x, B)], {:r | 3d(;T, B) < 
d(:c, A)}, are disjoint open sots containing A and B. Thus the space is a normal 
HausdorfE space. Clearly {©(to, l/n)] is a countable base at the point Xn . 

(43.2) The spheroids form a base, ami those of center x form a base at x. 

On the strength of (43.2) we shall say that two distinct metrics are equivalent 
whenever if ©(.t, c), ©'(t, e) arc the corresponding splieroids then given e and x 
there is an tj such that ©'(.t, i?) C ©(.r, e), and idee versa. That is to say the 
two metrics are equivalent if they induce the same topology in 91. 

It is easy to see that 

(43.3) The distance-function in 91 defines a topology in the subsets which is in 
accordance with the principle of relalivizaiion. 

A topological space 91 is said to be mctrizable whenever it is possible to assign 
it a metric, i.e., a distance function d(x, y) inducing the topology of the space. 
Metrizaiion is the process of assigning a mctiic to a mctrizable space. Fre¬ 
quently for shortness a space is described as metric when it is merely metrizable. 
In each case the context shows clearly what is meant. 

(43.3a) The closure A is the set of all points x such that d{x, A) 0. 

(43.4) Limits, continuity. Since metric spaces are Hausdoi^ff spaces with a 
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counUiblo ba«e in each point, limits in such si)aces are uniciuc (31,2) and con¬ 
tinuity of mappinj 2 ;s of metric spactcs into one another may be expressed in 
terms of limits as in (31.1). Moreover in so far as such spaces alone arc involved 
all cpiestions of continuity and convergence may b(', dealt with by the “e, 5^' 
method of classical analysis. Many, if not most of the well known concepts 
of tht^ latter may be introduced here also. We merely recall the useful concept 
of uniform (wiMriuity: 5)t, \)V being metric the mapping T: 3i —» is said to bo 
uniformly (iontinuous whenever if x € 3t and a*' = Tx then given any e > 0, 
there is an 77 > 0 indc'.pendent of x such that T'Six, rj) C S(a;', e). 

(43.5) Compleimcsti. Since l®(a:, e} is a bas(^ at j:, —> x whenever 

{f/(.r, u’n)} 0. As is well known a necessary condition in order that {.fu} 

(•onverge (to some point) is that Cauchy’s condition hold: given any € > 0 
there is an n such that p, q > n d{xp , x,f) < «. Whenc^ver Cauchy^s condi¬ 
tion imi)lios th(^ convergence of any sequencer for which it holds the space 3J 
is said to be complete, 

(43.0) Separability, A spacie is said to be separable whenov('r it has a count¬ 
able dense subset. This property is only of interest in connection with metriza- 
tion, and largely owing to: 

(43.7) For a mvirizablv space separability is equivalent to the e,tistencc of a 
countable base. 

For t.his reason w(^ shall c,all such spjices “s(^parable metric.” 

At all (‘Vents wheth(U- 3i is mc^tric or otherwise, when it has a countable bas(‘ 
\l\i\ we may (4ioose a point, Xn on , and since is a countable dense 
set, 3f is sej)arable. Ck)uv(‘rs(4y, let 31 be m(4,ric wit.h th(‘ countable dense s('t 
i.r«l. To show that ))t has a countable base it. will b(‘ suffici(‘nt to show that 
4^ = 10(.ru, Pp)\y pj, rational, which is composcxl of a countable number of 
sph(‘roids, is a base. Lc4, U lx’s any mdghborhood of x, Th(‘re is a spheroid 
0(:r, p ) d l ^. Since tlu^ .r,* are dense in 3J W(‘. may (ind an Xn such that 
(/(.r, Xn) < p/4, then choose pp betwe^en p/4 and p/2. As a conseciuence x C 
'S(:rn , pp) c: ©(;r, p) C If. Therefore ® is a base. 

(4,3.8) Metric product, {3tn} be a countable collection of mc'.trizablo 
spac.es. Choose a distance dn{x^ y) for 3Jn an'd metrizc the product 3t = 

(for the present merely s(4)-product) as follows. If a; = (o^i • • • )> 2/ = (2/1» “ • ) 
are two points of 3t w(3 (hooso a distance-function 


(43.9) 


d{x, y) = 2] kn 


_dn(^n , ?/«) ' 

1 + dn(Xn y in) 


wluu-e 2^ ku iH any ('.onvergent series of strictly positive terms. For instance 
we may take kn = 2""“ but any other choice will do. In particular if the 
number of factors )Jin hnite we may choose 

d{Xy y) dn(Xn , Vn)* 

The verification of D12 is elementary, so that d{x^ y) defines a metric for 3i 
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and 5 K is metrizable. Wc call with the metric (43.9) a metric product of 
the 9J« . Wc shall now prove 


(43.10) Theorem:. The metric (43.9) determines the same topology as previously 
assigned to the topological product. In particular it is imhpendent of the special 
choice of {kn} and of the metriCnS dn . 


Since the spheroids form a base on each 5Kn , wo may choose as a base for 
the sets U = PUn , where l^n = 9l« for n > and Un , n g m, is a spheroid 
of 9fn . Given x eU there is a similar ?/' 9 x in which the spheroidal factors 
are f/„ = ©(o^n, Tn), n ^ m, whore the are the projections of x. Let r == 
inf Vn , k == inf kn for n S ni and let R == /cr/(l + r). Then if y e ®{x, li), 
we have from (43.9) 


, _ dnixn, Vn) ^ kr 
''”l+dn(aJn,2/n) ^ 1 + r’ 


n g 771, 


and hence d(Xn , Vn) < r. Therefore yn e Un , y eU, and finally ®{x, R) C 
U' c: U. Thus there is a spheroid between x and U. 

Conversely, given ©(rt*, R) wo may choose 7n so large that the remainder of 
X) kn after m terms is loss than 72/2, then take Un = ©( 33,1 , ?•«), < R/2mkn 

when 71 g m. As a consequence y eU d(x, y) < R and hence x e C 
©(a;, 72). Therefore {U} and {©(:r, 72)} are equivalent bases for 


44. Examples. 

(44.1) Thu 7i-(limonsi(>nal numb{5r spaco rcfcrrocl to Uie ctJordiiuiti’s a:i , • •• , .r„ hjis 
the distanco-funcUon 

(44.2) (l(x, y) = (Xi - 

"Phe apace with this metrie is an Eiicli<lean n-spacc. It is an elementary matter to idcml.ify 
the roaiilting topology with that of (O.l). 

Ff we conaidor iS" as the i)mduct of the n Hues of the vanal)lea X {, metrizod by d,* = 

I ?/»|> I'tf' method of (4iL10) leads for CS" to the disfcaiice-fuiujtion 

(44.3) “ X: I - »» I 

which yields again the same fc(»pol()gy as (9.1), and lienee as (14.2). Thereforcs for topo¬ 
logical piirpos<5S the two metrics ar(» interchangeable. 

(44.4) Since (S” is luetrizabUi so an^ all its subsets. 

(44.5) (Jonsider the Ililliert parallelotope 7^“ » Pin , and let In be parametrized as: 
0 ^ ajn ^ i/n. Thus 7^" is now the set of all sets; (a?i , .Ta ,••*)» 0 ^ .Un ^ l/n. By (43.10) 
7^" is metrizable and admits the distance-function 


(44.6) 


Consider on the other hand the Euclidean metric for P« dofinccl by 
(44.7) d'(x, y) = (*. - jy,.)»]«•. 

If ©(a:, e) and ©'(a;, e) are the spheroids corresponding to the two metrics, it is readily shown 
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thsit for fixi*(l X cnch 0 (.r, e) conUiiius !in <S'(;r, 7 ;), and convorscly. Ilenco 10 '(a:, e)} is a 
biiso for and ko d'(a;, y) defines an admissible metric for the Hilbert parallelotopc. It 
is in fact th(‘ metric customarily assigned to it. 

45. Compacta. A conipactum is a compact metric space. The category of 
compac‘.ta pari.akos therefore of the combined advantages of compactness and 
motrizability. Its importance is sufficiently indicated if we observe that closed 
and bounded subsets of Euclidean spaces are compacta. 

(45.1) Einry coinpactum is separable and hence possesses a countable base. 

Defines a set. -4 as e dense in whenever every point of is nearer than c 

to A . I say tliat we merely have to prove that there exists in SR a countable 
set A which is e dense whatever e. For in that case every sphere ®(x, p) about 
a given point .r will contain points of A. As these spheres form a base for 
we will have x e A, hence A = 

Now 10(.r, €)!, X is an open covering of the compact space 9t. Hence 
there is a finite subcovering {©(a'i, e)}. Clearly the set A(€) = {ajij is e dense. 
The set A = UA(l/n) is countable and e dense for each e > 0 , 

(45.2) // F is closed in 9t and x €9{ — E then d{Xj F) > 0 (43.3a). 

(45.3) // = |Fi , • • • , Fr\ is a finite aggregate of nonintersecting closed sets 

in the compavtum 9i there is a constant c{%) > 0 s%ich that every x e 9{ is at a dis¬ 
tance not less than c( 5 ) fro^n at least one Fi . 

For oilu'rwise whatever n \heiv are points x whose distance from every Fi 
is not mort' tluui 1/n. The set (?» of all such points is closed and 3 Gn^i . 
Sinc(^ 9i is (‘.oin])act and firr^ 0 it contains a point x. Clearly d{Fi , ;r) = 0 
and sinc(^ F^ is (dosc^l x e Fi . Therefore x e f\Fi 5 ^ 0 contrary to assumption. 
Tins prov(‘S (15.3). 

(df). !) // F, F' arc closed in the compactnni 9i ami d(F, F') = 0 then F and F' 
intersect. 

For oth(u*wis(* if x € F we have d(.r, F') ^ c(F, F') > 0, and hence d(F, F') ^ 
c{F, F') > 0. 

(45.5) For every finite aggregate of closed sets J? in the compactiim 9J thexe exists 
a positive constant d{%) called the Lebesgue numbei' o/JJ, such that A C 9t, diam A 
< di^)j A meets a collection of sets of^j then these sets have a nonvacuous 
intersection. 

b(‘t R’i, i — 1 , 2 , • • • , s, be the subaggregates of 5 whose sets do not meet, 
and let d{^') = inf c(i 5 i). If A l,)ehaves as stated it cannot meet the sets of , 
since otluu’wise x € A would imply that x is nearer than c(g,) to every set of gi, 
wliich contradicts tlie delinitiou of c(i 5 ). This proves (45.5). 

(•15,()) For every finite open covering U = {Ui} of the compactum 9t there exists 
a positive constant di(U) called the Lebesgue number of U, such that: (a) every 
point X of 9t is on some set Ui and at a distance at least di(U) from 9t — Vi ; 
( 1 )) if A C 9t (vnd diam A < di(U) then A is in some set Ui. 

Since U(7< = i)l we have n(5R -- lU) = 0. Therefore di(U) = d(9t - Ui, • • 0 
has property (a). If A is chosen in accordance with (b), and x e A then for 
some i property (a) holds and hence A dUi. 
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(45.7) A continuous mapping f of a compaclum into a metric space © is 
uniformly continuous. 

By (23.2) the values of f make up a coinpactum R in ©. Given thou any 
6 > 0 there is a finite open e covering 11 = ! r«} of R, It follows that 35 == 
is a finite open covering of 9i. Let k} = r/i(35). If x' = /(a:), y' = f{y) 
and d{x, y) < tj, some f'^^Un contains both x and y and hence some Un contains 
both .r' and y', which implies d(x\ y^) < €. Therefore / is uniformly con¬ 
tinuous. 

The following two properties of coinpacta are obvious but often useful: 

(45.8) A compacium is totally bounded (42.3). 

(46.9) A decreasing sequence of closed sets iF„}: C Fm has a non-void 

intersection and if diam 0 the intersection is a point. 

Sequential compactness. A familiar and very important fact in analysis is tJie 
close connection between compactness and convergeme (see notably J. Tukey 
[T]). The specialization to separable metric spaces brings to the fore the 

(45.10) Definition. The space is said to he sequentially compact whenever 
every sequence {a'n! has a subsequence which converges to a point of 9i. 

(45.11) A compacium is sequentially compact. 

By (45.8) possesses a finite open e covering. The closures of its sets make 
up a finite e closed covering g = {i^n , • * • , Fi,}. Let {a;n} C One of the 
Fu , say Fli^, contains an infinite subsequence Ix’iw)- Since is a com- 
pactum it has an e/2 finite closed covering {Ad? one of whose sets F^i^ contains 
an infinite subsequence {:r 2 w} of etc. By (45.9): = xq is a i)oint 

and clearly 

{a’rtrd —> Xo (diagonal i3roc(\ss). 

(45.12) A sequentially compact metric space is a compactum. 

We first prove separable. For any e the space has a finite € dense set A (e). 
For if this were false we could find a sequence j.r;d such that d{xm , a;„) S e 
whatever n, m 9 ^ n, and no subsequence could converge. It follows that 
\)A{l/n) is a countable dense set, and so Hi is separable. 

Since 9i is separable it has a countable base (43.7). Hence (6.7) an open 
covering { Ua] of 9i has a countable subcovering } Un ). Suppose that the latter 
has no finite subcovering. Then we may choose an Xn €01 — (f/i u • • • u Ui). 
By hypothesis a subsequence {a;»d of lx’„} has a limit xo. Since [Um] is a 
covering we have .To e for some wi, hence Xn' e UL for n/ above a certain value. 
Since this is ruled out (45.12) is proved. 

(45.13) For metric spaces compactness and sequential compactness are equivalent 
(46.11,45.12). 

An interesting consequence of (45.11) is: 

(45.14) A compactum is complete. 

46. Urysohn’s metrization theorems. We have now all the elements necessary 
for dealing with these classical theorems. 
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(40.1) ’'rnKORioM. Jiverij Tychonoff space with a co^mtahlc base can he imbedded 
topologically in the Hilbert paralUiotope P" and hence it is metrizable, and for that 
matter also normal, 

(40.2) Tiikorkm. a n. a, s. c, for a Ilaiisdorff space with a countable base to 
hr mcirizable is normality. 

(40.3) T''iikoukm. Separable metric spaces are those and only those which may 
be imbedded lopologienlly in P". 

(4().4) Turorem. a n. a. s. c. for a compact Hausdorff space to be a compacium 
is that it possess a countable base. 

Proof of (40.1). Roforring to (35.8) and (35.9), the mapping considored in 
(35.8) exists when the l)as(‘ | F„ j tlicro considered is replaced by any subcollection 
forming a base. Now under the hyi)olhesis of (40.1), and ))y (0.8), there is a 
eountabh' subcollectiou |r„l which is a base and the mapping of (35.8) is tlu^n 
into This ])r()ves (K).!). 

Proof of (40.2). Since normal Hausdorff spaces arc also Tychonoff spaces 

(35.3) suflicien(‘y is a cons(*(iu('nc(‘ of ( lO.l); and necessity follows from (13.1). 

Proof of (40.3). Since P“ is a compactiim it has a countable base. Heiu'e 
the subsets of P“ an' metric with a countable base, and therefore also s('parabl(^ 
(^)uv(u\sely, if 5)i is sc^parable nu'tric it is normal with a (countable base and hence 
by (10.1) it may be imbedded topologically in 7^". 

Proof of (40.4). N(M*essity is a conso(iueiice of (45.1). Sin(*(‘ a (‘oinpacd. 
Hausdorff space is normal (33.0), siifRcicncy follows from (40.2). 

§9. HOMOTOPY. DEFORMATION. RETRACITON 

47. These concepts are important not only in their strict form, but also in 
view of certain noteworthy algebraic^ analogues which occur in the ih(M)ry of 
(complexes. 

Homotopy, deformniion. The intuitive concept of a deformation or displace¬ 
ment is clear enough. Duly generalized and made fully rigorous it gives rise 
to the: 

(47,1) Definitions, Let A^ B be topological spaces, and I the segment 0 ^ 
R g 1. Tioo mappings k , h A —» /? are said to he homolopic whenever there is a 
mapping T of the product i X A —> 7? such that T{0 X of) ^ hx, 2X1 X of) = t2X, 
ir e A , If h — I, which implies A C B, then k is a deformation. The set T(l X x) 
is the path of x. Whenever the space is metric and the paths are all of diameter 
less than e wc have an e homotopy, or e deformation as the case may he. 

In a more geometric form the images of ^lA and kA are homotopic whenever 
the *^cylinder’^ I X A may be so mapped in B that its bases agree with the 
images hA, feA* 
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(47.2) Homotopy is an equivalence relation. 

Homotopy is: 

symmetric, for if T is as above then Ti such that Ti{u X x) = IZX(1 — u) X x) 
bears the same relation to t\ , 4 as T but in reverse order; 

reflexive, for T{u X ^ mapping I X A A making ti homotopi(^ 

to itself; 

transitive, for let (4 , k) and (4,4) be homotopic pairs of mappings A B 
with r', T" as the analogues of T. Define 

T{u X x) = r{i2u) X x), 0 S u S .1/2; 

T{ii X x) = T"((2u — 1) X x), 1/2 g S 1. 

It is clear that T{u X x) is continuous in ii X x. We have at once 3'(0 X :r) = 
tiX, T(1 X x) == taX, and so 4,4 are homotopic which proves transitivity, hciico 
also (47.2). 

Since for fixed A, B homotopy is an equivalence there are corresponding 
classes, which are known as homotopy-classes, 

(47.3) Let ii, h be homotopic mappings A —> JS and let t he a mapping B —> C. 
Then Iti , tk are homotopic mappings A C. 

The notations being as before IT is a mapping I X A —> C siu^li that 
^r(0 X ir) == itix, tT{l X . 1 ;) = tkx, proving our assertion. 

For mappings into subsets of an Euclidean space or pai'allclotope P a 
convenient and intuitive sufficiency condition for homotopy is: 

(47.4) The notations being the same suppose that B is a subset of ill = ffi" or P. 
If for every x the points hx and kx coincide or else may be joined by a segment of Ht 
which is in B then h and k are hotnotopic. 

For let \{x) — 4a: when hx = hx, and X(;r) = the segment joining hx, hx wlu^n 
they are distinct. Then (in vector notation) 

T{u X x) = (1 — u){hx) + u{kx) 

defines a mapping 2 X A making h , h homotopic mappings A 514 Since 
T{u y. x) e \{x) we have T{1 X A) (ZB, so thafc 4 , h are in fact liomotopics as 
mappings A B also. 

(47.5) Retraction. This convenient concept, formulated by Borsuk, is clos(dy 
related to homotopy. 

(47.6) Definitions. Let A, B he topological spaces, with A (ZB. A retraction 
of B onto A is a mapping 2: B A s%wh that t \ A = 1. When t exists A is called 
a retract of B. If t is a deformation keeping every point x of A fixed (i.e., x is its 
own path) then t is also called a deformation retraction and A is then said to he a 
deformation retract of B. 

The notations being the same A is called a neigliborhood retract of B when it 
has a neighborhood in B for which it is a retract. 
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The content of this chtipter consists of the group-theoretic material required 
later. All the groups are assumed topological, and everywhere except in a few 
])laccs th(^ topology is signilicant. Particular attention has been paid to the 
Pontrjagin duality theory and related group multiplication, which we will find 
most useful in connecition with intersections. This need cause no surprise since 
group multiplication may bo considered as obi.aincd by abstraction from the 
Kroneckcr index or topological intersections. We have also devoted consider¬ 
able space to invoi’se and direct systems and their limit-groups which will come 
very much to the fore in (VI, VII). In addition a full extension of the Pontrjagin 
theory is made to vector spaces over a field. 

General references: Alexandcr-Zippin [a], Chevallcy [a], Frcudenthal [a], van 
Kampen [a], Pontrjagin [P, b], Steenrod [a], Weil [WJ. 

§1. OIONfiRAL PROPERTIES 

1. W(i ar(^ d(‘aling exclusively with abelian groups: they will always be written 
additively. The groups are (hniotcd by (7, , their elements by g, h, • • • 

with ('-V(uitual supplementary indices. The zero chnnent (unit element, neutral 
eloiiKUit) will be writttui 0. 

If Ay A' an', two subsets of a group Gy we denote, res[)octivcly, by A + A' 
and A — A/ the sets of elements {g + g'] and {g — ijf'l, g eA, g^ € A'. The 
set —A is the set of elements {—glgeA], Observe that in this notation 
A — A is not the elcnient 0 but represents the set of all the differences g — g' 
where gf, g^ eA. 

If {Axj is an indexed system of subsets of Q then ^ A\ is the set 
U(Axi + • • • + AxJ wlKire {Xi, • • • , Xn} is a finite subset of {X}. If the Ax 
arc^ subgroups, X) subgroup, namely the smallest subgroup containing 

all the Ax. 

(1.1) Definition, Let the group G = [g] as a set of elements he assigned a 
topology turning it into a topological space. Then 0 thus topologized is called a 
topological group whenever it is a T^^pace and in addition g — g^ is a continuous 
jwicimi of (( 7 , g^) in this topology, 

Since it will occur repeatedly it is important to bear in mind that the con¬ 
tinuity condition imposed upon g -- g' means that it must be a mapping 
G X 0 G. That is to say, if V is any neighborhood of go - go-go then 
there must exist neighborhoods 17, C/' of go , go such that € U, g' eV' 
g — eVy ov equivalently such that f/ — C/' C F. 

41 
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Hereafter all groups are assumed topological. Since the discrete topolo^ry 
always makes any group G a topological group, G may always be assigned a 
topology turning it into a topological group. 

(1.2) Definitions. A neighborhood of zei'o in a topological group G is known 
as a nucleus of G. A base or subbasc at zero will be called a nuclear base or subhasr 
as the case may he. 

Examples. (1.3) The atlditive group of tho real numbers (real line) with it.s umuuI 
topology is a topological group; likewise tho additive group of th(^ real vectors with IIk' 
usual topology is a topological group. However, in (25) and for certain special purpose.s 
an altogether dilYeront topology will bo assigned to vector spaces, uiulor which they will 
still be topological groups. 

(1.4) Consider the additive group ^ of the reals mod 1. Take a circumference (' re- 
f(*rred to an angular variable 0:0 ^ < 27r, and identify ^ with C so that p e ^ g()(‘s int.o 

the angle 6 = 2pir mod 2‘jr. If the usual topology of C is assigned to ^ it becomes a compaiU 
topological group and it is this group that is referred to hereafter as “tho group of tin* 
reals mod 1,“ with the notation ^ attached. Its fundamental imporlaiuu*. will b(‘com(* 
clear when wc deal with Poiitrjagin^s duality theory. 

2. From the definitions we deduce at once: 

(2.1) The mapping p —> '-g is a topological mapping of G onto itself. Likewisr 
for the mapping gg^ + g {g^ fixed). 

(2.2) If N is a miclcus so is —N. Furtlmmore if go then go + H /.s* a 
neighborhood of go and every neighborhood of go is of this form. 

It is a consequence of (2.2) that the nuclei of G determine its topology. 

Does a given assignment of open sets or nuclei turn a group G into a topo¬ 
logical group? This question is answered by the following two propositions: 

(2.3) Lei a group G be iopologized by the assignment of a non-empty family { T [ 

as its family of open sets. N. a. s. c. in order that Gbea topological group under 
this assignment of open sets are: (a) if U is open and go eG then go + G is also 

open; (b) if go 9^ 0 there is an open set U such that O^U, goi U; (c) if i) e T 

there is a f/' containing 0 and such that C7' — [/' C U (Pontrjagin, [P, 511). 

Regarding necessity, (a) is a consequence of (2,1) and (c) is implied by th(^ 

continuity oi g — g\ As for (b), since G is a To-space there exists an op(ui 

sot U containing one of 0, go but not the other. If 0 e (7 then (b) holds. If 
go e U, 0 4 Uf we may set + JV, where N is a nucleus p go * 

-AT is a nucleus p go and this is (b). Passing to sufficiency let go, go b(^ distiiuit 
elements. Then go^- gi 0 and so by (b) there is a U such tluitO 6 T, 
go - gi 4 U, or go € go + U = f/', go 4 U\ ^ Therefore G is a To-space. Whether 
go , go are distinct or not let U b go - go. Then (go - go) + U is open and 
contains 0. By (c) there is a U' such that 0 e U\ U' — d (go — go) + f", 
or (go + Z70 — (go + t/') C U. Since go + C7' and gj + t/' arc open sets 
containing go, go, the mapping (g, g') g - g' is continuous and (2.3) follows. 

(2.4) Let Oho a group. N. a. s. c. in order that a family {AT} of subsets may 
se7'vc as a nuclear base for a topology turning G into a topological group are: (a) 
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thr familn h nnn-^ntiptij; (I)") nrry X rantaitu^ 0; (V) if g Hwrv /.s* ati TV' ,sw/r/t 
that g I S* C A' ; (tl) ihr intvmrtion of (wo ,sc(h N confaina an N] {(‘) if g 0 

(hvn- As an N ? g\ (f) for rvrrif X thvrv As an tnicli that X^ — X' C X. 

N<‘c<‘ssity is iiiuurdinti'. 'Vo pvovo surticit^iuiy ww will lirsi show tlial- \X -h g\ 
may sarvo as a hast* for a topoloiiiy. At all t‘vonls the imion of its s(‘ts is (r. 
L(‘l (/i < (A‘ 1 f/u) n ( A^' I //u). 'riuai f/t — g^aX, gi — g^)GX\ Th<M‘olora 
l)y {>) t'xisl A^ , A'l sm*h that gi — f/,i -|- C X, gi — f/o "I- X[ C X\ 
'Vho inl(*rs(*clinii X\ n X[ contains A^ sucli tliat f/i f A^i* is iM'twcMMi f/i and 
(f/ii I A') n (ih 1 A''), lltMita* by (J, (>.3) |/V -1- f/| may l)(‘ chosi'n as a l>as(^ 
\V(* mus( now vorify tin* conditions of (2.3). 'Vnko gu “H X o|)(mi, and 
IJi € ih ^ ^ Since gi g^) t ! ’ tlu*n» is a f/a -V X Ix^twism gt — f/n and (' and so 

f/i (f/n I gv) I .Y C f/n I- r. 'riicrcfon^ f/o I- (• is ojuai or (2.3a) holds. 

Properly (2.3h) is a cous<M[m‘nce of (('). Lt't now {) e ( \ A^ain some g + X 
is bet w<‘tai 0 and (\ Iltaua^ -g e X and so by (V) wo have som(» —r/ + A^i C X, 
thi‘n by (f) an A"' sncli (hat X' - X^ C X\ . Krom tliis follows X' — X* d X 
which is (2.3(0. 'rims (/ has been mad(' a topolofijicai f!;roup. d'lua'c*. nnuains 
to show lliat in its topohjay PVl is a nuclear bas('. W(^ have' just s(*(»n that if 
()<•/■ tlien souH' .V' A'' CZ / 'Phis impU(»s tliat if g € X' th(*n g — 0 == 

g i (' or that A' C I whi<*h prov(‘s lli(» asscrl.('d bas(‘ j)r()p(‘rty and also (2.1). 

A nu<*leus A' is said to be si/nnnf'lriral wlnan'vcr X — --X. 

( 2 . 0 ) F.rt'rg nnrlru.s X mnltfins a ,si/mmrlriral nnclrnu {for iwaniplr X n (- iV)). 

i2.ti) .1 ioihtlogintl group is a Haus^lorlJ' spare. 

'That is lo say, for a. topolop;ical i^r^aip (i I,Ik* s(*j)aration axiom 7'n impli(*s 7\. , 
i.et indeed </, g* be distinct elima^nts of (I. Sinct* g - g* y t) IlK're is a, nucltais 
\ 'jg g\ tluai anoili(*r .Vt such Unit Ab ■ Xi C X. Now g - g' 4 X 
g </'(S .V| A'l -** (,(/ I A‘i) n {g* I- Ab) • 0. b'luis (/, g* hav(^ tin* disjoint 

neij.*;hborhoods g | Ab . I Ab which prov(‘s (2.1)), 

A stron‘i:(‘r n'snit is: 

(2.7) A topologirai group is a Tgrhonojf spare (Pont rjafd^O* 

In vi(’W of (2.2) it- is only nt*cessary to cst{d>lish tin* 'TychonolT proptMly fort). 
d1iat is to say, wi* an* to sh^av that if N is a nuchais tlu'n' I'xists a c.hara(^l.(’ristic 
funct ion for 0 and tlu* compltaiaail. .1/ »)f X in (!, Xo tirsl. c(mstru(‘t symm(‘trical 
nucl(‘i A\», Ab » * • * »such that Ab C X, Abu I’ Xk\^i C Xh » That this may 
la‘ dom* is a consiajticma* of (2.If) and (2.5). Any rational dyadic. immh(T a 
of tiu* int«*rvul 0 1 may b<* writtem as a linib* dyadic fra(‘.tion Oa/iOa , 

0 , 0, 1. < *(UTc.spojidina' t(» a h*t N(a) d(‘not(‘ thc^ s(^t of all the (dements 

2 n.f/i 1 f/* ^Ab* Sima* Abrd is a union of opi‘n H(ds it is op(m. Monumu* 

a d A-(iv) C Abd)» b'o provt* it W(^ nmv]y m\od to show it for fS 
O.oi **• n,d. Ntnv if (/1 Abo) lhes(*t (7 i* iV;,|.i im^ds ATfo) nr (7 €X{a) - Xp^^ 
Abo) d Abji - X((i) which pr(ivt‘s our asscu’tion. llefcu’ring now to (1, 34.1) 
we find that lA^'Ca)} has prt^cisely the propertit^H roquived in the construction 
ftn* a characteristic function of (0, M). 

(2.8) A tL a. H. c. far U to Iw locally compact is that it possess a nucleus N whose 
closure X is compacL 
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For a neighborhood of g is of the foim g -{■ N. Its closure j? + iV is topo¬ 
logically equivalent to N and hence compact when and only when N is compact. 

3. Subgroups. A subgroup of O' is a subset H of G such that H — H d II. 
Under the principle of relativization H is assigned a definite topology. 

(3.1) A subgroup is a topological group. 

For as a subset of 0 it is already a To-space by (2.6). Moreover since the 
transfoimation r: G X G G sending (g, g') into g — g' is continuous so is 
t\H X H: H X H-*H which sends {g, g'), where g, g' e 11, into g — g'. This 
proves (3.1). 

(3.2) If H is a subgroup so is R. 

We must show that R — R Cl R or that gi, gaR -*■ g = gi — gaeR, or 
again that if iV is a nucleus then g + N meets H. There is a nucleus N' such 
that N' — N' CZ N. Since gteR the set gi 4- iV' contains an element g'i e II 
and since is a group g' = gi — g'as H. Therefore g' egi ~ ga + N' — N' C 
p 4- JV, and since g' e H, (3.2) follows. 

As an interesting special result needed later we have: 

(3.3) Every closed proper subgroup G of the group iP of the reals mod 1 is Jinilc 
and cyclic (i.e., consists of the multiples of a single clement). 

Identify iJJ with a circumference. About every point p e 'p there is an arc X 
such that X contains no element g eG other than p. For othorwi.sG G must 
contain elements on the arc 0 — 1/n whatever n, and so G is dense in ip, honco 
G = G = ip, contrary to as.sumption. Since G is compact it may bo covered 
by a finite number of arcs each containing at most one g. Thus G is finite. 
Assuming, as we may, G 5 ^ 0 let pi 9 ^ 0 be an element of G as near to 0 as 
possible. Then G consists of the multiples of gi. For if pa e G is not an wp, 
then some mpi — pa is nearer 0 than pi. Thus G is cyclic. 

4. Homomorphisms. Let G, H be two groups. The purely algebraic. (!on- 
cept of a homomorpliism t of G into H is that of a tran-sforraatiou t: G —> II 
such tliat t(p — p') = rp — rg'. Since we are dealing with topologicial gr()up.s 
we must ascribe suitable continuity properties to t. There arise thu.s a coi-taiii 
number of mixed concepts which we must now examine. 

(4.1) Definitions. A homomorphism r: G —> H is a viapjhng G H .such 
that T{g — h) = rg — rh. If t has merely the algebraic properly just staled (i.v., 
is perhaps not continuous) we shall call it a homonwrphism in llw. algebraic sense. 

(4.2) Definitions. A homomorphism t.G^H which is a topological trans¬ 
formation is called an isornorphisni. If t is merely a one-one hoinoniorpliism in 
the algebraic sense t is called an isomorphism, in the algebraic sense. 

A homomorphism r is said to be open if it is an open mappvig. A univali'nt 
open mapping r: G H is thus an isomorphism of G vyith a subgroup of II. 

(4.3) Let rhea homomorphism GH in the algebraic sc 7 tsc. If r is continu¬ 
ous at 0 it is a homomorphism. If moreover r maps every nucleus of G onto a 
nucleus of rG, it is an open homomorphism. 
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Suppose T coniiuuous at 0 and let go e G. The mapping g r^g -- go) is 
coiitimious at go and hence this is also the case for ng rg — r^o + r(g ~ go). 
Thus T is coniiuuous evcn’vwhere. A similar proof applies to the second assertion 
of 01.3). 

(4.4) Let T Iw a Iwmomorphisni G —> IL The set of the dements g such that 
rg = 0 is a closed subgroup of G called the kernel of r. A n, a. s. c. for r to he 
univalent is that the kernel reduces to the element 0. 

(4.5) Lei T and 0 he homomorphisms G'-> H and H (/. If rd = \a , = 1© 

{the identity mappings of //, G into themselves) then both r and 0 are isomorphisms. 

It is r(*adily s(H'n that hotJi kernels arc zero and then that 6 = r"'^ Hence 
r is an isomorpliisni and similarly for B. 

5. Factor-groups, Let G be a group and G' a closed subgroup of G, If 

g € G th(‘ set g + f?' is known as the coset of g mod f?'. If g, gi are in the same 

coset mod G' \hon they are said to be congruent mod G' and this relation is 

manilestly an eciuivaleiicc^ If h, hi arc the cosets of g, gi mod (?' then h zh Ih 

are thosc^ of g A: gi mod G\ Th(‘reforc under this addition the cosets form a 
group II, whi(4i, duly topologized as shown in a monumt, is known as the factor- 
group of G by G' or mod G\ and d(mot('d by G/G', 

Tht* assignmentr to g of tlu' cos(‘t h containing it. delincs a homomorphism in 
the alg(4)raic souse r of G onto G/G' known as the natural projection or mer(4y 
lh(' projection of G onto factor-group. 

W<‘ now d(4in(‘ a s(4. V eGJ(T as open wh(‘nev('r t is open in G, If the 
r(‘sult.ing topology turns G/(T int.o a topological grouj) it will also automatically 
turn TT into a homomorphism. 

'riu^ topology assign(‘d to G/(T is imnuHliately's('('n to make it a topolog¬ 
ical group. Th(^ proof m('r(4y recpiires that wo verify the conditions of (2.3). 

L(4. g^ 1)(‘ any cos(‘t mod (T and an opc'ii set of G/G'. AVe hav(U 

X hg* + V) — Ulf/ + 7r“ ‘K 1 17 e 17*1 = a union of op(‘n sets of G. Therefore 

f/* + V' is open in G/G\ or (2.3a) holds. 

We notice now that if (' is open in G then wl - is open in G/G\ For x ^{tV) = 
(p + f r ~ U||'/ + G \ g ^G^\ = an open set of G. 

L(‘t f/* e G/G* and 9 ^ 0 and 1(4. g be an ('huiumt of tlu^ (ioset x V**" 

SitKH^ G^ is <4osed so is g + G\ Ilcmee its c()nii)lem(mt G in G is opcm and it 
(‘ontains G\ 'rh(*r(‘tor(^ xf^ == V is a nucleus not (Containing This prov(.\s 
(2.3b) for (f/(r, 

,L(4, V b(^ any nuehms of G/G\ Tlmii x^V is a niicknis of G, Hence it 

(^out-aius auothcT I ■ i sucli that f h - C x ^^7. Tlierefore tGi is a uudeus of 

G/G' suvh that irlh - xfh C V and this is (2.3c) for G/0\ Wc have thus 
pr()V(Hl: 

(5.1) The topology assigned to G/0* turns it into a topological groxhp. It is 
(Ms topological group which is henceforth demoted by 0/G' and called the factor- 
group of G by or mod (?'. Furthermore mcc congruence is an equivalence we 
may identify ehmienls congruent mod (?' (I, 13) ami the resulting group is pre¬ 
cisely G/G\ 
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We have also obtained, incidentally: 

(5.2) Tlic natural projcctmi ir: G —* G/G' is an open homomorphism of Q 
onto GfG'. 

We now prove: 

(5.3) Let tpbe a transformation of G into a topological spoLce X such that <p{g) 
depends solely upon the cosel g* of g modulo a closed subgrotip G'. If we set<p'*{g*) = 
tp{g) then is a transformation G/G' —> X and we have: (a) if <p is a mapping {i.c., 
continuous) so is <p*-, (b) if <p is open so is (c) if X is a group and <p a homo¬ 
morphism G X then <p* is a homomorphism G/G' —> X. 

Let U be open in X. If <p is continuous then is open in G and hence 

<p*~^{U) = where r is the natural projection G —>• G/G', is open in 

G/G'. Therefore <p* i.s continuous, wlrich piwes (a). Assume now tp open 
and let V be open in G/G'. Then 7r“‘7 is open in G and so ip*(V) = <p{ir'’V) is 
open, which proves (b). Finally if fifi e gf* , g^ e g* and is a homomorphism 
then <p* is continuous by (a) and in ad^tion: 

<p*(gt + gt) = <p(gi + g/) = <p{gi) + pig^) = <i>*igi) + v*(jg*), 

so <p* is a homomorphism, and this is (c). 

(5.4) Let T be a homomorphism G H and Q', H' closed subgroups of G, H. 
If tG' C H' there corresponds to t a homomorphism t': G/G' —»■ II/H' given as 
follows: if T, (o arc the natural projections of G, B, onto G/G', H/H' then t'v = wt. 
If r is open so is t'. 

Since wt depends solely upon the coset of g mod G', (5.4) is a consequence 
of (5.3). 

(5.5) Let G' be a closed subgroup of G. If any two of the groups G, G', G/G' 
are compact so is the third. 

It is oh-eady known that when G is compact so is G' (I, 23.1) and hence 
likewise G/G' == tcG (I, 23.2) where x is the natural projection G —* G/G'. Thus 
there remains to show that when G' and Q/G' are compact so is G. Let % = 
(Fo) bo an ind(!xed system of closed sots of G with the finite intersection prop¬ 
erty. We arc to prove that flFo 9^ 0. We can obviously augment by the 
finite intersections of the h\ without distuiLiug the situation, and so we assume 
them already in 

Now the indexed system Wi<\\ of closed sets of G/G' has also the finite inter¬ 
section )>r()perty. Since G/G' is compact n(TFa) ^ 0 and so it contains an 
element g*. The set x"V* ih a coset ga + G' oi Q mod G'. Since addition is a 
topological operation and G' is closed and compact so is gn H- G'. 

Let V be any neighborhood of go + G'. We propose to show that Fa meets 
U. If g 6 go + G', there is a nucleus N such that g + N CiU then a symmetrical 
one N' such that N' — N' = N' N' CZ N. It follow's that g W' is such 
that if g' eg -)- JV' then g' -|- iV' C U. Since {g -1- JV'} is an open covering 
of the compact set go + G' there is a finite subcovering {gj + Wi}, and g e gj iVi 

g + Ni a U. Therefore if DiVj = No then whatever g ego + G' we have 
g -h JVo C U. Now the union of all such sets g iVo is a set x~‘F where V 
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is a noigliborhood of in G/G\ and all sets are of the typo in question. 
''nuM’ofore to prove that U meets we only need to show that V meets rFa , 
and this is a conscHiueuei^ of the fact that e wFa • 

Sinc (5 Fa meets ('very n(‘ighl)orhood U of + (?' it must meet this sot itself, 
otherwise the complc'nK'iit of Fa in G would be a I ^ which Fa would fail to meet. 

W(^ have found tlu'n that j^« n (f/n + G')\ is an indexed s 3 ^stem of closed 
s( 4 .s in tlu' compact set < 71 ) -f G^ with the finite intersection pi’operty. Therefore 
n (f/i) + G')) 7 ^ 0, hence OFa ^ 0, and G is compact. 

For lo(uilly compa(‘t. groui)s we ma.v prove the weaker property: 

(5.(1) 7/ G is locally coorpact and G' is a closed subgroup of G then G/G' is 
likewise locally compact. 

Let TT still (U'liote the natural projection G G/G\ Under the assumption 
G lias a nucleus N with N compact. Hence G/G^ has the nucleus A^* = ttA^. 
Now: iV* C 7 r(iV) C Bince Tr{N) is compact in a Hausdorff space, it is 
closed and sinc(^ it is ludween iV* and iV* we must have 7 r(iV') == iV*. Thus 
is a nucltms of G/G^ with compact closure, proving (5.()). 

0. Product 

(O.l) Definition. Let 16\j be a system of groups indexed by A = |\1. The 
topological product G = Pffx is a Hausdorff space (1, 30.2). If g — \g\\i o' = 
If/xl arc elements of G we define g + g^ = {f/x + (7x! is the zero 

of G\)- Hnder these conditions G becomes an additive group. Since g \, g\ are 
continuous in ((/, (/') so is g\ — gl ami hence also g — g' (I, 12.2). Therefore 
under its topology G is a topological group. 

(G.2) Let M = 1/il C A and Cr' = . Then the projection r: G *-> G' is 

an open homomorphism. 

Por TT is a homomoridiism in the algebraic sense and an open mai)ping as well 

(I, 12.1). 

(0.3) Example. If A is any set, and ^ as in (1.4) then G — is a compact 
topological group known as toroidal. The cardinal number | A | is the dimension 
of Q, (Sec I, 25,5.) 

7. Weak product, 

(7.1) Definition. Consider now a system {G\} of discrete groups indexed 
by A — {X}. The elements of PGx which have at most a finite number of coordinates 
different from 0 form a subgroup G which taken discrete is called the weak product 
of the , loritten , 

(7.2) llEMARK. If A is infinite, the discrete topology is not the topology 
that G is to receive as a subgroup of the product, and so it is not to be con¬ 
sidered as a subgroup of PGx in the topological sense, 

(7.3) Let M = {m} ^ A and G' =* P'^G;,. To^every p' e G' there may be 

assigned g ^ {px} =« ^ ^ defined thus: On ^ 9 ^ ^ ^ 0 for X 4 M, Clearly 
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7 } is an isomorphism of (?' with a subgroup of G. It is called the injection of (V 
into G, In particular avc may choose M as consisting of the single (4(MU(^nt A 
and we then obtain the injection t/x of the single group G\ into G. For siiui)li(nty 
and wherever no confu»sion arises, we continue to denote by g\ the (*leiu(uit 
7]\{g\) of G. Under this convention any element g € G may he. writ.kai as a 
finite sum ^ g\ (at most a finite number of terms different from 0). 

8. Chains. The chains may be considered as a convenient symbolism for 
dealing with certain products. This symbolism will be used ex1.(msi\'‘(^ly in 
the theory of complexes, where owing to the similarity with linear forms, it has 
become traditional. . 

Let again A = {A} be any set of indices and let 'G = Introduces now a s(d. 
of symbols X = {.tx} called elementary chains such that A —> x\ is ouo-om*. 
The elements of 'G may now be represented by the symbolic sums, calhul in¬ 
finite chains: G = g\X\ , g\ eG, with the convention that 

(8.1) Z) fl'v'Cx =fc = Z) (ffx ± g\)XK ■ 

'G is also referred to as the group of the infinite chains over G based on X. 

Suppose now the group G discrete. We could introduce a “weak A power” 
of G, but it is more convenient to take an indexed collection {(?x} in whieli 
G\ = G and then the weak power G* = P^Gx. We introduce again A' = [;t^l 
with X —> xx one-one. The elements of G* may now be represented by the 
finite sums C = ^ gxXx, gxeG, called finite chains, with the same addition 
convention (8.1). G* is then referred to as the group of the finite chaim oner 
G hosed on X. 

In both types of chains and groups the base A' will often ho evident fi-om 
the context and mention of it omitted. 

If A is finite the two groups 'G, G* are in algebraic isomorpliism, thoii- (diains 
being finite in both cases. They are then described more adetiuakily as gr()ui).s 
with topology (for ’Cf) or discrete (for G*). 

Chain-homomorphisms. Let H, K be two group.s of chains over G biW(!d, 
respectivelj', on A = {.tx}, I = {y^} where A = {X},M = [u}. TIu; elemeuks 
of the two groups are then represented as 

/i = Z Axa;x , /c = Z AmZ/m , Ax , e G. 

Let now A == || Ox^ 1| be a matrix of integers with finite columns (for given g 
at most a finite number of ax^. are different from 0). We associate with A the 
transformation H K given by 

(8.4) T is a homomorphism H K. 

It is cleaily so in the algel^raic sense. The continuity proof is best carriod 
through by means of the powers. We have then H = G^\ K = and (8.3) 
states that r sends the element h with coordinates Ax into the element k with 
the coordinates k^, given by 
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[2 I 

(S. o) hfx — h\ ct\fx € 

X 

Now lix is ii contimious function of h (I, 12.1) and Av i« a continuous function 
of \\w h\ in (8.5) since their numhei’ is finite and pjroup addition is continuous. 
It follows t.luit k is also a continuous function of h (1,12.2), and so (8.4) holds. 

Su])t)os(' now 0 discr(‘t(' with //, K as the groups of finite chains over G based 
on -Y, ''rhis tinu^ it, will be necessary to impose JiniimeHti of the roios upon A 
(for a given X at most a finite number of are finite) and then r given by (8.3) 
will still r<‘pres(*nt. a liomomorphism H —> K. Since the groups II, K are dis- 
cr(4(‘ th(‘ continuity consid(‘rations do not arisen 

Hoinoinorphisms of oik' of the two types just considerc'd will be referred to 
as chaiN-hotNomorpliimii. 

(S.()) AVe will now consicha* certain ehain-groui)s nniuired in connection 
with t.h(‘ so-called “dissections'' of a complex (Ifl, 23). 

L(‘t )', X hr as Ix'fore, i‘xc(‘pt. that now Y C X and let -V' = l.rit l)e tlie 
compl(*nu»nt. of )' in A". The cliains h' — , h[ € (/, make up a group IV. 

(’orn'sponding to any o])cn s(‘t {' of (t introduce' tlu' sets 

V. - \h\hl,(^\, Vl = [h^l filer], 

w, - \h\k,€(^\, ir; = \k\k,er}. 

I.(‘t also '/v d(‘not.(' th(‘ subgroup of II consisting of the eleiiK'uts whose co.- 
ordinaU's hi = 0. By (I, 12.f)) 7v is closc'd in II. Furthermore k = ^ k„y^ —^ 

0.r|. + d('fin(*s a homomorpliism: K —^ II (‘alh^l the injevlion of 

K into II. 

(S.7) Thr injrrlion As* an isnmorphhm of K with 7v. 

It is cl(*a.rly an isomoi’phism in tlu' algel)raic sensi', Fiirtlu*rmore since 
i Vv ; is a. subbase for II, !7v n j is one for 7v. We have then in ( IF^l a 
subbasc! for K su(h that rjWl = 'K n . Hvuvr ri maps into oiu' another 
th(' <‘l('m<*nts of su])))ases for K, 7v and so it is topological, proving (8.7). 

(H.tS) Taking advantage of (8.7) the identification k —> Tjk induced by rj will 
(*aus(‘ th<' topological imbedding of K as the c1os(kI suI)group 7C of II, This 
hU'iitification is assumed henceforth, so that K is now a closed subgroup of IL 

L(4. tJuni If* = II/K. H h = liW, + I] KVi-^ i'®P- 

i-cs(‘n(.iit.iv«' of tho ooscil. h* of h mod K. Clearly h* —» h' deduoH an isomor¬ 
phism 0 of //* with II' in the algebraic souse. 

(S.9) 0 is an mimorpimm of II* mlh H'. 

If IT is th(“ natural projection II —> II* then lirF.} is a snbbase for II*. Since 
OxV, = Vt, 6 maps the elements of a snbbase for II* into those of a subbaso 
for II'. Hence 0 is topological and (8.9) follows. 

§2. GENERATORS OF A GROUP 

9. The })reKent section is a digimsion from topological groups necessitated 
by the re(iuirc*ments of the theory of complexes. For the present the topology 
of the groups will not be utilized. 
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Let (? = I ( 7 1 be a group and J? = a (finite or infinite) sul:)set of G, The 
elements g' of B are said to be linearly independent whenever there exists no 
relation between a finite number of elements of B of the form: 

(9.1) aig[ + • • • + a^gr = 0, 

where the at are integers not all zero. The rank of G is the maxiinuin number 
of linearly independent elements of G. Evidently: 

(9.2) The rank of a finiie product is the sum of the ranks of the factors. 

The elements of the set B are said to be generators of G if it is possible to 
express every g e G in the form 

(9.3) g = aig'i + • • • + arg'r , g'i e B, ai an integer. 

If ill (9.3) the coefficients are always unique for a given p, or which is the 
same, if the generators are independent, then B is said to be a base of G. A 
group possessing a base is said to be free. 

10. (10.1) A subgroup H 9 ^ 0 of a free group G is a free group. 

Let B = {ha} be a base for G and let A = {a} be well-ordered in a definite 
way. Any h e H may be written uniquely in the normal form h == 
'fnihai + • • * + nirba^, ai < • • • < ar. We call ar the index of h. Given a if 
there is an h of index a choose one, ha , such that in the normal form the co¬ 
efficient of b a has its least absolute value different from 0. If no such h exists 
choose ha = 0. Then B' = with the elements zero omitted, is a base for 
H, Consider in fact h as above and let = • * • + (normal form). If v 
is the h.c.f. of mr , Ur we have mntr + nUr = v for some integers m, n and 
hence mh + = ... + yha, (normal form). Since 1 i' 1 ^ | li we have 

Uf == zhi', m-r = follows that K = /i — € if is of indcX < Olr . 

Repeating the reasoning we obtain K = /i — -f -.. + /Zr&l,) of index 

J 0 SH -1 < ^ < oir. Since A is well-ordered the process must stop for some s. 

We will then have ha = 0. Therefore R' is a set of generators for FI, Since 
its dements are obviously linearly independent, B' is a base for H and (10.1) 
is proved. 

Remark, The preceding proof based on well-ordering is shorter and more 
intuitive than alternates resting upon Zorn’s theorem. Incidentally this is the 
only instance w^hcre well-ordering will be utilized in the present work. 

(10.2) A (discrete) group G is isomorphic xoiih a factor-group of a free group. 
Let G = [g] and let 

ft == X] UiQi = 0 (finite sums) 

be the relations between the generators. For each gi introduce a new *symbol 
gi and let G' bo the free group based on the gi, Then the symbols ft' == ^ aigi 
generate a subgroup H' of G' and G ^ G^ jlV, 

11. Digression on integral matrices. The reduction properties of integral 
matrices are very useful in the treatment of groups with a finite number of 
generators, and hence in the theory of complexes. 
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Coiusidor 1-hon ilio integral matrix: 

A = l|ai,-||, i = 1,2, ••• ,V',j = 1,2, ••• 

We say that A is unimodular when it is sciuavo {p = q) and its determinant 
\A\ = ±1. 

(11.1) The product of two ummodular maiHces in a unimodular matrix. 

(11.2) The inverse .1"^ of a unimodular matrix A exists and is unimodular. 

L(‘t again A ho any integral matrix whatc'.ver. Tlu^ following three types of 

operations on A are known elementary: (a) transposition (iiitcrdiange of two 
rows or columns); (h) ehango in sign oF a row or column; (c) adding to the clc- 
mc'ut-s of a row or column the corresponding elements of another row or column 
multi]di(Hl by an ink'ger. Each corresponds to the multiplication of A on 
oiu^ or th(? other sid(' by a unimodular matrix. As a (*.onso(iucncc, the effect 
of a (inite numlxn* of elementary operations on A is to noplace it by a matrix 
BAC\ where B, C are unimodular. 

(11.3) Dkmnition. Two 7 natrices ri, Ai such that Ai = BAG, B and C 
unimodular, are saul to be equivalent. It is clear in fact that their relation to 
one another is a true relation of equivalence. 

L(^t p be th(' rank of A and 5j,(ri) a number which is z(n'o foi* p > Pj and e{iual 
to the li.(\f. of the minors of order p for p ^ p. If Ai is ecpiivalent to A the 
minors of order p of .li iiro linear integral coml)inations of those of A and so 
dp{A) divides 5;,(yli). Since the reverse is also true 5p(Ai) = 5;,(A), or equivalent 
matrices have tlu^ same numbers 6p(A) and hene-(i tlu^ same rank p. The num- 
Ixjrs dp ~ 5;,(/l)/6;,^i(A), (5o(A) = 1), are the invariant factors of A. 

(11.-1) TiiEOunM. An integral matrix A is equivalent to a ^^diagonal” matrix 

di 


dp 


such that dp divides dp,\.i . 

As a conseciucnce of (11.4) wc shall have: 

(ll.C) di, • • •, dp is the sequence of invariant factors of A, and so each invariant 
factor is divisible by its predecessor. 

(11.7) A n.a.s.c. for two integral matrices with the same numbers of rows and 
columns to be equivalent is that they have the same sequence of invariant factors 

diy * i dp, 


(11.5) 
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Tt ifi clear that (11.4) and ( 11 . 6 ) yield (11.7). As for (11.6), in the matrix 

( 11 . 5 ) with the dp as stated, did^ • • • dp divides every minor of order p and is 
itself such a minor. Therefore 5j,(yl) = rfi • • - dp , hence 5;,+i(i4)/5p(A) = , 

and so rfi, • •• , dp is the sotiuence of invariant factors of A. Furthcrnion' dp 
divides dp+i and so (11.0) will follow from (11.4). 

Turning!; then our attention to (11.4) we dismiss the trivial case wluux^ tlu' 
terms of A are all zero. Then in each matrix oquivmlent to A there are tei’ins 
different from 0 and in one of th(\s(^ 5 = || hij || there will occur a term di (wc* 
make as yet no assertion as to di) which is the least positive term occurriuf!; in 
all the matrices equivalent to A. By transpositions we may dispose of B so 
that bn = di . Let hu = dxq + r, f > i, 0 ^ r < di . By multqdying tlu^ first 
eolumn by q and subtracting it from the itli we replace hu by r <di, hence r = (). 
'rims we may replace B by a matrix in which the bu , and similarly the hn , 

2 > 1 , are all zero, or assume: 

di 0 

(11.8) B = 

0 Bi 

Since by adding the ith row, i > 1 , to the first we may bring hm, h > 1, to the 
position of bu , di must divide biu and so all the terms of Bl . Now if A has a 
single row, the reduction to (11.8) already proves (11.4). Therefore we may 
use induction on the number of columns, and so assuming (11.4) for Bi prove it 
for B, Under the circumstances Bi is reducible by operations on B to the form 

(11.5) with diagonal hu’ins did^ , • • * , d^dfp , where didp are the invariant factors 
of Bi and didp divides didp^i . Hence B is reducible to the form (11,5) with 
diagonal terms di , did^ , * • • , didp which proves (11.4). 

12 . Groups with a finite number of generators* We shall discuss certain 
pr()])(‘rties of these groups eulminating in the basic product decomposition ( 12 . 8 ). 

( 12 . 1 ) Definition. LH B == }( 7 i, == [gU " ’ j 9^1} be two ts*c/,s 

of eUmanlfi of G containing iJio name number n of elements. By a unimodnlar 
transformation t: B B' is meant a system of relations^ 

( 12 . 2 ) Qi = II <^till unimodnlar. 

(12.3) If a group G hm a finite hose = { 9 ^ 1 , • • • , its rank is {obviously) 
71. A n.a.sx. for a second set 7?' = {g[, • * • , {/!} to he a base is that it may he 
obtamed from B by a unmodular transfoi'mation. 

Whatever tlu^ sc4; 5' of n elements there exist relations 

(12.4) o'i = C = II c,jf||. 

A n.a.H.c. in order that {(/il be a base is that the (/,■ be expressible as linear 
combinations of the g'i, or that there exist i-elations: 

( 12 . 6 ) i) = ||diy|l. 

From this follows 
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Qi = 2 difjk^k , 

and so siiic‘(* B is a base we must have DC = 1. Tills matrix relation yields 
1/^1 • \ C \ = 1 , and since the determinants are integers we must have | | == 

zhl. Thus in ord(U’ that B' be a liase C must be unimodular, or the condition 
(>r (12.3) must 1)(' fulfilled. Conversely, if it is fulfilled, C is unimodular and 
(12.5) holds with D = C~\ from which follows readily that B' is a base. 

( 12 . 1 )) LviCbcaJrcc group of rank ami H a subgroup of G. Then bases 
{f/ij ’ * ‘ j {/«! j ) * * *j hvi] may be chosen for G, H such that 

( 1 2.7) hi = digi , i = 1 , 2 , • • •, /«; di divides di^i . 

Furthermore the set , • • • , d,n is uniquely determined by IL 

iict [r/d be a base for (7. Since H is a free groui) (10.1) it has also a base 
j//t! aiul th(‘r(‘ .subsist relations 

hi = T,(iugj, '4 = II a/yll- 

By a (*hang(* in the bases one may replace A by any otluM- eciuivalent matrix 
and so (12.0) is a coii.se(iuence of (11.4). 

(12.8) Tiikokkm. Let G be a group mtli a finite number n of generators and 
of rank p. Then 

(12.0) G^O, XGiX X Grn, 

where: (a) Go is a free group of rank p when p > 0 and Gd = 0 when p = 0 ; (b) 
Gp is eyclie of finite order Cp where Cp divides Cp+i ; (e) m + p ^ n; (d) the sequenee 
Cl , ’ • Cfn uniquely determined by G. 

By (10.2) G ^ Ct IH\ when* G' is a fre^o group. We may tlierefore assume 
G-G^jlV, Referring to (12.0) ba.ses [g[, • •• ,< 7 !!, [/o, ••• ,hr\ maybechosen 
for fr', //' such that 

hi = dig^i , i == 1 , 2 , • • • ,r; di divides . 

•v 

If IT is l;h<^ niitunil projccition G' —*G and wo sot rg'i = gi , ir/t! = //.,•, the gouora- 
toi-s f/i, • ■ • , ffn lire derived from the initial set by a imimodular transformation 
and wo shall have 

/if “ “ Oj i — 1. • j r. 

There may bo a certain number of the firat (h equal to unity. We cast away 
the coriusponding genoratom, denote the remaining di by Cp and so have a new 
system of gimorators which wo denote by , • • • , ( 7 „,+p such that 

lip = CpfiTj! = 0, p = 1, 2, < • • , m ^ r; Cp divides ep+i. 

In any case p is the rank of 0. Since the gm+i are linearly independent if p > 0 
they generate a free group (?o of rank p, while if p = 0 we set Gq = 0. As for 
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Qp it generates a cyclic group of order Cp and we have manifestly the asserted 
decomposition (12.9). 

(12.10) There remains to prove the unicity of the sequence ci, 

At all events the decomposition (12.9) depends solely upon the relation between 
(?' and H' and hence upon the set of generators • * ■ , and so [Cp] depends 
solely upon these. If we choose [h[, • - • , hr] as a base for the group and 

write down the relations expressing its elements in terms of the Qi : 

(12.11) h'i =Y,aijgi, A = ||ai,||, 

then {cp} is simply the set of the invariant factors of A which are greater than 1. 
Suppose now that we add a new generator pn+i to the set gi, • ■ • , Qn • We liave 
then a relation 


^n+l — d" ‘ * “han+l.n^n • 

There correspond new groups Gi , Hi based on • • • , gr^+i}, {/u, • • • , 
with the relations (12.11) and 

/ir+l = an+l.n/4 + 

Thus A is now replaced by 

ll ioll 


0 

11 an+1,1 ,•••>! 

whose invariant factors greater than 1 arc the same as those of A. Thus by 
adding new generators we do not modify {Cp}. Suppose then that we have two 
systems of generators and {7^}. Together they form again a system of 
generators which is obtained from each by adding new generators. Therefore 
the three systems yield the same set {Cp} and in particular this is true for |(//} 
and (^} thus proving (12.8). 



§3. LIMIT-GROUPS 

13. Inverse systems. We now return to topological groups and investigate 
certain systems of groups {(?x} indexed by a directed set A = (X; >•}. 

(13.1) Definition. Let {(?x} be an inverse snapping system (I, 38) wlmse 
projections Trjl are homomorphisms* Then aS = {ffx ; is said to he an inverse 
sijstem of groups, or merely an inverse system. 

(13.2) The limit of S is a closed subgroup of 0 = PG\ and is known as the 
*^limiirgroup^^ of S. 
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^ By (I, 38.3) 'G is closed in G, Then if g' e 'G we have: Tlg\ — gf ^, Tr^gl = 

, hence irligx — e/x) — Q/i — gl, or g — g' e 'G. Therefore 'G is a subgroup of G. 

(13.3) Let M = {)Lt; > } a directed subsystem of A, aS' the corresponding 
partial systc77i of S ( 1 , 40), 'G' limit-group of S'. Then ike projection r 
(I, 40.1) : 'G —> 'G' is a homomorphism, and when S' is cofinal in S then r is an 
isomorphivn. 

If G' — PG^ then r = tt [ 'G where tt is the projection G G', and since tt 
is here a homomoipliism so is r. When S' is cofinal in S the mapping r is topo¬ 
logical and lienee it is an isomorphism. 

(13.4) If g = \gx] € 'G then: (a) g -^g\ defines a homomorphism ttx: 'G —^ Gx ; 

(I)) the ttJI {all X, arc isomorphisms then ttx likewise an isomor- 

phis7n, so that 'G ^ G\. 

Proiierty (a) is a special case of (13.3) obtained when M consists of the single 
element X. 

Regarding (b), let X be kept fixed and take any g \. Wliatcver fx clioosi^ 
p > \, fjL and set gf^ = 7 r^(n)~V\. We sec immcdiattdy that: {a)gft is inde¬ 
pendent of v; (j 6 ) € '0; ( 7 ) any element g e 'G with the coordinate g^ will 

have its /z coordinate determined by the same relation as g^t and so it must lie 
gfi. Theixjfore ttx is a univalent homomorpliism onto. 

''ro (‘.omi)let(^ the proof there remains to show that t\ is open. Lot f be 
any oiien s(‘t of G^, and set = \g\gt,e By (I, 38.2), 1 F^l is a base' for 
'(r’. Choose again p > \, fx. Since the are isomorj^ihisnis ttxF^ == 7 rx( 7 r^)“ 
is op(‘n in f/x . Hcmce ttx is open and (13.4) follows. 

(13.5) Let S = jG\ ; ttJI}, 22 — {//x ; ojjl} he inverse .sysh'fns both indexed by 

A = jX; >) and with limit-groups 'G, '//. Suppose that for each X there is a 
}u)momorphis7n rx : G\ II\ such that: wJItx == X >• g. There exists a 

ho7nomorphism r: 'G —> 'II such that if g = t^x} e 'G then rg == (tx{7x1 . 

J.et// = Py/x. If g e'G then g —> { tx{/x} defines a homomorphism r: 'G —> II 
in the alg(4)raic sense. Since every coordinate rxj/x of rg is a continuous function 
of g so is rg. H(‘nco r is a homomorphism. From wjl(Tx( 7 x) = r^^r^gx — (Tj^fy^) 
follows that rg € 'II, so r is actually a homomorphism 'G —> 'H. 

(13.0) Under the same assumptions as in (13.5) let the Gx be co 7 npacL If 
III - rxGx than S' - {//x; 4} is an inverse sysletn with limil-group say 'If and 
T is an open homomorphism of '0 onto 'll'. 

W(! liavcf fotiiul that r is a liomomorphisin of 'G into 'll'. To prove that r 
in onto take h' = [hi] e 'll' aiul lot F\ - n Vix. Siacc II\ is a Hausdoiif spaee 
h\ is t!los(«l, and sinoc n is oontinuous F\ is closod in G\ and so liko G\ it is a 
compact HausdorJI .space. If y\ e F), then rxffx = h\ , hence for \ > p: wj^Txffx = 
wjl/ix = hi — rii{irlg\). Therefore e F^ or ir^Fx C F^. It follows that 
{Fx; ttJI} is an inverse mapping system of compact Hausdoi-ff spaces. By 
(I, 39.1) its limit-space contains an element g = {gx} which is also in 'G. Since 
gx < Fx wo have rxgx = K or h' = rg. Therefore r is a mapping onto. 

Lot 'Gi be the kernel of r. Then r defines a univalent homoiriorphism n : 
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^G/'Gi —> 'i?'. Since '(? is compact so is 'ft and hence also '(r/'ft (5.5). Since 
n is a continuous one-one mapping of a compact space it is topological. 

Now the natural projection tt: 'G^/'ft is an open homomorphism. Since 

T = TiTT, and Ti is topological, r is also open, thus proving (13.6). 

(13.7) Generalization, An important type of group arises in the homology 
theory of nets (Cech theory, VI), which is analogous and closely related to 
the limit-group of inverse systems. As before we have a system of groups 
Ift! indexed by {X; >} and for each X there exists a closed subgroup ft of 0 \. 
Corresponding to every ordered pair X >• /i there are given one or more homo- 
morphisins or projectiofis Trji : ft ft such that: 

I. If X > > V and , tt? are projections so is TrJ ttJI . 

II. tIGx CZ G^, 

III. If , Tfjl, X > yi, are projections then — t^qx C e ft. 

Let Hx = Gx/Gx and let tx be the natural projection: Gx —> fl’x- By (5.4) 
there is a homomorphism : Hx ft , X > g, such that = TjixTtJI and III 
has for consequence that is independent of the particular ttJI in its definition: 
03^ is unique. We may also say that all the induce the same projection of 
the cosets of Gx mod ft into those of mod . It follows then readily tluit, 
Ift ; wjj is an inverse system and its limit-group is denoted by /f. 

A decidedly different type of group, which generalizes limits of inverse sys¬ 
tems, arises now as follows. Let G = PGx and let gr = {gx} € G be such that 
X > ju 7 rji( 7 x — Qfi e , By III this remains true if Trjii is replaced by any 
other projection frjl. It is clear that the set °G of all such elements is a sul)- 
group of G. It is the group which we had in view. 

(a) °G is closed in G, 

The function ft ({/) = irl,gx — gti is a continuous function on G to G^ . Hon(*e 
FxtL == ft^G' is closed in G and so is °G = ClFx^ . 

(b) O' = PGx is a closed subgroup of G (I, 12 . 6 ) and hence also of °G. 

(c) °G/G' ^ H, 

Let G* = °G/G'. If (7 == [gx] € °G then [rxgx} — h ell and h depends solely 
upon tlie coset ( 7 * of g mod G'. From this we infer that g* —> li defines a hoivuy- 
morphism 6: —> 11. If dg'* = 0 then gx € G'x , and so g e G', hence < 7 * = 0 , 

or 6 is univalent. Givcm h = {Axj take in the coset lix of Gx motl Gx a definit-e 
element gx^ Evidently X > m “ ( 7 m « ft g — l(/\t « °G is suc^h 

that ^( 7 * = li. Thus 6 is onto and so it is an isomorphism in the algebraict 
sense. 

Let I'x be open in Gx . Since the sets [g \gx e Ux} make up a subbasc for G, 
if Vx = I <7 €°G, gx e Ux] then by the principle of relativization {7x1 i^^ 
subbasc for °G, Siiuic rx is open th(^ s(4. rxfh is open in ft and 9Vx = (A | hx € 
TxGxj is open in H. Therefore 8 is open and so it is an isomorphism. This 
I3roves (c). 

(d) Whan the Gx arc compact so are the groups ®G, G', FL 

For G is then compact, hence °G, G' are compact as closed subgroups of G, 
and likewise H by (6.5). 
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14. Direct systems. 

(14.1) Definition. Ld this time {Crx} be a system of discrete groups still 
indexed by A 1^; with projections running the other way: for X > ju 

there is a homomorphism ttx^: (7^ —> G\ such that \ > fx > v tt*^ = 

Then the system S‘^ of the (i\ and the ttx ^ is said to form a direct system of groups or 
merely a direct system^ written 6 '* == {(jx ; 

If (r = P'Yfx (weak product), the elements — Tx^g,, (X > y) generate a 
subgroup II of 0, and tlui factor-group (7* = G/H is called the limit-group of 
*S'*. Since G is discrete so are II and (7*. 

Let (/X € (7x. Under the convention in (7.3) g\ represents also an clement of 
(7 and < 7 *its coset mod// is an element of (7*. We call gx a representative oi g* 
in Gx . ''riu^ maiiping gx which is clearly a homomorphism Gx —> (7* is 

again called the injection of Gx into (7*. 

(M .2) Every < 7 * € ("7* has a representaiwe in some G^ , and in fact for every element 
of a sd M = Iju} cojinal in A. 

In (now a cos(d; of G mod II) take any element g. We may write g as a 
finite sum g = gx^ + • * * + g^' tUioose any jlc > Xi, ■ * • , X/c. We have then 
g\i ^ henc(i g — l^w^^'gxi € //. ''rherefore {/* has the n^presenta- 

tive I^TT^^V/x^ e . 11. is (dear that M = |/x) is colinal in A, 

(H.3) II consists of those and only those elements g = gxi + ■ • • + g\k of G 
such that there exists « X^ > Xi, • • ■ , X* siwJi that ^Tx^^gxi = 0 . 

L(‘t. [a) (h'liote tlu^ ])r()p(‘rty of the statement. 

(a) If g has the property (tv) Hum g e //. 

For f/ == :i;(f7Xi ~~ TT^n^'iyx,) €//. 

(h) .1 generator h — g^ — ttx^/^ of II has property (a). 

W(^ may choose Xo > X > /a and then Tx^g^. — TxoiTrt^g^) = 0. Sinc.(^ tt*« G\ 
tliis m(‘ans that h lias prop(n*ty (tv), 

((^) The elements g with property (a) form a subgroup Hi of II, 

L( 4 . g = li^gx , g' = -( 7 x be su<‘h that; there an^ c.orresponding Xo, Xo sucdi that 

= (i for xV X„, j/I = 0 for X > Xj juul that ilTrxoV = 0, = 0. If 

w<f cliooso n >>.(,, Xi'i wc lintl at oucc — (7x) = 0 proving that g — g' 

has property (tv), and lunn^e tlu^ asserted group property. 

By (a) vve have //i C // and by (1>) and (c): // C (h heime // = IIi, wliieh 
liroves (14.3). 

(14 ,1) The representatives of the zero of G* in Gx make up a sd IIx which C07isisl$ 
of those and only those dements gx such that irt^gx = 0 for some Xo > X. 

If TJX is th(^ injec.tion Gx f7* then by (14.3): rjxlh = >7x(f7x n H) which 
])roves (14.4). 

(14.5) Ld M - \ix; >\ he a directed subsystem of A = {X; >•} and Id S'* = 
{Gfi ; he the direct system attached to M and O'* its limit-group. There is a 
homomorphism r: O'* G* sjich that if g^, is a representative of g'* e G'* then it is 
also a representative of rg'*. If M is cofinal in A {we then say: S'* is cofinal in S*) 
Hum T is an isomorphism. 
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Let O', H' be the analogues of G, H for S'*, and v tlic injoelloii (>' <!. We 

have 0* = G/H, G'* — G'fH', also immediately till' C U. Lei ip he the 
mapping G' — > G* whereby (pis') is the coset g* of tji?' mod 11. Sim-e (p\g') 
depends solely upon the coset of g' mod IV, by (5.3) it iudu<‘(‘,s ii honioiuorphi.siu 
t: Cr'* —> Q* which obviously beliaves as required. 

Suppose now M cofinal in A. Then: (a) t is univalent. For suppose t(/'* 
and let g',, be a representative of g'*. Since it is also a repn'.seiit.ati\'e of q/'*, 
by (14.4) for some X >• /t we have = 0- Since M is colinal in A there is ji 
yf > \ and so ■ir*i‘ir*‘‘gl = 0 = Tr*lg'j, . Therefore g'* ~ 0 . ( 1 )) t(I'* G*. 

For let g* eG* have the representative gx . There exists ii > X und hene(> 

itmV = Pm is a representative of g* and likewise of a p'* e G'* such dial, rg'* g*. 
From {&), (b) follows now that r is the asserted isomorphism. 

(14.6) There is a homomorphism Vn' Gf,-^ G* such that g* = ri„(/„ Ini.'t g,, for 
representative. If the rtx" arc aU isomorphisms Oiai % is an isomorphism .so (hot 
G*^G,. 


That i)m is a homomorphism Is a consequence of (14.5) obtained wlien M erm- 
sists of the single element y. 

Suppose now that the n" are isomorphisms. If = 0 then some n "//,, ■ 0, 
and since n" is an isomorphism g„ = 0. Therefore is nnivult'iit. 'I'n'ke now’ 
any g* e G* and let it have the representative g,. ClK)i>s(i \ > y, v. Sine<' ihe 
xx are all isomorphisms (xx'‘) = p,, is likewise a j’epresenh'd.ive of p* ;ind 

Vjiff/i = g*. Hence i]„ maps G,, onto G*. Since ri„ Is uiiiA'iilenI “onlo” ;ind G*, 
G> are discrete they are isomorpliic under ij,,. 

The indirect definition of the limit of a direct system in terms of tlie wo.nk 
product is most suitable from the point of view of group tljoory. i n t he jq )| >1 i<-!i- 
tions (VI, VII) we shall find convenient to have the direct; 

(14.7) Altern^ definition. Let S* = {G'x; x***} be a direct .system. I.et 
g„ , g, be identified whenever for some \ > y, p wo have' -st^g, xx'‘c/„. .V 
collection of identified elements gx,g„, • • • is now donohid l)v 'g, and p.\, g,, • • • 
are called the repreeentaiwes of 'g. The set 'G = {'p} of (‘he el(fi'aeu(.s ’(luis 
obtained is tiu-ned into a group as follows. First, tint }i(!ro.s (»f the Gx are 
representatives of a single element which is taken as tin: zero of '({. Fmonl 
) ff'have^ representatives g„, g, wo choose any \ > y, p and find th:if. 

^ IS the representative of a unique olemmit which Is hv 

definition p ± 'g'. The verification of the group axioms is (‘Imncntarv and '(} 
now denoting the new group taken discrete, is by defiuitinu tin^ limif-grdup ..f ,S'*! 

that fT <l<’linit.ion mnl (11,}) 

at the representatives of a given 'p e '0 make up a coset p* of G mod II. That 

^ to say, the representatives of 'g are aU representatives of 1,Iie elemeut g* of d* 

aod by (14.3) 

9. «p,e.eat the 0 of G*. Thee j, 
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= 0. Thoreforo Q is an isomorphism. If we identify the elements 
'q and the two groups '(7, (7* become identical. 

(M.S) (ivnmiUzation. It is essentially parallel to (33.7) and likewise required 
lai.(‘r. This tim(^ we have a system of (lis(u*ete groups \(r\} still indexed by 
IX; > I and for each X a subgroup Gl of G\ . For ('aeh pair X > g there exist 
()U(» or mon^ homomorpliisms or projccMons Gf^ —» <7^ such that: 

I. If X >■ g > V and are projections so is 

II. C6l,X > M. 

III. If 7rx'\ X > jjLy are projections then irt^qti — ^ • 

Let //x = (rh/(f\ and let n l>e tl\e natural projection 6\ —^ Ifx • By (5.4) 
t.lier<‘ is a homomorphism cox'": H,, //x, X > /z, wuch that wx^r^ = nwt^ and 

it is uni(iue, i.<\, indeptuident of the particular in its definition. From 
(his follows readily tluit l//x ; co\^\ is a direct system and its limit-group is 
d(‘uoted by If. 

A n(‘w type of group is now introduced in t\w following manner. The ele- 
nunits f/^ , (ju are identifhul whenever for some \ > n, u there (*xist proj(‘ctions 
TT*'", rx" such that irt^q^ — ■n'x'f/i.eGx . We will now t,urn tin* set °G of the 
id(‘ntified (4<‘m(‘nt.s int-o a grou}). The ssi'ros of tlu‘ G\ luv manifestly repr(‘- 
S(Mitatives of a single* (*l(*m(‘ni- which is by d(‘finition the zc'i’o of °G. If r/, q' e °G 
have* re‘pr(*se*ntative*s q^ , ql we cheH)S(* a \ > ^Xy v and finel that, rt^q^ dz ttxVx 
is the* re‘prc‘se‘ntativ'e* e)f a uniejue element vvritte*n q ± (/' anel °G is the* greaip 
arising unde‘r the*se* rule's. 

The* e*le*m(‘nts q e)f ^G whie*h have* a re'pre’se’utative q^ such that fe)r semie 
\ > fi: e Gx h>rm a subgre)up ^G' of °G. 

(a) 7rV‘Y/' ^ If. 

Le*t. f/* = ''G/°G'. If f/ c ""G has the* re>]n-e*se‘nt.ativ(^ q^ t.h(*n r^xf/iu is the repre*- 
se'iitative* of an h e If which ele*pe‘nds se)lely upem the* (^e)S(‘t ejf* of q me)d and 
f/* —> h eledine^s a he>mome)rphisiu 6: G* If. If Oq'"^ = 0 the*n lor semie 
\ > fx: o)t*'Tf^q^t ~ n{irt^q^) = 0. Tlu'i’elore ^G'x anel se) q e °G\ = 0. 

Thus 0 is univaleait.. If //^ is a repre'semtativT eif he If anel is in the* e^eiset 
hfi of Gfi ineiel f//, them e/^ is the* repre*se'ntative e)f a q e °G whe)se ce)se*tr q* meul 
is suedi that — h. IIe*ne*e» 0 is onto anel so it is an ise^meirphisni. This 
prove^s (a). 

§d. ({ROUP MULTIPLICATION 

15. This seu’.tiem initiate's the* study of the grenij) propeu’tms whic.h lie at the 
reje>t of the*, duality the*or(‘ms of topology. It has been shown by Pontrjagin 
Uuit the*se^ tli(U)re*ms consist e)f two parts, a qroup duality anel what may lx* 
t.ia*med a geometric duality. The? former is based essentially upon Pe)ntrjagm\s 
eu)n(‘ept. of group multiplicaiion which may be couvsidored as obtained by abstrac¬ 
tion from tile Kronocker inde‘x of topology. 

(15.1) Definitions. Two groups (?, H arc said to he paired to a third group K, 
whenever there is given a funclion <p{qy h), continuous and distributive in both 


60 


ADDITIVE GROUPS 


(III 


[ 

1 

i 
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I variables, and whose values are in K. The operation <p is generally loritten as a 

I product gh and called a group multiplication or merely multiplication. 

\ 

; (15.2) Definitions. Let G, H he paired to K under a multiplication gh and 

let H' be a subgroup of H. If gh' == 0 for every h' e //', g is said to annul II'. 

|i If all the elements of a subset A of G annul H', A is said to annul II'. The totality 

i of all the elements of G which annul H' is a subgroup of G known as the annihilator 

of H' in G. These terms may also he applied when H' is not a subgroup, but 
merely a subset of H, Furthermore the same terms may be applied with the roles 
of G, H interchanged throughout. 

• (15.3) Definitions. Vnd.er the same comliiiom G, H are said to he orthogonal 

to K or K-orthogonal or merely orthogonal, whenever the annihilators of G in // 
and of H in G are both zero. This rneans that if gh = 0 for every h then g = 0, 
and conversely. 

(16.4) Let G, H he paired to K under a multiplication gh, and lei (}', II' be sub-- 
groups of G, H. Then if G' annuls H' it also annuls H' and the annihilators of 
G', H' are closed subgroups. 

Let B(g') denote the annihilator of g' e G' in H. Since K Is a Hausclorft 
space and B(g') is the inverse image of a point of K under the nia[)])iiig h g'h, 
B(g') is closed. Since the annihilator of G' is the subgrouj) B{G') == 
l^l-B(^') i g'jG'] it is a closed subgroup. If O' annuls IF then IF C B{G^) 
and hence IF C B{G'), or IT annuls G' also, and hence G' annuls IT. Sincci (}, 
H and their subsets may be interchanged throughout, (15.4) is proved. 

(15.5) Theorem. Let G, H he paired to K and let IF he a closed subgroup 
of H and G' a subgroup of 0 which an 7 iuls IF. Then: 

(a) G' and H/IF are paired to K under a multiplication defined as folhms: 
if g' € G' and /i* € H/H' then g'hl^ is the common value of all the products g'h for 
h € h*. 

(b) If G, H are orthogo7ial and IF is the annihilator of G' then G' and H/IF 
are orthogonal under the same 7nuUiplication. 

(c) Similarly with G, H interchanged. 

The pairing described in (b) shall be referred to as induced by (he vairina 
of G, H. 

A generalization of (15.5) needed in the homology theory of e(>uii)l(\ms is: 

(15.6) Let G, H be paired to K and let (? =) (?i Z> , // =:> Ih 3 Ih, where 
Gz, H 2 are closed subgroups of G and II, and Ih , (?2 annul Gi, Ih . Thm: 

(a) G 1 /O 2 and H 1 /H 2 are paired to K U7uler a multiplication defined as follows: 
if g* and h* are elements of the two factor-groups, then gVi* is the common value of 
all the products ghfor g e g*, h e h*. 

(b) If H 2 , G 2 are the annihilators of Gi , H\ then G 1 /Q 2 and II 1 /II 2 are orthogonal 
U7ider the same multiplication. 
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If wc make (?i = Go ^ 0, Hi - J7, H 2 = H', (15.6) reduces to (15.5); 
hence it is sufficient to prove (15.6). 

The elements g*, are eosets gi + Go, h + H 2 . If {7 = <71 + (/a, A = h + Ih 
arc in the cosets we have gh == gjii . Since this product is independent of < 72^2 
wo may take its value as the definition of < 7 */i*, and this product is distributive 
in both factors. Since gh is a continuous function of ({/, li) given gm, ftoi and 
a neighborhood IT of ginfun = goJh in /v, there exist neigliborhoods U of 
in (n and V of hm in fli such that gi e (/, hi e F —► gJii e W. Since the projec¬ 
tions tt: (r\ —> (n/Go, to: Jli —> IhlHo are open, and o)V are neighborhoods 
ol f/(f in (f\/(fo and //o in Ili/Ho such that e tI \ //* € 0 )V ^ g^h^ 6 TF. There¬ 
fore is (‘ontinuous, and so it is a multiplication behaving as described 
under (Ifi.lui). 

Und(M* the assuiuptioii of (15.Ob) suppose g^h"^ = 0 for giv(Mi g* whatever A*. 
Tluui gihi = 0 for a given gi e r/* whatever hi and so gi eG^, g'^' = 0. Similarly 
with g-^j /r*' interchanged and so (15.61)) follows. 

16. Pairing of products and limit-groups. Let |//x} be two systems of 
groups ind('xt*(l by tlu* sanu* set A = jXj and under the following conditions: 

(a) Tlu‘ If\ an* discn'tc*. 

(b) For (‘acli X lln* groups , ff\ are ])air(*d to a fixed group K. 

(16.1) Lr( a - Pb\, //"’ = P'7/x, g = Uh} eG, h = lAx| eir\ Thm gh = 
X] (/('Jinri-i a nndliplimlion pairing G and //"’ lo K. Furthermore when G \, 
II\ are ortfiogoual throughout, .se arc G, 

Since at most, a linit(* nunib(*r of the h\ are dillenMit from 0, gh == ^ g\h\ has 
a meaning and gh thus d(‘lined is distrilmtive in both g and h. Since Z/'" is 
dis(‘r(‘t(*, tJi(* continuity of gh in (( 7 , h) reduces to that of gh as a function of g 
aloiK* for h tix(*d. That, gh is continuous und(‘r th(*se conditions is ol)vious since 
(7x is a continuous function of g and g\h\ a continuous function of g \. 

Sup])os(^ G\, //x orthogonal throughout. Tlum if tjx is th(^ injection //x Z/"* 

and if gh = 0 for (‘\'(‘ry h wo hav(^ in paiticular grj\(h\) = g\h\ = 0 for every h\, 
hono.o f/x = 0, g = 0. Similarly with g, h interchanged. Therefore (?, //”’ are 
orthogonal. 

(16.2) Dekinition. Two inverse and direct systems 8 == {(?x ; S* = 

I H \; TTx^} both indexed by A — 1X; >•} are said to be paired to a group /v, if G \, 
are paired to K and there holds the permanence relation 

(16.3) f/x *(n%) ~ (^i(7x)7i;,, X > g. 

(1().4) If 8, 8* are paired to K so arc their limit-groups '(?, J?* and this under 
a muliiplication '( 7 / 1 * such that if g\ is a coordinate of *g and h a representative 
of A*, then '(/A* « f 7 xAx. 

We have seen that Y/ is a closed subgroup of 0 (13.2) and that 7Z* - H'^/L^ 
where L ivS the subgroup of generated by the elements A^ — 7rx% (X > g) 
(14.1), By (10.1) we also have a pairing of G, to K, I say that'(? annuls L. 
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This merely requires proving that 

(16.6) - A) = 0. 

Now in view of the multiplication between G, IP': 

( 10 . 6 ) 'g-{h, - = 'qA - . 

Since 'g t 'G wc liave 'gy, = irl . By substitutinp; in (16.6) and in view 
the relation of permanence (IG.S) wc find that (16.5) holds. 

Since 'G annuls L the asserted pairing of 'G, //* is a consequence of (15.i 

17. We shall require later in the theory of intersections in nets (VI, 8) gc 
eralizations of (16.4) where the pairing of G\, //x is to a variable group K 
There are two cases which must be dealt with soparatedy. 

First case. S, S* arc as bedoro and in addition there is a third inverse systc 
Sq == (/Cx ; likewise indexed by A and with limit-group '/i. We assui 
a relation of permanence 

(17.1) X > 

and we have this time: 

(17.2) The same as (16.4) except that 'G, 77* are now paired to 'K, 

It follows readily from (13.3) that if M == {m) is cofinal in A and [k^] is su 
that fi > ix' ^ = Av' there is a unique element 'A; € '/v with the coordinat 

{fcju}. Moreover if every A^ = 0 then 7c = 0. 

Let now /i* 6 //* have the representative K and let 'i7 = {( 7 x} e 'G. F 
fi > V define hf^ = and set A^ = gfjin . \l p > p' > v tlicn == h 

and hence from (17.1) = A^^. Since M = {p\ is cofinal in A, {/C;*} are c 

ordinates of a unique 7c e '/v. If is another representative of h* and yiol 
7ci then for some p > v, v': ~ 0, from which readily follows th 

7c — 7ci has coordinates zero for every p^ > p. Since {/x'} is cofinal in A a 
have 7c = h . 

Thus 'k depends solely upon and h*, Wc now defines Sr7/* = 7c and tl 
function is manifestly distributive. 

Regarding c.ontinuity, since /A* is discrete, we must in*ovo it only for 'g 
as a function of 'g. Taking M as above we have 'gk"^ = 7c whore 7c has tl 
coordinates /c^ = gji^ for all /i e M wluH’e M is cofinal in A and depends sole 
upon /i*. Let 'go = {(/ox}, 'ko = 'goli"^, U\ any oi)cn set of /vx, 7x = 17c | /cx e U) 
Since {7x} iw a base foi‘ 'K (I, 38.2) if V is any neighborhood of 7 cq in '/v tlu! 
is a V\ l)etwcen 7co and V, Hmc.e Ox is continuous and M cofinal in A, there is 
p > \ and a p ko^ such that OxU^ c: f^x and hence 'ko C 7^ C 7x. Sin 
gjiy. for hy. fixed is continuous in g^ there is a neighborhood 17^ of goy in Gy siu 
that gy € Wy gyhy 6 Uy . Therefore 17 = {'(/1 (7 p « is neighborhood 
'g in 'G such that 'g e IV e 7. This proves that 'gli* is contimioii 

Hence 'G and 77**' are paired to 7v. 

Second case. This time there are three direct systems: S* = {Gx ; 

St = {Tfx ; cox^}, S* = {7vx ; ^x'*} j till three directed by A = {X; >•} with limi 
groups G*", H*, 7f* and with the relation of permanence 
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(17.3) = et'‘(g,h,), \ > M. 

Wo now prove: 

(17.4) (7*, //* arc paired to /v* under a midtipUcalion g*li^ such that if gx , 
hx arc rcprcscniativcs of and /i* then gxhx is a representative of | 7 */j 

Let gx , hx' be ix^preseiiiiitivcs of g*, h*. Choose any p > \ W Botli have 
rei)resentatives for the index /x, and hentx’! for all the ol(*in(nitK of some M == j/xl 
eolinal in jAl. We may show then that g^hy, = are the n^presentativc^s of a 
A:* 6 /v* whieh is indc'pendent of M and distributive in g*, A*. The details 
of the ])ro()f are essentially lik(^ those of tiu^ preeedinj*; ease and so t.h(\v aix^ 
omitted. 

(17.5) Th('. systems of (13.7), (14.8) giv(' rise to an interestingg'eiicralizati()n 
of (17.‘1). We will suppose both systems indc'xecl by jX; >1- The notations 
of (13.7) remain the sanu^ (‘XCH^pt that tlu^ letters //, h are to be re})laeed every- 
when' by (7", f/". Thus w(^ will have Gx for Hx,ote. The notations of (H.8) 
are modifi(»d in tlnit (r\ g, //, //, r are replaec'd by II, h, //", A", r*. 

W(' suppose then G\ , Il'f paired to K in a inultii)li(*aiion gxhx whi(4i satisfi(\s 
the pcM’inaneiHX' n4aiion analogous to (I().3): 

(l/-b) gx-(o3x h^) = (w^^x)-//^. 

(17.7) ruder the preceding cireiunsianees (he groups “f/, "// are paired to K 
in a multiplieation gh such that if gx is a coordinate of g e °G and hx a representatwe 
of h e "'ll then gh = irxgx)' infix). 

In view of (17.()) gh is a function of g, h alone with values in K and is dis- 
tributive in both variabh's. Sinec^ gx is a continuous function of g, an<l Mu^ 
op(*rations nw. continuous gh is (umtiruious in g, h(‘nc(» in bot.h g, h siiux' *^II 
is discrete, and this |)roves (17.7). 

(17.8) Similar extensions may b(^ giv('n for (17.2, 17.1) and they are left to 
the readcu*. 


§5. (TiAKACTKRS. OUALITY 

18. (18.1) Definition. A character h of a group (I is a homoniorphism 
G —> ‘i|} (= group of (he reals mod 1). Lns(e<ul of the. functional notation h{g) 
for the value of h at g loe denote it by a ])roduct gh. 

If hi, Ivi ar(‘ two characters w(^ define hi + hi as the character givcui l>y 
gihi + hi) = glh + glh , and tluj character 0 as the one mapping 0 into 0. Uiuhu* 
these definitions II — {/i} is a group. Following Pontrjagin we topologize 
H thus: If E is any compact subset of 0 and P any nucleus of ^ we choose as 
nuclear base for II the family of all the sets P) ^ {h\glh €P;g € E}, 

(18.2) The topology assigned to H turns it into a topological group, known as 
the character-group of G. 

We must verify (a), ••• , (f) of (2.4). The verification of (a), (b) is im¬ 
mediate. 
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Suppose ha e N{E, P). The image El of E under liu is compact and hence 
closed in Since Ei and the complement of P in 'll} are disjoint closed subsets 
of ip there is a real number between 0 and 1 such that if p e Ei then (p d= ri) e P. 
Hence if P' is the nucleus —ri<p< v niod 1 we have ho + N{E, P') C N{E, P), 
and this is (2.4c). 

From N{Ej u Ei, Pi a Pi) C iV(^i, Pi) n N^Ei, Pi) follo\v.s (2.4d). [f 
h 0 there is a such that gh 0 , hence a P p gh, and so h 4 Nig, P) which is 
(2.4e). Finally given P there is a P' such that P' — P' C P and hence 
NiE, P') - NiE, P') C NiE, P), which is (2.4f). This proves (18.2). 

19. (19.1) If the group 0 is compact, discrete, or more generally locally compact 
then its character-group H is, respectively, disable, compact or locally compact, 
and in addition the mxdtiplicalion gh defined in (18.1) pairs G and H to ip. 

Although the locally compact case offers no major difficulty it is not needed 
later and so we shall treat only the other two cases. 

(a) G is compact. Let P be the nucleus of ip defined by —1/4 < p < 1/4 
mod 1 . Clearly the only closed subgroup of ip in P is the eicmicmt 0 (3.3). 
On the otlier hand if /i e JV {G, P) then /i((?) is a closed subgroup of ip in P and so 
hiQ) = 0 or h = 0 , and finally JV((7, P) = 0 . Since 0 is an opcm set of // 
every h t His an open set and .so H is discrete. 

(b) G is discrete. Let {iPa} indexed by G Ire such that ip^ = 'P ami h't 'H = 

The group H is dearly a subgroup of *II (in t-Iu' algebraic. s<aiHe, 
except for the topology). We wish to show that it has also thc^ correct relatives 
topology. Let W be the space with the same oloments as // an<l tlu' relative' 
topology as a subset of '//. It is sufRcioiit to show thai. ilu\y luiv(‘ a ('onuuoii 
nuclear subbase. Since G is discrett'. its compatd subsets iirt' its finite subsets. 
Hence if {P} are the nuclei of ^ the collection \N(ii, P)\ is a imchnir subbase 
for H, Now it follows from the definitiou ofiV(f/, and the known topology 
of'J? that the same collection is likc'wise a nudear subbasc' for //' thus proving 
our assertion. 

Consider the function on 7/ to ^ ddincnl by tpu.irUi) = ■”* Ihr • A 

n.a.s.c. in order that h e H is = 0 for all iJuirs f/, (f e (L Lc't F{i}, {f) 

be the subset of 'H defined by = 0. Assuming f;, f/' lixc'd the* c(iorilinat(*s 

, hg , hg> ^‘0 contimious in h, and siuc(^ tlu^ group oi>eration in ‘il 3 is con¬ 
tinuous so is . It follows that F({i, f/0 is dost*(l in 7/. Heiieo II = 
n{^((7j f/O I f7> 6^' € ff} is likewise closed in 7/, anti since 7/ is compatd. so Is II. 

(c) Continuity of gh. Let galk) = * Ciiveu a iiiadtsis P of tluux^ exists 

a symmetrical one Pi such that Pi + Pi ~ Pi - Pi C P. Siiu'ct G is locally 
compact go has a neighborhood with LI coiupatdi. Sint'e ho is cotitinuous 
go harS also a__ncighborhood V C U siudi that ho(V) C po + Pi , a.n<l F C L” 
implies that V is compact. Consequently g e F, h € ho + N{ V\ /^) gh e po + P. 
Therefore gh is continuous. 

(19.2) It is clear that if wo had interchanged tliroughout the roles of 0 and 
H but not their order the argument would go through as before, A similar 
observation may be made repeatedly in th(i scciud. 
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(19.3) If a locally compact group G has a countable base then Us character-- 
group II has one also. 

If li is a (‘.ompaot Hiil)snt of G and IT is an open set of ‘ip, we will write M(E, IF) 
— \h \ g e E, gh e IK} and first- prove: 

(a) II") is an open set of H. 

Let hi) € jM(E, \V). vSino(‘ Ih is continuous A = ho(E) is a compact subset 
of IK. If;; € .1 there is a nucleus P of'i|3 such that p + P C W. Paraphrasing 
the reasoning in the proof of (5.5) (with A in place of G\ loc. cit.) wc show 
tluit- P mny be (‘ho.sen ind(‘pendent of p, i.e., such that the inclusion holds 
for ev(‘ry/>eH. Supposes now h^N{E^P). VVe will have for g e E: 
gdh + h) € glh) + 7^ C ^*1 + P (Z IK, and hence A-o + h e M(P, TK), or ho + 
N(Ej P) C M(E, IK). Since N{E, P) is a nucleus of H this proves (a). 

Let now \Ux\ be a base for G such that the Ux an^ ccmipact (1, 29.2) and 
let 1 IKhI be a countable base for "ip. By (a) Vx» == M{Ux, Wn) is open in H. 
We prov(‘: 

(b) I V'^xnt in (I nuhbaxc for II. 

(iivcii iiny <tiH'u sot V of II iiiul ha t V, some Ih + N{E, P) C F. Choose 
!i P' such tlijil. P' + P' C P. If g e li there exists ti IF„ s glh soch that IF,^- 
ghu Cl /^ aiiil then owins to the coiilinuity of ho, a I’k 3 g sucli that glh — lh{U\) 
C/". Sin(‘<‘ l/ \ n I'J\ is an open oovoriiig of tlui oompaet set K tliere is a 

liiiitc'sul>eov(‘riiif!;. 'ria-refore tlas'c' is a finite’ set {(/il, and for (’a<‘h g-,-sets 
, IF„, sueli (hat: 

(e) Uf.v. O E. 

(d) ll'„; — glh C P for ev(‘ry g e D E. 

I-et. r„ = . if a e F„ , hence h e F\,.„, , ainl g e E tin'll liy (c) sonn' 

f 3 g and gh e H’„j —*■ gh — gha t P h — ha e N[E, P). Hc'nce Vp C ho + 
N{E, P) C F. Since clearly ha e F„, Vp is lietwecn ha and I', and since Vp is 
a linite intersect.ion of sols F„ jiroperty (li) is provc'd. 

If G has a countahio base we may cluiose lf'\l countahh' (I, 0.8). Then the 
n'lated suIiIkusc | F^„l will aLso be countable and this implies (1!).3). 

(JO.I) If a ?« a comptwliim Ivoiintnhly dimrU'] then iln charactri'-grotij) II is 
coiailahly di.'trirlr ]« (Minpaduni]. 

If G is a eompaotum it has a countable ba.se, and so has H by (]!).3). Shiec 
l/(! is a base of which no subcollection is a base by (I, 0.8) it must be countable. 
If G is countably discrete |g) is a countable base. Hence. // has a countable 
biuse by (10.3), and since it. is compact it is a compactum (I, 40.4). For ex¬ 
amples see (21.2, 21.3, 21.0). 

(10.5) Let G, TI be paired to 11 under a multiplication gh and let 0*, IT* be 
their charac.tor-Kroups, If g is kept fixed gh becomes a function ipg on H to 11, 
and there is a similar fimction <ph on G to ip. 

(Hl.O) g —^ip„[h—3 <())] dejincs a homomorphism xa'-G [x/, : IT ^]. 

(tlearly x», Xh are homomorphisms in the algebraic sense, so continuity 
alone recpiires proof, and it will be sufficient to give it for Xt ■ It reduces 
at once to showing that given a nucleus N{E, P) of H* there is a nucleus N oiO 
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such that Xq N CZN{E, P). This reduces in turn to (inding N siicli that g eN, 
h € E gh 6 P. Since gh is continuous, if li e E there is a niicUuis Nf, of G and 
a neighborhood Uh of h in H such tliat g € Nh , h e (-u ^ gh e P, Since E is 
compact the open covering \Uk n E\ of E has a iinite sul)cov(u*iiig If/'/,, n E\ 
and iV = n Nhi is a imcleus of G ])chaviag as retiuircd. This proves (H).()). 

(19.7) The two homomorphisms Xu , Xh ure said to he imlucvd by the ])airing 
gh. If both arc isomorphisms then (?, H are said to Ix' dually paired and tlu' 
pairing is called a dual pairing. 

(19.8) If H is the charactcr-groui) of G then the niiiltiplication gh giving tlu^ 
value of h at g (18.1) is known as the natural multiplication of the two groups. 
Similarly with G, H interchanged. 

(19.9) If G, H are dually paired Umy arc orthogonal, 

20, We shall noAv state the fundamental results of tlu’i Poi;Ltrjagin-vau Kainixui 
duality theory. 

(20.1) Duality theorem. Let G, II he locally compact, and let one of the 
two he the character-group of the other with gh as llw natural multiplication. Then 
the multiplication gh is a dual pairing. 

An apparently more general hut eiiuivalent form of the theorem is: 

(20.2) Let G, H he locally compac.t and paired to anda' a mulliplicalion gh. 
If one of the induced homomorphisms Xu » Xn i^ isomorphism so is the other, so 
that the midtiplicaiion gh is a dual pairing for the two groups. 

If xo is an isomorphism we may identify G with tlui (duira(di(u*-gr()iip of II 
so that we have g = XaQ and this reduces (20.2) to (20.1). SiiK^e (20.1) is a 
special case of (20.2) the two are equivalent. 

Referring to (19.1, 19.4) we may also state: 

(20.3) In the collection of all locally compart groups there may he set up a one-- 
one correspondence to mihin isomorphisms such tiuit corresponding groups are 
the character-groups of one another, Hits correspondence establishes similar 
one-one correspondences: (a) hetwem the collections of all compact and all discrete 
groups; (b) between the collections of all the groups which are compacta and all 
the countably discrete groups. 

The full proof of these theorems in tluui* gen(n*al form will be found in van 
Kampen [a] and A. Weil [W, VIj. The initial easci treatcxl by Pontrjagin 
[P, V] corresponds to G a compactum and II countably discrete. The only 
case required in the sequel is that of G (‘ompact and II disendK^ and will be 
dealt with in (21). Explicitly stated it is: 

(20.4) If G is compact, II discrete arid one of them is the charaalcr-group of the 
other with gh as the natural muUiplicaiion, (hen each is the character-group of 
the other and gh is a dual pairing. 

Before considering (20.4) we shall discuss certain consequences of (20.1). 

(20.5) If G, H are locally compact md dually paired, Q* is a closed subgroup 
of G, H* its annihilator in H, then G' is the annihilaior of IF in G, 
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Wo will require the following? property, declueod here from (20,2), but actually 
a step in its derivation. The part required in (21) will be discussed there (21.7). 

(20.5a) If G in loc.ally compact and g e G, g 9 ^ 0 , there in a character h of G 
which docn not annul g. 

Let II be the characler-ftroup of G and gh their natural multiplication. Since 
we may replac.e G by an isomorph, by (20.1) we may assume that it is the 
eharacter-^ 2 ;r()uj) of II , Since' g 9 ^ i) there is an h sueli that gh 9 ^ 0, and h answers 
tlie question. 

IhioOF OF (20.5). Let G/G' = (./* = j(/*) and let tt be the projection G —> (?*. 
Under the hypothesis the annihilator (?" of //' in G (Contains G\ Take now {/o 
in G but not in and let gt = tt^o . Then gt 9 ^ 0. SiiKK', (7* is locally compact 
(5.0) by (20.5a) there is a character h* of G* such that gth^ 9 ^ 0. Hence tlie 
fiiiK'.tion h{g)^ whose values gh are given by gh = {Trg)h*, is a cliaraetcr of (?, 
It is clear that h annuls G' and so h e //'. On tlu^ other hand gji = gth* 9 ^ 0, 
and so g, 4 G", Thus (?' 3 r/" and hence G' = (?", which is (20.5). 

(20.0) A n.a.n.(\ for a compact and a discrete group to he orthogonal in a pairing 
to is that the pairing he dual. 

Sufficiency is a (^onseciuence of (10.9). Regarding luuu'ssity, let G b(^ tlu^ 
compact group and II the discri'tx^ group and let, //* be the chara(der-group of 
G. Then xh , as ch'fined in (19.()), is a homomorphism II //* and sinc(^ //* 
is dis(u*(^te II\ = XhH is closc'd in //*. Furtluu’inore sinc.e G and II nw. orthog¬ 
onal Xh i*s univalent.. Tluu’C'fon^ xn is an isomorphism II ~> IIv and G, IIi 
are orthogonal und(5r the natural multi])lic.ation of G and //’^ Sinc.e G, IIi an*, 
orthogonal, the annihilator of //i in G is 0, and so Ih is //* itsc'lf, lumc.c^ II ^ Ih = 
//*. This tog(0h('r with (20.2) yields (2().()). 

(20.7) Let IGx}, |//xl be two systems of groups both indexed, by {Xj, ami r'iueh 

that: (a) the Gx are eompeui and the //x discrete] (b) Gx, II\ are dually paired under 
a mulUplication g\h\ . Then (1 = PGx , //“’ = P“7/x are dually paired under 
the niultiplication gh = • 

This is an imnuHliate c.onsequ(mce of (lO.l) and (20.0). 

(20.8) Let S = {Gx ; ttJI), aS* = {Ih ] tt*^} be an inverse and a direct system 

paired to ‘ip (aiwj 1().2) and such that the Gx and Ih are dually paired IhroughouL 
(IFc will call ^Ulual systems.^^) Then the limit-groups 'G, //* arc also 

dually paired and this under the multiplication of (10.4). 

Ijet G, //'" be the same as in (10.1). We have 'G C G and //* = IVyL, 
where L annuls 'G (see the proof of 10.4). We shall show that 'G is the an- 
nihilat-or of L. In fact let geG annul L. If X > g and h^tlh we have 
g{K ~ Trt^K) == 0 = - OhWt%) - {gti — ^^IghVin by (10.3). Since 0^, 

lift orthogonal wo must have g^ = ir^gx and so g € 'G. 

W(^ conclude now from (20.5) that L is likewise the annihilator of 'G and by 
(15.5) that 'G, II* are orthogonal. Since they are also paired to ^ (20.8) 
follows from (20.5). 

(20.9) As an application of the duality theorems we discuss certain groups 
needed in the following chapters. Given any group G and an integer m we set: 
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= the subgroup consisting of the elements whose order divides m] 

G(w) = the subgroup of the elements mg\ 

G*{vi) = G/G{m)- 

The group (?[/«] is always closed in G, For if we define f{g) = mg^ f is a 
homomorphism G G and G[7n] is its kernel and hence closed. Not so, liow- 
ever, regarding Gi7n) and we lay down with Steenrod the 

(20.10) Definition. A division-closure group is a group G such that all the 
subgroups Girn) arc closed. 

(20.11) Compact groups, discrete groups and fields are division-closure groups 
(Steenrod [a]). 

This is trivial when G is discrete or a field. When G is compact then G{m) 
as the continuous image of a compact group must also be compact and th(u*('- 
fore closed. 

(20.12) If 0 and H are the one compact, the other discrete and they are dually 
paired then G[m] and n*(7u) are likewise dually paired. 

Let g annul H{m). Then g(:mh) == (:mg)h = 0 whatever h and so mg = 0, 
or g e G[m]. Conversely, \( g e (?[???] then gipnh) = 0 whatever h and so Crj///] 
is the annihilator of //(m). By (20.11) Him) is closed. By (20.5) IKin) is 
then also the annihilator of G[m], and so by (15.5) G[ni] and IPirn) are orthog¬ 
onal to Suppose first G compact and H discrete. Since Gl'ni] is (h)S(Ml 
in G it is compact and silicic If is discr(’it(^ so is THGn) (sinc,e the natural projtu'.lion 
H —>• //*(?n) is open). Thercfoui G\m\ and are tlually paired l)y (2().(>). 

Suppose now G discrete and H compact. Then G[m] is also discroh^. Siuc(» 
H{m) is closed (20.11) we an^ justified in considering IHim) as a topological 
group and it is compact (5.5). Therefore by (20.(i) (7[?a] and IP{m) are dually 
])airod here also. 

(20.13) Uemauk. One mighl< cx|)(*cf. that all groupH are of t.lic division-elosure typo. 

The foUowin^r e.Kainple (luo to Hto(‘tu*()(l shows that', this is not tiu* caso. 0 is Mu? subgroup 
of the .‘idditivo group of tlus real numbers consisUng of the rational numbers | 7i, m 

any iiitogersl. Then G(3) is douse in (7 and dilToroiit from G siiuu? it <Ioob not contain 1/2, 
Wc have then: ^(3) = f7 fr(3) ami so f/(3) is not (dosed. Therefon^ G is not; a division- 
closure group. 

Another example i)ointod out to th(‘ author by L. J. Ravage and with vvidl known his¬ 
torical significtinc(i is the following: (7 is the inultii)licativ(^ group of all real positives rational 
nunilxjrs, with tho tei>ology of the straight liim; G?(2) is th(^ subgroup c.onsisting of all th(‘ 
rational scpiares. Sinocj 2 is not a r>crfo(d’. stpiarci 2^f/(2) and yet 2 6(7(2) siiuu* it is 
the limit of an increasing seciuonce of rational S(iiiar(^.s. 

Let 3' be the group of tho integers. ‘ip[7?z] is the group of fractions n/m mod 
1, 3*(^) the group of n^siducs mod m, both cyclic of order m. Hence 

(20.14) sp[m] ^ 3*(m), 

21. We will now take up the proof of the duality theorem (20.4). The general 
argument runs thus: Following Poutrjagin [P, V] we first dispose of the so-called 
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elementary j»;roiips and of certain preliminary results (21.1, • • •, 21.11), after 
which the ]3roof is brought to a rapid conclusion (21.12, 21.14) by means of 
a device communicated to the author by van Kampen and Whitne3^ 

Notations. Generally G denotes a compact group, H a discrete group, (7*, 
* • • , the character-groups. We "write 

= {p}, 3 = {i}, = {p*}, = [i^\, 

^ (21.1) Wo begin with an important preliminary observation. Supposing 
6, II orthogonal in a multiplication gh to ^ we have the homomorphism Xo [x/i] • 
(f //* [II — > G*\ whereby g [/i] is sent into the character of H [C?] whose value 
at h[g] is gh. In view of orthogonality Xg > Xh are univalent. Since G and H 
an'(‘oini)tict. and discrete, XgG ^ (?, XhH ^ H. Thus w'e ma^' identify G with 
XrA and II with XhH, so that G, H wall be subgroups of //*, This procedure 
w'ill be lollowed wherever possible. Under the circumstances to prove that 

(r = //* [II = G*J it wall be sufficient to show that G [H\ contains all the char¬ 
acters of II [Cr|. 

(21.2) ijs ami 3 arc isomorphic with one another's charackr-^groups ami dually 
pairvd by the numerical product pi mod 1. 

At all events ‘ifj and 3 arc orthogonal in the multiplication in question, and 
so 1)3' (21.1) it is only necessaiy to show that each contains all th(^ characters 
ol till' other. Now' il € 3* sends 1 into p it sends ^ into pi\ and the values of /* 
on 3 aiv thos(' of pi. Thus i^ e ^1^. Passing to if p^’’ e tluai (0) 
is a clos(‘(l subgroup of and is by (3.3) "iP itself oi* a finite cyclic subgroup of 
‘’J.b In tlu' lornu'r (*ase 7;* = 0; in the latter case on the circuiiifc'rence tlu' points 
ol the subgroup are the vertices of a regular f-sided polygon, one of w'liicli is 
the 55(‘ro of As a conseciuence p* maps the arc 0 < p < \/i topologic.ally 
on the arc 0 < ;> < I. The mapping may be sense-preserving or sensc'-nw'ersing. 
According as oiu' or the other alternative occurs wo. will hav(^ p'^im./ni) = 
em/n, e = zhl, m/n a proper positive fraction. Since \m/n\ is (U'lisc on 
l)y a standard argument p*(p) = ejn for all p c ^:|3, and henc(' p^' e 3. This 
(‘oniph'tes tlu^ pi’oof of (21.2). 

(21.3) If (I is cyclic of {finite) order n then G ^ (?*. More precisely let Gx^G 
be the subgroup \7n/n] of ^ and G^^ G ilie additive group of ike integral residues 
mod n. Then (n , G 2 arc dually paired under the ordinary product gxg^ taken mod 
1 (proof similar to that of 21.2). 

(21 .-1) If Gi , Hi (i = 1, 2) are dually paired in a multiplication gdu then 0 = 

X (h and II ~ Ih X Ih arc dually paired in the muUiplicMion gh == gjii + gih, 
where g (g^ ^ gf) and h = Oh , //2). 

By (IG.l) G, H are orthogonal and so applying (21.1) we merely have to show 
that, say, G contains all the characters of H. Identify Gi with GiXQ so that 
Qi ~ igi , 0) and similarly Hi wdth Hi X 0. Since every h may be written 
h = hi + h , we may write fc* ^ gi+ g%, giih + hf) = h^(hi). Therefore H* 
« G, and similarly (?* = H, proving (21.4). 
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(21.5) Definitions. compact group is saul to he. elementary if it is the 
product of a finite-dimensional toroidal group ((5.3) by a finite group. .1 diserele 
group is said to be elementary if it has a finite number of gerwators. 

(21.6) Let G = Gi X Go, H = Hi X Go where Gi is an n-dimemioiial toroidal 
group, Hi a discrete free group of rank n ami Go a finite grouj). Then each is i.so- 
morphic with the character-group of the other. 

Since we may replace G, H by isomorphs wc may .siipp().s(' (.Ii.mI. 
G = GiX • • • X Gm , H = Hi X • • • X , wlicixi Hi = 0! siinl iilien O', 
or else H, is cyclic of finite order and then Gi = H* = Hi. If gjii ~ (j,{h,) 
is the natural multiplication of Gi with Hi eorraspondiug to Gi = II*, (Ik'Ii 
gJii is a dual pairing. Hence by repeated apjilication of (21.4) tiu! inuitiplica- 
tion gh = gjii, g = (ffi, • • • , j7«), h = (hi , • • • , h,„) is a dual pairing for 
G, H and this proves (21.6). 

Rather than (21.6) we shall need later the following closcbv related properly 
which is a special case of (20.4): 

(21.6a) If H is elementary and discrete then II ami IP are dually pairnl 
in their natural multiplication. 

We may assume H = Hi X X H„, where the nototious art> as helUre. 
Furthermore in accordance with (7.3) wc identify //,• witli the .subgroup 
0 X • • • X 0 X //i X 0 X ■ • • X 0 of //. We have ju.st shown thiil. G, II 
are duallj'^ paired by gh. As a conseciuenee they are orthogoiuil and .so ly (21.1) 
we may assume G C H*, the multiplication gh being tlusi the value of (li<> 
natural multiplication h*h when h* e G. Take now any h* whaUtver. W'e 
have h* \ Hi = gnGi and g = (gi, ■ • ■ , gm) « f? is a character of II .smdi (.hat 
gh = h*(h) = h*h. Hence h* = g, and so IP = G, .showing that II, II* ;ir<> 
paired in the as.serted way. 

(21.7) If G is any group, G' a closed subgroup of G, gt a eharmiUn- of (,\ - 
G/G', TT the natural projection f? -> Gi, then g* = giv is a (diaraetcr of (,'. 
We call gi the projection of g*. 

(21.8) Convereely, in the same notations, if g* is a charae.tor of G whic.h takes 

the value zero on G' then g*(g) depends solely upon tlui co.set of g mix! 
and by (6.3c) there is a character gt of G, which is the projection of g*. ' 

(21.9) If H' is a subgroup of the, discrete group H then etiery character g' of // 
may be extended to a character g of H, i.o., g aists such that g \ W = g'. 

Let y\ = (gx, Hf) where H\ is a subgroup of H containing IF and px is a 
character of Hx such that gx \ H' = g'. Order the collection P = by n X y„ 
whene’^ Hx 73and g-x\H„ = g„. If j-y,,) is a .simply ordered sulwystmu .set 

= ^H„, and define the character g, of H, by the (iondition that if h t //,, 
then g,(h) = g„(h). It is clear that y, = (g,, H,) t F and < y, for (‘very p. 
We may thus aply Zom’s lemma, and it asserts the existence of a maxinml 
y = (g. Ho). Since g\H' = g', to prove (21.9) wc merely need to show that 
Ho = H. Suppose this false and let h 6 H, hi i Ho. If Ih is the subgroup 
of H generated by the elements ho + mh, ho e Ho, then Hi Ho , 

Let q denote the least positive integer if any exists, such that qhi e Ho ; other- 
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wiso mt 7 = 00 . Define a character gi of Hi as follows: On //o the values of 

ar(^ {,h()S(^ of f/; if 7 = oc take gi{hi) = 0 , if 7 00 take for gi(hi) one of the 
7 ileUu’ininations of 7i(7/o)/7. Clearly yi = (71 , Hi ) e F and 71 >■ 7, 71 7, 
a contradict.ion. 'Then'foro Ho = H and (21.9) is proved. 

(21.10) If (r in compact or discrete and 70 e (}, go 9 ^ 0, then there is a character 
7* of (if meh that g'^igo) 9^ 0. 

Th(' proof for (i (u>nipact nKpiin's an (^xU^nsive appeal to integration in groups 
and to tlu^ theory of repr(‘S(*iital.ions and so it is omitted. The proof given 
Ly Pontrjagin [1\ 11 ()C| for 0 a compacium is valid for any compact (?. See 
also van Kampen [a, proof of Lt'mma 3] and Gelfond-Raikov [a]. 

vSupp<)H(* now (r discrete. The multiples of 70 geiuM’at-c' a cy(^lic suhg]*oup Gi 
of (I and by (21.2, 21,3) Gi has a character 71 ' such that 7 *( 70 ) 0. 13y (21.0) 

lh(‘r(‘ is li (‘luiracler 7 * of G such that 7 * | Gi = gt and so 7 *( 7 ()) 0. This proves 

(21.10) for a dis{a*ete G. 

(21.11) Let (i = //'*' (if compact^ I! discrete) and let //' be a subgroup of II and 
(L its annihilator in (L Then (L is closed in G (15.4) and (h = 0/G' = //'*. 
More prceiscti/ Xr/i G\ = //'*• 

L(‘t gh 1)(‘ (.h(‘ nat.ural multiplication of G, II. Siiur G = II* the only 7 
annulling II is 7 = 0 . (livtui h e II by (21.10) there is a 7 such that gh 9 ^ 0 
and h(*nce the* only h annulling G is h = 0. Tims f/, II are orthogonal, and 
so (I5.5b) th(' compact group f/j and disend^e group IT are orthogonal in the 
multiplication gdd induciMl by gh in accordance with {ir).5a). Thus again by 
( 21 , 1 ) w(‘ m(*r(4y lUM'd lo show that Gi contains eveuy characUu* Id* of IT. 

Sinc(» II is <liscr(‘te by ( 21 . 0 ) tluM’c* is a character 7 of // such that 7 | //' = Id*. 
If 7 i is (he (‘oset of 7 mod (d then gdd = fd*(ld), hence Id* = 71 and (21.11) 
follows. 

(21.12) Let G be compact or discrete and G*, G** = {(}*)*, G*** = [G**)* 
the successive character-groups. If G** is not then G*** is not Xf/*C** 

Using orthogonaJity in tlu* ap|)ropriaie natural multiplications and by reler- 
enc(‘ to (21,1) wv. may suppose^ G C (7** and G* C fr***. Supposes tluui G** 9 ^ G. 
Sin(’(* G**/G is (‘ompacd. or disen'te and diffenuit from 0, by (21,7) it has a 
charac.l{‘r diff(*n‘rii from 0 with an (extension h to (}** which is zero on G but 
not. (‘V^M•ywh(‘r(^ ILmkh) h is an (dement of G*** l)ut not of G*. This proves 

( 21 , 12 ).' 

(21.13) As a consiupKuice of the preceding result if G is comi)act [discrete] 
and dilT(‘r(‘nt. from G** tluMi G* is discndiC [(a)mpactj and diffeinnit from (G*)**. 
Th(M*(*fon! in proving (20.4) it is sufficient to consider G = //*, G compact. 

(21.11) Supposing thou G compa(d, and G = H* we will piwo that Cr* == xhH. 
()nc(‘ more by (21.1) we may suppose H C G* and show that there is no 7 * i IL 
Suppos(^ such a 7 *^ (‘.xists. Take in ip the nucleus P ~ Ip | 1 2 ? | < 1/4 mod 1 }. 
Thus P contains no (UosckI subgroup diffcrc?nt from 0. Since 7 * is a continuous 
function on G to there must exist a nucleus N of G such that q*N C P. 
Since G — //* we may (dioosc N of form A^((/h , • • • , K}, P')- Let IP be the 
subgroup of H generated by {/u , ••• ,hr} and (?' its annihilator in G. By 

(21.11) if Oi = 0/G' then XoA * H'*. Identifying now 71 with Xffi 7 i» Lence 
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G\ with jff'*, makes the multiplication gji* of ( 21 . 11 ) the natural miiltii)licati()n. 
Since H' is elementary, by ( 21 . 6 a) Gi , are dually paired by gih'. 

Now if annuls O', < 7 * has for projection a character gt of Gi (21.8). Sin(*e 
jfiT', Gi are dually paired by < 71 /?' there exists an h! such that g\h! = (< 71 ) for ov('ry 

gieGi, Hence whatever ^7 € ff if <71 is the co.sefc of g mod O' we will have ( 7 //' = 
gri/i' = gXigi) = < 7 *(< 7 )* It follows that /// is the character ^ 7 * of O and so r/* e II 
contrary to assumption. Thus 17 ’’* cannot annul O'. As a consociiienc.e | 7 *( 0 ') 
is a closed subgroup of which is difPoront fi’om 0 and hence c|l P. O' C A, 

this is a contradiction and tlic proof of ( 20 .*!) is completed. 

§0. VECTOR SPAGPIS 

22 . While the earlier group-duality theoi’cnis utilized in topology (and (‘x- 
plicitly contained in the duality theorems for infinite manifolds of [L, VII, § 8 |) 
have been eclipsed by tlu^ brilliant results of Pontrjagin, they have not hc'cii 
reduced to mere corollaries. They refer essentially to grou])s with a (i(^ld as 
domain of operators, i.e., to vector spaces. AVe propose to consithM- fh(‘S(‘ 
.spaces with particular emphasis on duality. 

Hencefortlh wc utilize a fixed field 12 xoliich is taken with disorclc topology (dis(U‘(‘ie 
field). The elements of 12 are usually denoted by a, jS, 7 , • • • . 

(22.1) Definition. A vector space over 12 is an additive group (7 = {(}\ for 
which there is defined an operation assigning to every pair (or, g) an (icmvnl of G 
written ag which is continuous and distrilmlive in both variables and such that 
1*{7 = gf, a{oi'g) == {aa')g for every a, a' e O and g e G. Notice that since il is 
discrete^ ag is continuous in (a, g) when it is continuous in g alone. 

Let G, H be vector spaces over l>-i^id lot r bo a homomorphism G If, Wo 
say that r is linear whenever T{ag} a{rg), a e il, g e G. Siii)i)<)S (3 that r is 
an isomorphism and linear in tlio sense just stated. It means that rgf = f/' ^ 
r{ag) = agf', and hence that g == t~V likewise^ liiKuir. 

Therefore if an isomorphism t is liiKsar so is This makes it minecu^ssary 
to introduce the concept of ^‘l)ilincar” isomorphism. 

Let now G, //, K be vector spaces over 12 such that G\ H ar(‘, paired to K und<‘r 
a multiplication gh. This multiplication is said to bt^ linear wluui(‘V(U‘ a{gh) = 
{ag)li = gialii), a e 12. 

( 22 . 2 ) Fiindmnenlal coiivenlions for vector spaces. Hereaftcu’ unless ofluu’wist' 
stated a homomorphism of one vector space into another, or ti inulti])li( 5 ath)u 
pairing two vector spaces to a third will always bo imdersto()<l to Ix^ linear. 
Furthermoi-e throughout the pi’escnt chapter (and later also with <jhain- and 
related groups) vector spaces will bo taken with a topology, likewise (tailed 
lineary and fully described in (25). Until then the questions dealt with arc 
really non-topological or rather independent of the topology. 

23. If A = {gr„} is a subset of the vector space 0 so is the sot [aga] and it 

is denoted hy aA. A suhspace of Q is a subgroup H such that h e H ah € H 
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for t^very a € SI It is easily seen that this property is equivalent to: aH = H 
for every a e S2 and 9 ^ 0. 

A finite set of vectors gi^ • • • , (/h is linearly imlepcmicnl whenever otiQi = 
0 —► ev(u*y ai = 0 . More generally a subset A of G is linearly independent if 
(‘Very finite subset of A has that property. 

The iiitxu’soc-tion of any number of sul)spaecs is clearly a subspaec. There- 
for(‘ all those containing a given set B intersect in a subspace //, the “smallest” 
siibspa(^(‘ (containing B, and said to be spanned l)y B, If B is linearly indepen- 
d(‘ni. it is said to be a base for IL 

Not.ic(c th(c mild deeviations from the nu^aning pnwioiisly attached to “linear 
iiul(ci)(cn(l(*nc(‘” and “base” in (9). A suppleimmtary memtion “relative to 12 ” 
will b(‘ us(*d wh(‘r(‘V(cr ne(‘(led to avoid misundeerstanding, but this will rarely 
b(c n(M‘(*ssary. 

(23 J) Let (1 hr a rector space and II a subspace of G. Then: 

(a.) If (■ is a base for II there exists a base B of G containing C. 

(b) There is a subspace IT of G such, that G = // + //', II n IT — 0. Con- 
sequenlly ererg g maij be written uniquely in the form (/ = //. + h!, h e 77, k' e IT. 

U II = 0 wv hav{‘ (/ = 0 and luuice a s])e(cial case of (23.1a) is: 

(23,2) Fjvcnj reetor space G has a bme. 

PuooF oi'^ (23.1a). C^)tisid('r all t-h(‘ linearly ind(‘pend(mt s(cts A (containing 
C. By Zorn’s theor(‘iu tlacnc is a maximal set B. If g 4 B then B u g is not 
an A and so th(*r(‘ must (‘xist a non-t.rivial ndation ag = «if/i + • • • + , 

gi e By and W(‘ must hav(‘ a 9 ^ 0 sinccc the gi ai‘(c limcarly imhependent. TlH'refonc 
g = 2!^ « and B is a base. 

Phoof ok (23.1b). In the same notations tlie complement (T of C in B 
simns an IT b(^having as staUul. 

2 J. (2-1. f) A ny two bases of the same vector spa(W have the same cardinal number 
(proof I)y (^hevaill(\y). 

Let B l)t^ a basc^, A any limuirly iiuh^pondx^nt set, | A \ and | B \ the cardinal 
numl)ers of A and B. It is sufficient to prove 

(2-1.2) \A \ ^\B\. 

L(i, tp dc^noU^ a oiuvotu^ f.ransformation of a subset B^ of B into a subset 
of A sucii that if A*^ is the compkunent of in A then B^v is linearly in- 
clepeiuhmt. Tlu^ mt — 1 (|p} 7 ^ 0 ; for if <pG sends the empty subset of B into 
.1 tlu^n 77^fl = Ayjj, = 0 , A^^o = A and B^^ u A'^o — A is linearly independent, 
'riuuxioni (p{) 6 «!> 9 ^ 0. 

Order as follows: tp < whenever C B^» and <p — <p' \ B^. Let bo 
a simply orchwcui subs( 5 t of <!> and set 7?* = U{/ 7 ^ | ^ Wo may define 
a oiKsone mapping ^ of onto a subset A’’* of A such that ^l/\B^ ^ (p fox every 

6 'P and moreover A* « U{A^ | ^ « 'P}. Lot A*' be the complement of A* 
in A and let i/i, • • • , ( 7 ^ , /ii, •»• , bo a finite set of vectors of J?* u A'*'' where 
the gi include all the veetors of the set in B*, and hence the hi are in A*'. Then 
{( 7 ,'} C B^ for some <p e and [hi] C A*' C A'^ . Therefore gi, - • , hq are 
linearly independent. Thus i/ and (p e ^ <p < i/. 
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It follows from Zorn’s theorem that 4> contains a maximal element . I say 
that = A. If this does not hold then 0 and so it. contains an ele¬ 

ment /i. Let bo the set of elements different from h in A^q. Since the 
vectors of u are linearly independent h is not in the space H spanned by 
u A'^^ . On the other hand since B is a base we have h = -!-•••+ a^Qn , 

n finite, gi e B, and at least one of the gi say gi 4 H. Therefore B^^ u u f/i 
is linearly independent. Extend now (pQ to (pi defined by (pi \ = <^o, 

(piigi) = h. Clearly <pi €<I' and (pi > ^0 yet <pi 9 ^ , hence (po is not maximal. 

This contradiction proves that A = A^o . 

Now 5^0 C J3 I I g 1 S [. On the other haiul since tpi^A = B^^ and <^0 
is one-one we have | A | = U^v>o I ^ which proves (24.2) and honv.o 
also (24.1). 

(24.3) Definition. The common value of \ B \ for all the hai<es of G in called 
the dimension of G. 

(24.4) If II is a suhspacc of G Him dim H ^ dim G, Hence: (a) if G has a. 
countable base so has //; (b) if dim // = dim G is finite then If = (f. 

In view of (23.1a) we may tak(i a base B for G with a subset G whi(4j is a 
base for// and so dim // = | (7 | g dim G ^ \ B |. Property (a) is then obvious, 
and as for (1)) if both dimensions ar(‘, linite and (upial, C = B and lumc.c^ G = II. 

(24.5) If dim G ~ n is finite then n is the maximum number of linearly inde¬ 
pendent vectors in G, Moreover any n linearly independent vectors form a base, 

j ■ • * , J 7 nl is a base the gi nvo linearly independent. On the otlun’ luind 
if j * * • j On+i iii’o any 7 i + 1 vcMjtors wo hav(^ relations 

(li = X) 

from which follows at once that there is at hiast one non-trivial r<‘Iat.i()n 
X) == H<mc(i th(^ g'i are; not linearly indepemdemt and n is maximal. 

Suppose now f/i , • * * , |7» merely liiUMirly independemt. Hinci^ n is maximal 
U g eG there is a relation ag = ^ ^ 0 . litmen ( 7=2 « 

so \gi} is a base. 

(24.0) If 11 is a suhspacc of G mul G/H = K {discrete topology) then dim G 
= dim II + dim /v. 

Select a base B for G with a subset C as a base for //. [f J) is tlu^ comihnueut' 
of C in B then K is isomorphic with the subspace spanned by J), from whi(4i 
to (24.0) is but a step. 

25. Linear topology. We Iiavo already made it a part of our conventions 
that vector spaces are topological group.s with a specializod to])olc)gy. This 
topology is desci’ibed in the 

(25.1) Definitions. A vector space 0 is said io he linearly topologized or to 
have a linear topology if it is a topological group urith a nuclear base composed of 
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,wh}ipac(\s. ,1 ttuhs'paca which is also a nucleus will be called a nuclear subspace. 
Since an isinnorphisni transforfns a nuclear base into a nuclear base and a sub- 
space into a suhspacc, U preserves the Imearity of the topology. That is to say if r 
IS an isomorphism ({—> II and (r has a linear topology the same holds for IL With- 
out (his property the linear topology would have of course but little value. 

\V(' l-luni tliiil t.he fundanicntiil convention (22.2) throughout the 
r<‘st of tlu^ chnph'r a.ll vt‘('.tor si)£icch arc assumed linearly topologized. 

Since' (,lu' in(.t‘rs(‘c.t.i()n of two subspaces is a subspaeo we have at once: 

(25.2) If a is linearly iopologized so are its snhspaces. 

P>y means of Mils ])roporty and the dolinition wc may now prove: 

(25.2) ('nder onr fundammial convention (22.2) when the operations: closure, 
talcing a factor-group, product, weak product, are applied to vector spaces alone, 
they yield only rector spaces (understood with a linear topology). Furthermore even 
with these added reslrictions all the residts of (§§ 1 , 3 , 4 ) continue to hold. 

(Jlosnre. Led. 11 be^ a subspaeu* of G and {N} a nuclear base of G composed 
of subsi)ac('s. 4'h<*n // consists of i.lio ('lemeiits h such that every h + N meets IL 
As a. cous('(iui‘nc(‘ ixh + aN = a/i + iV meets all = //, henice ah e/? and I! 
is a subspa,e(‘. 

Factor-group, '['ho notations n'lnaining the' same', suppose II closed in G and 
let (F' ~ Gf II . If (d' is tlu' cose't of g mod // de'not-e^ by ag’^ iho ce)se't of ag mod IL 
Tliis ninllipiical-ion ()l)e‘ys ih(' algebraic rule's nupiire'e! fe)r ve'cten* s])a(‘C's. Let tt 
eh'iiote tlu* mitural proje'<*l.ion G —*■ (F. If is a nue'le'iis of G* tlu'n 

is a mi(*l(‘\is of G. Sin<*(‘ tt is (‘oui.imious tlu're is an N d ir ^N*. Since tt is 
open ttN is a. nucle'us ed* G* uiul siiu'c' wN C IttA^I is a mie'le^ar base fe)r G*. 
Lvid('nily g'^'e irN e ttA/’, and so evr/* is a continuous mnltiplicatiem. 

41u'r(*fore' (F' is a veud-or spae'e'. Siiu'e^ Tr(ag) = aiirg) the tN are subspaces, 
'‘riu'refore^ ‘TryV ) is a mud(*ar base^ of (F e^oinpose'd e)f siibspac-e's, and the topole)gy 
of G''*" is liiu'a.r. 'Flms G* is a vendor s))ae'e. 

Frodncis. L(‘t lG\l Ix^ an inde'xe'el sysieun of vexd.or spacers and let G = PGx . 
b’ g — If/xl tir tlu'u l«f/x| is also an eleanent erf G and if we (leiu)tej it by ag, 
tlu'u g € G —► ag e G. This nmll.iplie'atiou ob(\vs the algel)raic ruks required for 
a ve*c(e)r spacer (22.1). Hinec! the (*oordinat(\s ag\ are continuous in g\, hence 
in g, ag i.s also e'emtinuems in g. Let {ATx} be a nuclear base, of Gx composed of 
sul)spiic(\s. Tlu'ii if IXi, • • • ,\k\ is ii-ny finite subsot of {X} and ju ranges over 
t-lu' X Xi , * • * , \k , the i)re)(lu(its N\^ X * • • X X PGpt are subspaccs and 
mukt* up a nuclear base. Therefore' G has a linear topology. Thus G is a 
v(*(‘tor spa<u^. Nothu', also that if [fx] is any subset of |X} then the projection 
G* -- Pg; is a linoar homomorphism. 

The wiiak product is treated in the same way. 

If 0 is a group of chains over i1 based on X = {aiii,} and g = 
is the clorneut 23 (««x)a:x • 


(25.4) Definition. By an inverse or direct system of vector spaces is meant, 
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respectively^ inverse or direct systems tvhose groups arc vector spaces over ^2 and 
whose projections are linear. 

Since the limit-groups of inverse and direct systems are defined in tcn’ins of 
products, weak products, subspaccs and factor-groups, they are vector si)ae(\s 
and the appropriate results in (§§1, 3, 4) hold. 

From the definitions of the operations involved and the preceding consid(M*a- 
tions there follows immediately: 

(25.5) The natural projection G —^ O/H, II a closed suhspacc of G, is a Unrar 

open hoviomorphisni. Similarly if {g} is a subset of {X} as regards the natural 
projection J?G}, P(?^ , 

(25.6) A finitcHlimmsional vector space G with linear topology is discrete. 

Since (? is a Hausdoi*ff space, 0 is the intersection of all the mu^lei. L(^t (iVt 

be a nuclear base composed of subspaces and suppose N 9 ^ 0 , U g e N, g 9 ^ f), 
then some N' ^ g. Hence JV" = iV n iV"' C AT and N" 9 ^ N, TiKnx'fon* 
dim iV" < dimiV. Since dim N is finite after repeating the pnxu'ss a linil(‘ 
number of times we arrive at a nucleus reduced to 0. Iliereforc^ G is (lis(u*(4e. 

(25.7) A discrete vector space has a linear topology (obvious). 

(25.8) Let N be a nuclear suhsjxice of G, Then 

(a) N is both open ami closed; 

(b) H = G/N is discrete; 

(c) (? = iV + JV n // - 0; 

(d) every element g may be written uniquely g = n + A, u e N, h e //, and 
more generally if G' is any subspace of G then 

(?' = jv' + ir, iv' = iv n G', iv' n ir - 0, rr = tr/N'; 

(c) the transformation t: (n + h) —> (a, //) is an is<miorphism G —> X IL 

Since g^N-^g + NdNjN in open. Since g iN {g + N) n — 0, 
the complement of AT is open, lumce N is closed and (a) holds. 

Let T be the natural projection G G/N. Siin^c r is op(m wN' ^ 0 is a 
nucleus of G/N, and so the latter is discrete, which is (1)). 

By (23.1b): G = N + fl, N t\ JI = 0. Tb('r(»f()rc 0 is a nuchuis of // juid so 
it is discrete. It is obviously ^ G/N in llu‘ alg(4)raic Htms<s mid h(ni(‘(^ topo¬ 
logically also, since liotli are discrete. This jirovc^s (c). As for (d) it, is an 
obvious consequence of (c). 

That T under (e) is an isomorphism in the algebraic sense is inmuxliate. If 
{AT’i} is a nuclear base for AT it is also one for G, Since If is <liscr<4;e | A^i X 0) 
is a nuclear base for N X IL Since rNi = ATt X 0, r (establishes a oiuHnne 
correspondence betweem the (4(‘m(mts of two nucl(.uir and so it is topo¬ 

logical, proving (c). 

While the pairing of vector spaces will be taken up later wc^ may prove at. t lu‘ 
present time a simple property whicdi has often been used in tojxilogy in (*.on- 
nection with duality. 

(25.9) Let the vector spaces G, li he orthogonal under a miiltiplication gh pairing 
them to 0., Then: 
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(a) If gi, • • • , (7h arc linearly independcM vectors of then dim H ^ n and 
there may he selected in H linearly independent vectors /?! , * • • , K such that the 
determinant | gfij | ^ 0. 

(b) More precisely hi, ••• ,hn may he chosen such that ||(7t/iy|| is the unit 
matrix of order n, or in another form such that gfij = 3} {Kro^iecker deltas), 

((*) The two preceding properties hold with G, H interchanged, 

(d) Both dim G, dim II are finite and equal, or else both are infinite. 

Witli tli(' situation as in (a) suppose dim H = ni < n and let {Ai, - • • , hm} 
l)t^ a I)as(' for II. The system 

<^i{gih)) + • • * + aniOnlij) = 0 

in tlu' cYi has a solution in elements of il not all zero. Therefore g = 
ci\gi + ‘ + aug,i is an element of G which is diff(M*ent from 0 and such that 

ghj = 0, 0 = 1, 2, • • • , m). Since \hj\ is a base this implies gh = 0 for every 
h e II and sin(‘e ort.hofj;onality rules this out we hiiv ('m ^ n. In particular then 
if dim G is infinite: dim H ^ n whatever n hence dim H is infinite also, and 
con\'<‘rs(‘Iy. Since G and H may manifestly be int(U'clianfj;ed n('(!(\ssarily dim II = 
dim G when oiu' of th(‘m is finite and this is (d). 

H(‘t.urning‘ to (a) hi Gi be the subspace of G spanned l)y {gi , • • • ,gn] and 
let II\ 1)(' its annihilatoi* in H. If //* = II/H\ tluui G\ and //* are orthogonal 
und(‘r a multiplication gfl^ such that if h e A* then gdi* = gdi (15.5b). Eurther- 
mon* r(‘f(*rring to (25.3) //* is a vec^tor spac(' a,nd gd* a c,oiT(»ct multiplication 
for Gi , //*. By tlu* above* argument dim //* ^ n. Jf j//f , ■ • * , //*) are inde- 
peiuh'iit tlu'u I gfij \ ^ 0, since* otheiwise wc could ol)tain tlu^ sanu^ violation of 
orthogonality as Ix'fore. Select now for each j an hj e hj . We hav(* gfij = gfij 
and h(*nc<* | gfij \ 9 ^ 0. Tliis relation, or the Iin<‘ar independ(mc(* of {//f | implies 
the sanu* for |/^;•(. This i)roves (a). Proix'rty (b) is th(*n an elementary conse- 
(lU(*nc(* of (a) and (c) is obvious. 

20. Linear varieties. 

(20.1) Dkkikitions. .1 linear variety V in G is a easel mod II, II a subspace 
of G. The dimension of V, writien'dhn V, is the dme.nsion of II. If II = 0 
the easel of g is merely the element g itself ami dim V = 0. Thus the elements 
may he viewed as the zero-dimensional linear varieties, G and Us suhspaces are all 
linear varieties. In fact if dim G — n is finite, G itself is the only n-dimmsional 
linear variety which it contains. 

(20.2) If (T is a closed subspace of G, tt the natural projection G GjQ^, V a 
linear variety in G, then rV is a linear variety in G/G\ 

For TT is a linear homomorphism. 

(20.3) If V is a linear variety so is V. 

For if 7 = flf + // them V - g + S, and this is a linear variety since is a 
subspace (25.3). 

(2(5.4) If 7' C 7 hath are linear varieties and dim 7 is finite then dim 7' < 
dim V or else V' = 7. 
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For if ^ € F' then V, V' are cosets ^7 + //> 9^ + and Pc T C II 
from which to (26.4) is but a step. 

27. Linear compactness. Various eoiisideratioiis, uotaldy Mu^ applicalions (u 
homology suggest a weakening of the concept of coinivictiK'ss as iip]>lit‘d lo 
vector spaces in accordance with the 

(27.1) Definition. A linearly lopologizcd vector ftpare ( r \ and more tfenrraUn 
a linear variety V in ff, is said to he linearly compact whenever given any family 
{Fa} of linear varieties which arc closed in G or V as the rase may he and Imre 
the finite intersection property then flFa 0. It is hardly necessary to observe 
that linear compactness is preserved under an isonmrphimn: if V is linearly earn part 
in G and r is an isomorphism G H then rV is linearly eompaet in IL 


Many of the important properties of compactness carry ovav to linear <'oinj)ae(- 
ness as we shall now show. 


(27.2) A product of linearly compact vector spaces is linearly eompaet. 

For the results of (2G) make it possible} to carry over tlu* proof of (1,21.1). 

(27.3) If G is linearly compact so is every closed linear variety in G (ol>\'i()us). 

(27.4) If G is linearly compact then: (a) Us image under a homomorphism is atsu 
linearly compact] (b) if H is a closed siihspacr of G then G/ll is linearly eompaet. 

The proof of (a) is the same as for (I, 23.2) with closi^d lin<*ar varie(i<‘s re¬ 
placing closed sets. As for (b) it is a consequcne .0 of (a) plus (he fa<‘l I ha I the 
natural projection Cr G/i/ is a homoiuorpliism. 

(27.6) If the linear variety V is linearly compact in G it is riased in G, 

Let {iV) be the nuclear subspaces and g € F. Sinc(} g + N is a. neighh(>rln»cMi 
of p, (p + iV) n F = TF 0. Since a finite intoi-seciion of s(‘ls y | ;V is a sei 
p + iV, {y} has the finite intersection property. MoiTover sin’c(‘ ;V is e|osj‘d 
^5.8a)soisp + iV, andhence IF is closed in F. Ily tlio compaetne.ss eomlilidii 
r\W_^ 0. From ni\r = 0 follows n(((7 + JV) n F) = nil’ : a, 1,,.,,....,/. r, 
or F = F, proving (27.5). 


Refen'ing to (I, 38, 39) we Hud that th^i rosnlts jiiNt ehtaiiu-il oiuihlf its li> 
prove: 

(27.G) Let S = {(?^ ; irjl be an inverse system of veetw spatrs mid let T, /„■ „ 
linearly compact variety in smh Uial X >• m “»■ T^F^ C . Thru the r.-siilts 
of (I, 38, 39) are valid for the imersc mapimtg system = I K, • in';! wilh rmn. 
pactness replaced by linear compactness. 

i ® G to be linearly (mipacl w thal ibs diim tisim, 

be finite. H^e every finitc-dimmsional 0 is linearly mnpaet (25.H). 

Suppose dim (? = 1, so that G is discrete. A liucijir variety V iu G is G ii.s-i-lf 
or else an element, so Q is linearly compact. If dim G - n in fi!iit,c nml G U 

^ T of « ono-dimeasional v(M*,|.(>r spaces and .so l»v 

(27.2) It IS Imearly compact. Thus the condition is sufficioul,. 

buppose now O discrete and linearly compact. The case G 0 is trivial - so 
we assume Q 0. The space has then a base B * {&} mid wc- have g « 
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(finit.(' Now == \(f | ai, — 1) is a linoar varioty and is closed since G 

is (liscr(^i(‘. Fur11u*rnion‘ | Vh} has tlu> linik^ intersection proi)erty. Hence if G 
is liii(‘arly eouipaet fWn 9^ 0, which is impossible if B is not finite. Since B is 
Iiuii'(‘ so is dim (r. This pro\'(\s necessity and hence (27.7). 

(27.S) If T ifi a Huimloit homomorphism of G onto fl and G is linearly compact 
then T is an isomorphis?ih 

Sima* r is aln'udy oik’-oiu*, all that neeils to be proved is that it is open. If 
N is a. nucl('a.r s\il)space of (f we must show then that N] = tN is one for //. 
By (25.8) N is elos(*d and G/N disen'te. Since G/N is the natural projection 
of G it is also liiu'arly compact (27.-1) and hence finite-dimensional (27.7). 
Sinc(* N is cl()S(‘<l in G it is linearly compact and so is A^i . Therefore Ni is 
(‘losed in //. Now to r llierc* c()rr(*s])on(ls a homomorphism of G/N onto II/Ni . 
ll(*nce II/Ni is linitt‘-dimensioTial and therel’on^ discrete. Since Nt is the inverse 
imajj:(* in II of (In* nucleus 0 of II/Ni under the natural projection II II/N\ , 
N\ is a. nuclear subspace for // and (27.S) follows. 

Tin* natural c*x(.t*nsion of llu* notion of lo(‘aI compactness in the direction of 
liiH'ar compactiK'ss is manifestly ^ 2 ;iven by the 

(27.9) DiOFiNiTiON. The vector space G is said to he locally linearly compact 
ivhenerer it has a Iinearly compact nuclear subspace. 

lOvidi'iitly this prop(‘rty is preserved under an isomori)hisni. Moreover com- 
l)act ami disen'tt* vector sj)aees are locally lim*arly compact. 

(27.10) .1 n.a.s.e.for G to he locally linearly compact is that G = Gi X f/a , 
where Gi is discrete and (h linearly compact. 

X(*(‘(‘ssi(y is a cons(*(iii(*nc(* of (25.8). Conversely, suppose G b(‘haves as 
stated. \V(* may as well assunu* G = G\ X G^i and th(*n 0 X G» is a liiu'arly 
compact. micl(‘ar sul)si)a.ce of G, hence* G is locally Iin(*arly com])a(9.. 

(27.11) Kssenlial elements. This (U>n(‘(^pt' of importanccj in the homolof>;y 

tlu'ory of nt‘ts is dm^ i.o C(*ch fa|. (ienerally sp(^akinf>;, if B == |ff\ ; Trjl) is for 
the* pr(*s(‘nt' any iuv(*rs(* syst(*m of f>;rou])s th(*n an essential clement of Gf^ is an 
(*l(‘ment .r„ sue^h that \ > n ^ (^i) ^ 0» which is the same such that 

feTrJbx . \V(* have from (27.0) and (I, 89.3): 

(27.12) II7/C// B is an hwersc systmi of compact groups or an inverse systcM of 
linearly compact vector spaces then a n.a,sx. for to he essential is that it he a 
coordinule of an element of the limiGgronp or Umitrspace as the case may be. 

A not(‘Worthy propc'rty is the following: 

(27.13) Let S he a)i inverse system of Jinitc-dmansmial vector spaces. Then 
for every p there is a Xo > p such that all the 7rjl":r\o are csmitial (Ccch). 

Tlu* (‘ssc'ut iai el(*mt*nts of 0^ are those of the subspaco Hfi « n[7rjl(?x | X >• g}. 
Siu(‘(* diin fVV = n is finite* theu’o exists a finite set Xi, • • •, Xr, such that Hjx == 
n( 7 rjlTTAi). C1uK»s(* any Xo >• Xi, • * • , Xr. Then ir^fG^Q C , hence 

7 rJiN/xo C . SiiKH* the inclusion may also bo reversed 11^ = ttJI^Ctxo • 

28. Field characters. Duality, The preceding developments will enable us 





80 


ADDITIVE GROUPS 


[III 


to extend in a significant war the duality theory of Pontrjagin-van Ivainpcii. 
The basic definitions are: 

(28.1) Definitions. A field character h of a vector space G over a field il is a 

homomorphism G .4s in (18.1) wc denote by gh the value of h at g. If 

hi, h are field characters and oti,ai€Q then the relation gh = aighi + defines 
a character which is written ajh + adh - Except for continuity conditions II = | /i j 
is thus turned into a vector space. To topologize IT if E is any linearly com pact 
suhspacc of G ami N{E) = \h\gh — O^g eE}j then wc choose \N{E) 1 as a nuclear 
base for H, Since h ^NiE) ah €N(E)^ ah is continuous under this topology. 
Since N{E) is a suhspacc of //, the topology is linear and so H is a veelor space 
behaving in accordance loith (22.2). This vector space is known as the field eharaeter- 
group of G, or else also as the charactcr-spacc of G. 

We sliall now prove the analogue of (19.1): 

(28.2) If G is linearly compact, discrete, locally linearly compact then its field 
character-space H is respectively discrete, linearly compact, locally linearly eompaet 
and gh pairs G and H to 2. 

(a) G is linearly compact. Then N((}) = 0 is a nucleus of II, and so II is 
discrete. 

(b) G is discrete. Let B = {b] be a base for G, {//&! a set of syml)ols such 
that b —> hb is one-one, 2 b a copy of 0 corresponding to b, IT = Ps2/,. Any 
element Id of IT may be represented as an infinite chain over |/a.j 

Id = ^ Qbhb . 

On the other hand \i g ^G we ha\^e 

g — (finite sum) 

so that G may be identified with the weak product , the (iiains of (} Ixaiig 
thus considered as representations of the weak product by finih^ (diaius o\H‘r | //1. 
If wc assign to g the element of 12: 

(1^0 gld = ab^b (finite sum) 

the assignment g gh' makes Id a field character of G. The In niv the paiiieular 
field characters such that bln = 1, b'lib ^ 0 ,h 9 ^ //, or in tennis of Kroueeiker 
deltas: 

h'hb - 

Now if h 6 H sends h into then h ^ h' = ^ ^bh defines an isomorphism r: 
H iB in the algebraic sense. Let iV(i?) be a nuclear subspaec of il. Since Q 
is discrete so is E, and since E is linearly compact it is finite-dimensional and 
therefore a subspace of the space spanned by a jfinite subset |6i of B. 

Now JVi = {h\h elT, Pb^ = ••• = ^ 0} is a nucleus of IT and since 

tN{E) Z) Ni, ris open. Therefore is a univalent homomorphism IT —> H 
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and sinc(^ //' i.s liiu'arly coinpaot is an isomorphism. Sineus //' is linearly 
eompaet. so is II == T^^Jf\ 

((^) G is locally linearly compact. Wo have then G = Gi X Gi , Gi disen^tc^ 
and 62 lin(*tirly (*ompa(‘i, P'or our purpose's \V(' may assume G ~ Gi X (h 
and then 

f/ = ( 7 i X 0 + 0 X <?2, ((?! X 0 ) n (0 X (^2) = 0 . 

Lc't. now //, Jli denote the character-spaoos of Cr, Gi . We have g = {gi , 172), 
gi € Gi. H(‘no(‘ if lu is a lioltl character of Gi the ndatioii gh = gihi + gjh* 

d(*finos a univah'iit Iiomomorphism r: IJi X If'2 —> II, hi the algelmiic s<mis(s 
wlu'rel>y (hi , Ih) —> //. Conv(*rs('ly, lot h e IL Since g = (<71, 0 ) + ( 0 , f/2) the 

relations gxh\ = [gi , 0)/t, <72/^2 = (0, g^Dh doliiK' (‘h'luorils hi e /// such that 

t(//i , //o) = //. H('nce r is an is()mor])hism in th(' al^’ohraic* s(‘ns('. 

In order to show that r is topological wo prove that r establislu's a oiu‘-on(^ 
corr('spon(h‘n(^<^ Ix'twe'on the el(‘in(‘iits of nucleai' bases for Ui X II2 and II. 
Let N{IJ) b(^ as Ix'fore and the analogiu' of N(I]) for IIi . ''Flu' set 

1 A^(/i’)} is a nuclear base for II. If \vc write K = Ei X Ih^Iii C Gi , II2 C G2) 
Ki and A’2 must Ix' linearly compa(‘t since th(‘ j)roj('ctioii f/i X g\ X 0 

\{h X g'2 —" d X f/2| (X)ntinuous. On tiu' oth<*r hand ev(‘ry A’ = A'l X II2 

liiu'arly compact., if A'l and A’o ar(' liiu'arly compact. Furt-hc'rmon* ('V('ry 
A'(A’i X II2) <*onta.ins iV(A’i X bV). It follows that lA^{A’i X t'/y) [ (A\ any 
liiK'arly compact subspac(* of Gi) is a nuch'ar base* for II. Ihit. ch'arly 
r(;V(A’j) X d) = N(IJi X (h) and any A^(A’i X G2) <‘an lx* obtaiiu'd in that- way, 
j)roving t topological. 

Sinc(' II = r(//i X II2), and ll\ X H* is locally liiu'arly compa,ct so is II. 

(d) gli is a ni alii plication pairing G, II to il. Tin* alg(*braic f)roix'rtit's ( 22 . 2 ) 
an* (‘asily veriti(*d, W(^ take* G lini*arly (xmipact and as in (<0 siiu't* this is 
tii(» genera! <^ase. If U = 0 X G2 th(*n IJ is both linearly compact, and op(*n. 
Ilenc(‘ A’ X Ni,K) is a nucleus of G X II niai)p<*d by gh into zero. Th(‘refor(r 
gh is continuous. This ])roves (d), aJid also ( 28 . 2 ). 

21 ). Sui)])os(* now fr, // paired to il with a multiplication gh. As in (ID.f), 
11).b) W(^ inl.rodiice lh(i associat.i'd liehl characters ipti(h) = gh, iphig) — gh of II 
and G, and t.h(‘n lik<nvis(^ tlx* induced honwniorphisms Xo (Udiiuxl by g —> 
of G into tlu* (‘.haracter-spacx* of //, and x/» delhu'd by h tph int.o the (^hara(}ter- 
spac(^ of G. If both Xa , Xh an* isomorphisms G and II arc^ said to be duaUy 
paired. We now prove the aualogm^ of the* Poutrjagin-van Kampeu dmility 
theorem (20.2): 

(21).1) Duauty THiflOUiCM pou viooTou SPACiiis. Lct fr, II hc locaUff linearly 
compact vector spaces paired to Si under a muttipUcatian gli. Than if one of the 
induced hoviomorphisms Xa > Xh is an isomorphism so is the other. Thus Cr, II are 
dually paired. 

Let us assume that xa is an isomorphism. If f/* is the character-space of H 
we must show that Xo* Cr O'* is an isomorphism. 
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30. Suppofiv first G linearly eompacL Then H is discrete. Tjiktj ii 

B = {h} of Hy choose a copy Qb of D for each h and set 'G = Pli/,. C'on‘(‘- 
spoiiding to ipg we have then {<Pu(h)\ = if//;} e and the result of (28.21)) may 
be interpreted as sliowiiij^ that ipy \ (h'diies an isoniori)lusin f/* 7/. 

Therefore to pi’ove that Xtf hs an isomorphism ii is sufficient in th(‘ pr<‘S('nt in¬ 
stance to prove that tlu^ lioniomorphisin r: (r —> 'G delinod by (f —> {(jh\ is an 
isomorphism. 

(a) r is uiiivalerU. Wo. must i)rove f/d ^ 0 ^ rf/o 9 ^ 0, or that (job 9 ^ 0 I'oi* 
some b. There exists a iiiielear siibspac(^ N of G su(^h that f/o i N. By (2r),«S) 
we have G = N + G,N n G' = 0. I.et [//! l)e a base for (?'. By (2r).Sd) 
every g eG has a unique roprt'scntatiou 

(7 = j/A' + Z) oiiAsW, 

where g^veN and tlic sum is finite. Since gi\4Ny some abfgu) 9 ^ 0. Ihmct* 
db'ig) is a character of G mapping the nucleus N into /ioro and dilTorent from 0 
at go . Hence some b must exist such that gob 9 ^ 0, as asserted. 

(b) tG = V, Let {hi, ••• ,bn\ and ||7i, • • • bo fimte subsets of B 
and G, Consider now the matrix || {(fibj) || and su])p()se that what(n'(‘r |f/d its 
rank is at most ?• < n. As a consetpience vve may choose 71 linearly iiid(^p(*nd(‘nt 
combinations/)i of the hi and vi vectors r/,- such that iu || (gib]) || the last (U)hnuii 
consists of zeros. Since the hi lUiiy replaces the Iu in B, we may assume timl. 
II II already l:>eluiv(^s iu this manner. Siiu^* tlu^ matrix 

i 

is of rank not exoeoding r, wliatovcr ff, \v(! must hiiv(^ f/ 7 >„ = 0 and lunum h,, — 0’ 
wliicii is ruled out. 

We conclude then that we nuiy cho()S(> , ■ • • , siudi that || ((■/,•/>/,) || is of 
rank n. Tlicrofore wo may choose (I = ^ Hiudi that {(j//*,)! aie n pre- 

assignod elements of il. 

Let now= |o:6} eY/ and let (• he any neighborhood of 'g. 'I’Ik! sets in 
'G for which a finite iiumlMU' of the coordinates tire zero and thc^ i-(‘st, arbilniry, 
form a nuclear base. Therefore tlierc* ('xists a sef. |/)i, • • • , l>„] sueb tliat the 
points 'g whoso In coordiuah; is «; (i = 1, 2, • • • , n) are all in IL VVe iiav<! 
seen that among tliesc tlu're is a point rg. Therefore t(/ == Y/. Ifowev(a' (/ 
being linearly cf)inpact tG is closed in Y/ (27.5), and so tG = t(} - 'G. 

If we combine (a), (b) with (27.8) w(' find that t is an is()mori)[u.sm. This 
proves (29.1) for the present cases, 

31. Suppouc- mm Q (lim'cku Tlie uolatious being those of (28.2b), and sin(!(! 
in proving (29.1) we may reijlace H by any i.soinorph, w(! may aasnuu^ // = Pl2/,, 
tlie pairing being given by (28.2b'). Let g* e G*. Hiuc<^ g* is eoutinuoiLs and 0 
is a nucleus of ii, the subset of 7/ mapptid by g* into 0 will contain an elenumt 
of a nuclear base. Now the sets N of II consisting of the olcnumts having all 
but a finite number of coordinates zero, and the rest arbitrary form, a nuclear 
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baso lor //. n<‘iu‘(' will tak(^ tlu^ valua z(m*o oii a eortain sot N, say tlio sot 
for wlii(*h (*o<»r(liiuit(‘s /h , • * * , f>n tiro zoro. That is to say if g'^lih = ou ,, 
ilu^n ah == 0 for , • *. , . If <7 == 0 (/''* Xo and it is 

a liomoniorpliisni of (r onlu) f/*. ^\nvo. G, ar<i both dison^b^ (29.1) mcroly 
riHiuiros Ikmv to show that Xu imivaloiit. Suppose (f/o 5 *^ 0. By (23.la) we 
may assimu' f/n = h e B and siiuu^ (jlii, = 1 0, have Xg{h ^ 0. Therefore 

Xu is muval(‘nt and (29.1) holds in the case iiiid(‘r consideration. 

AS'/zpytese Jinalh/ (r lovallij Linearly comyavl^ and l(d< tlu^ not.ations bo those of 

(28.2e.). 'riius // ^ II\ X //a and W(^ may id(‘ntify the' two vector spaces, so 

that. II = II\ X II'i . h'or siniihir reasons if f/f is tlu^ eharacter-spacc of //,• 

W(^ may a.ssum(‘ = fa X Gi , If (f>iu , Xiu hav(' tluar obvious meaning, and if 

h = {h\ , //a) t.lnm xpf,(h) = f^i„(//.i) + iP 2 g{h‘^ and t.h(n*efor(' Xu defined by g 
(<Piu(Jh)', <f" 2 uUh))’ Coupling this with the fiw^t aln'ady provcnl that the Xw an^ 
isomorphisms w(‘ lind that tlu^ same holds for Xu • 'i'his comph'tes the proof of 
th{‘ duality tht'OR'in (29.1). 

32. 'fwo ri‘sults obtaiiu'd ineichuitally (l(\s(n-V(^ mention, It is a consequences 
of the arguuHMit of (30) that: 

(32.1) Tiikokum. PJrerij linearly eompael veeLor spare is a product of one- 
dimensional spares . 

As a eon.s(Mju<‘n(‘(‘ of (30) w(^ also have: 

(32.2) Let B — lh| he any set and for eaefi h select a ropy ih of il. Then 
G — Pl2/, and II P"'L>/, are dually paired umler a multipliealion which may he 
drserihrd as fidlows. Let 

(32.3) f/ ~ 

he resprriiro represrnfalions of the elements of (f II hy injinile and finite, chains. 
Then 

(32.'I) gh - 2 • 

(32.5) Noteworthy speeM case: G, II are both one-dimensional. Then eewh may 
he idenlified with ii and the dual 2 >airing is under a multiplication which is merely 
the mAdtiplication in il. 

33. ()nc.e are iu possession of the analogue (29,1) of (20.2) tlui remaining 
ro.sults: (20.5, - • , 20.8), of (20) are dtirivcul as loe.. (iit. “Dual systems” iu 
th(^ s(mse of (20.8) will riihu' of course to paiiing to il Tluu’o ar(5 other minor 
dc^viations \vhi(9i th(‘ ituider will nuulily supply. 

3 k Weak duality. We shall have occasion in homology theory to consider a 
couple B, B* as iu (20.8) save tliat 0 \, Ih will both he discrelc spaces orthogonal 
in a pairing to il Wo shall tlion say that wc have weak dualiiy. If the dimen¬ 
sion of one of the groups G \, Ih ih hmte whatever \ then the same holds for the 
other and they are iu fact o<iual (26.9). In that case the G\ are again linearly 
compact (27.7) and wo are back to ordinary vector space duality. 
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35. Dimensional complements. Certain questions which are important in 
connection with homology will be treated here. 

(35.1) The dimension of Iho limit-space of a direct system of vector spaces. Let 
S* == (//x ; be a direct system with limit-space H. (.bnsidcu’ any liiiit(^ 
set {Ami}, i = 1, 2, of elements of such that {^rx^Z/Mt} is a linearly 

independent set for Ih • Let jo(X, jit) = sup t and sot 

(35.2) p = sup {inf p(X, p)}. 

ft X 

In connection with Betti numbers and certain other characters AlexandrolT 
has repeatedly considered numbers analogous to p. For this n^ason we will 
call p the Akxandroff nwnher of /S*. 

Let us set p(p) = infx p(X, p), = dim ^ dim AT, = tlu^ suI)spa<M‘of 

the representatives of the zero of H in //^ ■ By (14.4) is a subgroup, and 
since li^ e , « e ah^' e , it is also a subspace. By (23.1b) tlunn^ is a 
second subspace Hy, of Hy such that 

(35.3) Hy = //; + Hy , Ji; n = 0. 

From the definition of tliese subspaces follow also if dim Hi = r' : 

(35.4) rl g r; 

(35.5) rl g p(p). 

We will now prove: 

(35.6) If p(p) is finite than rl = p(p). 

Choose X > p such that p(X, p) =p(p) and let IIyx be the subspacc.^ of the 
elements lij^h of such that = 0. We have again a decomposition 

H, = //^x + <x , n <x = 0. 

Suppose that there exists an € Jipx n , where also v > p and /vx ()• 
Take a p' >- p, X. Tliea e Jl",' and = 0. Since every olouieiil; of lip 

is in mod , and Il"\ C , we will have dim < dim //'\ = p{n) 
which is ruled out, since p(#t) = infx dim H[\ . Therefore li'^ n II". = 0. In 
other words whatever v > p wc have, T*'‘/ipx 5^ 0. Thus //'x n //" = 0. 11, 

follows tliat //" = //"x, nnd since tlio elements of each of , //'x is (Miual to 
an element of the other mod Jf", their dimensions are the same. Tliis is 
precisely (35.6). 

It is a consequence of (35.4), (35.6) that if p(jm) is finite then r p(m), and 
hence also r ^ p. Thus if the p(p) arc all finite and p is infinite so is r. 

Suppose now that H contains s linearly independent elements, 'riieu for 
some tx tlic space //„ will also contain s linearly independent elements and so 
s g r' g p(n) g p. Therefore if r == sup s = oo likewise p = co, and if r is 
finite then pgr. Consequently if all the p(p) are finite then r and p arc both 
finite and equal or else both are infinite. 
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vSupposo s(jmo p(ju) = CO . Then p = oo and no comparison is possible. 
Since p(p) ^ p(X, p) g 7\ for every \ > p, this circumstance will certainly fail 
to ()(*(Hir if ibo r\ are all finite or else all the p(X, p) are finite. Tlioreforo 

(35.7) If p fimir then p = r. Aloi'e precisely if the p(X, p) or else the r\ are 
all Jinilc thru p and r are Iwth finite and equal or else both are infinite, 

(35.8) The following example shows that when the r\ are all infinite (35.7) 

ikmmI not hold. Take a countable set of symbols {hn] as a base for finite chains 
ov(M’ 12 and \vi Jin be the group of the finite chains based on \hn , bn+i ,*•*!, 
and |X; > I = \n} with > Define Xn"”, 7 n ^ n as follows: if h = 

ambm + * * • + oijKi then xt'”// = anb„ ajj^i . It is readily seen that 

> pi'^h ^^0 ai*(^ all infinite. Nevertheless the limit-group II reduces to the zero 
and so r = 0. Thus when the r\ are infinite we may have r = 0, p = co . 

(35.9) C'on.sider now an inverse system of vector spaces S — {f?\ ; xjl| and 
l(‘t p'(X, p) 1)0 th(‘ maximum number of elements of G\ whose i)rojections by xjl, 
X > p, lorm a linearly independent set. The number 

p' = sup {inf p'(X, p)l 

A* ^ 

is calknl tlu' Ale.vanclroJf number of S. We prove: 

(35.10) If N, form a dual system (20.8, 33) then their Atexandroff numbers 
are equal. 

L('t , / = I, 2, • • • , ,s\ he such that [xx^/i;,t), X > p, is a liiu'arly inde- 
p{‘ndent. siih.scd. of IIx . Since G\ and H\ arc dually paired untler the multi¬ 
plication gxliK , by (33) and (25.9b) G\ contains a liiu^arly iiuh'peiuhmt subsc't 
IfAi!, (i == 1, 2, , ,s‘) such that 

= 5i (Kronecker delta). 

Ilc‘nc(‘ by (10.3) 

(^i(7xt-)/^Mi = 55 . 

''riuM’efon^ Ixjf/tl is a linearly independent subset of and so p'(X, p) ^ «, and 
heiHu^ p'(X, p) ^ p(X, p). By interchanging the roles of T/, II we find similarly 
p(X, p) ^ p'(X, p). Therefore p(X, p) = p'(X, p) arc both finite and equal, or 
els(» both infinite. If p(X, p) and p'(X, p) arc always finite then (35.10) holds, 
whiles if th<\Y an^ infinite for some pair (X, p) then p, p' are ])oth infinite and so 

(35.10) holds again. 

3(i. Field extension. Let G be a vector space over U and ik a field which is 
an (*xt(^nsi<)n of 12. Wo propose to examine certain consecpienccs for G and 
(certain r(Jated spaces, having in mind chiefly an important application to 
homology, vSince wc shall only be concerned with questions of dimension we 
may as well assume all the vector spaces discrete. 

(30.1) Lot B = {?>} be a base for G and correspondingly introduce X = {rcb} 
such that h Xb is one-one. Thus G is isomorphic with the space of the finite 
chains over Q based on X. Let Gi be the similar space for 12i and the same X. 
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Suppose now that C = {cj is a second base for G, and let Y == (?/,.}, (h tlu' 
analogues of A", Gi for C. We first prove 

(36.2) Gi^Gi, 

Since B, C arc both bases for G we ha\^e relations 

(36.3) c = ii(c, h)h, 
where the sums are finite. Since 

b = S x(&, Me, h'W, c = S „(c, h)\ib, c')c', 

a.y h,c' 

and B, C are bases we must have 

2 X(6, c)ii{c, b') = Sy , 

(36.4) ° 

J2 /*(c, b)X(Jj, c') = 5^, 

b 

where 5^ , 5^ are the Kroneckcr deltas. 

Now^ hy linear extension 

•U 2 Ub, c)yc, Vc^Yj b)xb, 

define in the obvious way homoinorphism.s n : QiGt, nQi fr'i . llsins 

(36.4) we find at once nrs = 1, rsn = 1. Hence n is an i.so:n()r|)lii,sm and 
(36.2) follows. 

(36.5) In view of (36.2) wo may as well denote Oi by Q.iG without i-eference 
to the. .special base used in its construction. It is clear that Oi may lx* idimtilicxl 
with the additive group of the finite linear combinations of the. elements h of H 
with coefficients in . Thus eveiy linear function on G (= liomomorpiiisni 
into another vector space over fi) has a uni(iue extension to Gi . 

(36.6) Let now G' be a subspaco of G, and let there b(i given a s(!t of lineai' 
functions [faig)] on G to fil. The system 

(36.7) Ug) = 0 

determines a subsptuio 0" of G. It is assumed that 0* c G" and .so w(( foi'iii 
G* — G"/G' which is again a vector space over SI. Lot now UtG ^ Gj , 
iliG' = G[ . Hy linear extension f„{g) becomes a linear function on (h lo Sh 
and so (35.7) determines a vector spaer) O'l' over fh . Chjarly G[ C fa c <h , 
so that wo may again introduce Ot = G"/G'i . We prove: 

(36.8) Gi ^ iliG* and in ‘parlicxdar dim G'* = dim G*. 

We first prove that G" = S2iG". Since Oi may l)o considoreil as a v('(d,or 
space over S2, as such it has a base {wx}. Hence any g e(7(' is of the form 

Y where the sum is finite and px e G. Wo have then /.(p) = 0 -► 

Y onJa(jg\) = 0 Mgd = 0 since {cox} is a base over fi and /„(px)« il. 'rims 
px e G" and so Qi c UiG'*. Since tlie converse is obvious our assertion follows. 
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Let now C bo a base for G' and extend it to a base C v C u D = 0, for (?". 
Define QiG' and fliG" using this l3ase. Then it is clear that G*, G* are, respec¬ 
tively, isomorphic with the vector spaces over Qi spanned by D and this 
means precisely that (3(18) holds. 

37. Kronecker products. 

(37.1) TiOt G = {g}, Tlf = {li] be two discrete vector spaces over Q. Choose 
two bases B ^ W, G — {c} for G, H and introduce new symbols {b ® c}. 
The finite linear forms ahjb ® c (finite chains) give rise by addition to a new 
vector space K over il. Tf we have 

(7 ~ = X) (finite sums) 

then Pbjcb 0 c is a definite element of K written g 0 h. The operation 0 
thus defined between the elements of G and H is distributive and we have 
(otg) ® h = g ® (ah) = a{g 0 /i), 

(37.2) If we replace B or G, and hence both, by new bases B', G' and form the 
analogue IC of K we show as in (30) that there are two homomoiphisins 
Ti : /v —> K\ To : K' —> K such that rj to = 1, tqti = 1. Hence n is an iso- 
mori^hism. If 0' is the analogue of 0 relative to 7v', wc readily verify that the 
identification of g 0 h wiili g Ii turns ti into the identity; this identification 
is assumed hencc'forth and so we will have K = K\ We have thus arrived at a 
uiii(iue iKW discrete vector space K depending solely upon G and IF. It is 
known as th(^ !\roncckcr product of G, IF and (hmoted by G 0 IF. 

(37.3) When G, II arc both jlnitv-dimmdonal so is G 0 IF and dim G ® IF = 
dim G dim II. When one of Gy IF is infinile-dinicnsional and the other is tud 
zero ihvn G 0 II is likewise injiniic-dimemional. 

(37.4) If G admits the decomposition in subspaccs: 

G = G' + G", G' n G" = 0, 
then G 0 // admits the analogous decomposition 
(37.4a) G 0 // = G' 0 // + G" 0 77, 

(37.4b) G' 0 77 n G" 0 77 = 0. 

Similarly with G, II interchanged. 

All but (37.4b) arc obvious, and (37.4b) is a consequence of the fact that if 
7i', 7i" are bases for G', G" then B' u JS" is one for G. 

(37.6) Under the same circumstances as for (37.4) if g ® h eG' ® II and h 9 ^ 0 
then g €G\ 

For ii g ® h 9 ^ 0 then it is of the form g^ 0 h, p' e G', and if ff 0 ft — 0, 
ft 5 ^ 0, then p — 0 and again g 

(37.6) Extensive generalizations and indeed a full treatment of the Kronecker 
product, under the name ‘Censor product^ will be found in Whitney [f], to 
which the reader is referred for further details on this topic. 



CHAPTER III 
COMPLEXES 


A complex is a particular type of partially ordered set with coniplemcml-ary 
properties designed to carry an algebraic superstructure, its homology i.lu'ory. 
Complexes thus appear as the tool par excellence for the application of alg(^brai(^ 
methods to topology. 

For the present we shall deal chiefly with finite complexes and give a (‘.ompletu 
treatment of their homology and cohomology groups and duality theory. Poly¬ 
hedral and Euclidean complexes are discussed as special examples. Iiiliniic' 
complexes are likewise considered as well as a special class, the simple (u)mpl(^\(\s, 
introduced by A. W. Tucker, and may be said to have all tluj main alg(*~ 
braic attributes of the polyhedral type. It is for simple complex(\s that, an 
intersection theory is developed in (V), and the combinatorial manifolds of (\’) 
are also simple complexes. 

Summation riotation. It is the same as in tensor calculus: non-dinumsional 
indices (usually clear from the context) repeated up and down are to he sumuKvl 
unless an explicit statement is made to the contrary. Thus g\vi stands for 
g'^i ■ 

Kronecker deltas. They are the well known numbers defined by 5] = 0 for 
i 3, S) = 1 for i = j. 

Designations for some special groups. We will Avidto as in (11): 0? = (.lie group 
of the integers, = the group of the residues mod m, i|3 = the groiij) of (he 
reals mod 1,8? = the additive group of the rational numbers (rational grouj)). 

If G = \g\ is any group tlien {g<x} is a group under the composition law 
ga — g'oi = {g — g')a, and this group is written Oa. The designations 
G*(m), G[m] are as in (II, 20.9). 

'I'he function fiip). Convenient in many calculations it is defined by 

(3(p) = (-l) 

and we notice the useful relations: 

p ( 3 3 + 1 ) 

i3(-p)=(-l) , 

fiip)Kq) == (—l)"®i8(p + ff). 

General references: Alexander [b, e], Alexandroff [f], Alexandroff-Hopf fA-H, 
Part 2], Hopf [a], Lefschetz [L, I, VII; Li], Mayer [a, c], Poincar6 [b], Seifert- 
Threlfall [S-T], Steenrod [a], Tucker [a], Veblen. [V], Whitney [d]. 
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§1. COMPLEXES. DEFINITIONS AND EXAMPLES 

1. (1.1) Definitions. A complex X is a set 1.^} of elements ordered by a 
proper reflexive ordering relation < (1,4) together loith two associated functions of 
the elements and dement pairs whose values are integers: one, dim x, the dimension 
of X, also denoted by means of an imlex as x^, the clement then being called pitmen- 
sional or a p-elemcnt, and the other, [xio;'], the incidence number of x and x\ subject 
to the following conditions: 

Kl. x' < X dim x' g dim .i-; 

K2, 

K3. 0 ;i: •< x' or x' < x, and \ dim x — dim a;' | = 1. 

K4. For every pair of dements :i*, .c" whose dimensions differ by two there is at 
most a finite number ofx' such that [x:a;'][a;'::r"] 9 ^ 0 and then 

( 1 . 2 ) = 0 . 

X* 

When the complex is finite K4 may he replaced by the simpler corulition: 

K4'. For every pair of dements x, :i;" whose, dimensions differ by two, the rela¬ 
tion (1.2) holds. 

Tho (limc'nsion of A\ wriitxm dim X is suj) dim a:. When its value n is finite X 
is sometimes eallod an n-complex. 

(1.3) L(‘t <v(aO 1)(' a function of x whose values are ±1. Ii‘ [x:x'\ is reploeed 
by (\'(.r)f\!(.r')k:.r'| (conditions K123 I auc fullilled and so we still have a eoinphcx, 
say A''. In (conformity with (he usual (conv(mt.ions wo agiee to consider X' as 
i(l(‘nt,ical witli X. Thus tluc fiiiuction [ : ] for a giv(m X is to be considered as 
not uni(Hi(c but only ^ 2 ;iveii t-o within a factor «(.t*)o:(.rO- The different scdiS ol 
inci(l('n('(c numb(M*s thus arisin^j; arcc said to l)e ndniissible, the passable from one 
to tluc oth(cr is described as reorienting X. 4^10 lunction a(;r) is known as a.n 
orientation funelion and we say that x has been reoriented if a(x) = — 1., and 
that it. has preserved its orientation otluu-wisc. 

( 1 . 1 ) Ui-jMAKiv. Tlic (l<‘linition of (comi)I(\\(CH adopU^l hero is (^ssinitially Tucker's |,a| 
niid from his only in Unit: (a) tho dimonHions an^ not rcstrictod to Iming gnnitiir than 

or c(inid to 0 wlii(cli will h(‘ of itnportaiuu^ in doaliriR with duality; (h) tlie complexess imm'cI 
not h(* Unite. Indeed ])erHiHtent attention to inlinito comploxccs will charactori55(5 our 
treatnucnl. 

comi)I(*x(*s whi<‘h wte havc^ just introduced arc often called ^^ibstnict compIox(^H." 
Other Kenenil types hnv(c Ixsm coiisidorccd in tho literature not.ably by M. II. A. Newman 
|a| and W. Mayer [a|. N(!\vinan'H tyjxc is desiKimd eluetly to preserve, as many as rmsmblc 
of tlx* propc'rties of jx)lybedra and for many purposccs it is decidedly too “^oom(d)rio.” 
In iMny(‘r’s typ<c on tlx* otlxcr iiaixl only the properties which How from the incidenux) 
munb(*rs are i)r(‘M(‘i‘V(*d and t-he type is thus too ‘*algebrai(n'' Tucker’s typo may ha said 
t{» o<‘eupy a reasonable intermediates position. 

2. 'There are three, important sots associated with any element x e X: the star 
of X, writtem St x, tho closure of x, written Cl x and the boundary of x, written 
ajo;. Their defining relations are 
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St X ~ (a.’' I X < a:'), Cl a: = {s' | a;' •< a:}, 

58a: = Cl a: — a: = {x' | a:' < x, x' ^ a'). 

An analogue St a — a of may bo foi-mallj’’ introduced but will not bo uoodod 
in the sequel. 

We saj'- that x' is a, face of .r when x' < x (a -proper face when -x' 5 ^ .r), also 
that X and x' are incident when x' > or •< x. By the incuicncc rdalion,s in .r 
we shall mcair the incidences ■< together \vith all the incidence niimlx'rs. 

The notions of star, closure and boundaiy of a single oloment may be gen¬ 
eralized as follows: if Y is any subaggregate of X the star of I", writl(('n St )', 
is the union of the stars of all the elements of Y. Similarly the closure t)f 
written Cl F, is the union of the closures of all the eloracnls of F. St F is (,lu' 
union of all the elements > some clement of F, while Cl F is the union of all 
the elements -< some element of F. The botindary of an open subcomi)lex 
F is 58F = Cl F - F. 

A suheomplex of X is a subaggregate F = {a'} of X such that wi 1 ,h the same 
dimensions and incidence relations as in A', conditions K1234 hold in )' alone. 
It is clear that the verification of the complex conditions for F merely re(|nires 
the vcrilication of K4 alone. 

We say that the subcoinplex F of X is 

ope7i whenever St F = ]', or x e F -»• St a; C F; 

closed whenever 011^ = F, or .r e F -*■ Cl x C F. 

Immediate consequences are: 

( 2 . 1 ) If one of the sets Y, X — F is an opmi sidmmiplcx the other is a closed 
subcomplex, and conversely. 

(2.2) Any union or intei'scclion of open or closed subcmnplexes is, respectivcly, 
an open or a closed subemnplex. 

The aggregates St F, Cl Y, 58.'c, are subcomploxcs of A'. The proof merely 
requires that wo verify K4. Let us do so for tlm first. If x, x" e St F, (lu' only 
significant contribution to 2 ] \x:x!]{x':x"] occum say \vhcn x < x" and from 
elements x' bctw'ecu both. But in that case x' e St 1' also, so (hat the relaf ion 
in question holds in St F alone. Evidently St x is mr open Hul)com|»l(!.x, and 
Cl a: a closed sulicomplex; since Cl x is closed so is 58.-U. 

The p-section A^ of A i.s the set of all the elements of X w'hose dimeii.siou 
does not exceed p. A" is likewise a closed subcomplex of A"^. For the union 
of all St X, tlim ;c > p, is an open subcomplex and A'' is its comidcMuent. 

When the dimensions of the elements of X ai’e greater than or (uiual f.o 0 , (he 
zero-dimensional elemeuts arc fnxiuently called the v&'ticcs of X. 

(2.3) Connectedness ami componenls. The component of any elemenlp x. is the 
set of all x' such that there exists a finite collection x ~ xj., • • • , .r, = -x' in 
which any two consecutive elements arc incident. We will then say britifly 
that X, %' ai-e in the relation R. It is not difficult to see that: 

(2.4) Properties (I, 17.1, ••• ,17.4) hold for X and the present definition of 
components. 
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Furthermore we also prove readily: 

(2.5) The relation It is equivalent to each of the following: 

(a) Ht :r, Kfc x/ are. in the same component of {St n;} in the serise of (I, 17); 

(h) ('1 .r, (U ;r' are. in the same component of }C1 *r} in the same sense. 

It is also a eonstHiiu^uce of tlu^ definition that 

(2.(1) The component A'' of x contains both Cl x and St ;r. Hence X' is both an 
open and a closed subcomplex of X. 

The. (complex X is said to 1)0 connected whenever it consists of a single com- 
jjoiu'iii, i.i^, whe^n any two elements are in the relation li. 

8. The complex A" is said to b(' star-finite, or closure-finite whenever every 
St X or Cl X. is finite, and to be locally finite when it has both properties. Notice 
th(‘se prop(U‘ti(*s: 

(8.1) Finiteness local finitencss. 

(8.2) When X is star- or closure-finite there is at jnost a finite number of elements 
brlweeu x and :r" and hence K4 may then he replaced by the simpler condition K4'. 

(8.8) Every component of a locally finite complex X is countable. 

L(»t Y be a component of A" and x any element of Y. Consider the sequence 
]'i = :r, I'o , • • • , wh(‘re l'„ 4 i = St Cl Yn ■ Evoiy l’„ is finite and since = 
Y is countable. 

•I. Ii(*t X\ = |:ril, A "2 = l.r-jl i)e two complexes and suppose that there exists 
li onc-o!i(', or(l(‘r-])r(\s(*rving (ransformaiion T: |:ril Huch that: (a) dim 

Txi = dim x\ + /r wIkm’C' I: is a lixtnl inl(‘g(»r; (b) the nuinb(‘rs [x\ : .rij are appropri- 
ai(‘ in(*i(l(Mic(' munb(M's for Tx] , Tx[ . When('V(‘r k = 0 w(‘ call T an isomorphic 
transformat ion or isomorphism X\ A"» and say that A"i and X* iiro isomorplnc. 

k 7 ^ 0 w<^ say that w(‘ havt‘ a weak isomoridnsm and rcfci- t.o A"i , A^ 
as weakly isomorpliii*. 

If. is cl(‘iir that. Ihesc' two tyi)es of isomorphisms give ris(^ t.o c^(iuival(uic(? 
class('s but. w<^ will not reha- t.o tlu^m i)artic.ulMrly in the secpu^l as t.luy are not 
suflicumtly broad for the api)Ucations. 

Dual complex. (iivc‘ii I-Ik^ (complex A" = {»r}, hd. us introduces a new set of 
t‘l(‘m(mts A'*^* = l:r*} such that, ;r :r* is a one-one correspondesiuse with the 
following i)ro[M‘rti(ss: (a) .r < x' ^ a:'* < :r*; (b) dim ;c* = — dim x] (c) 
[.!•* : x/*] = [x : x/], W(s verify immesdiately that conditions Jvl284 continue 
t.o bc' fulfilhsd, so tluit -V* is also a complex. It is known as the dual of A''. 
C8(‘arly A** — (A*)* = X. If we agree to choose as the elements a;** the 
(sUmionts X themselvcss: x** == x, then we will have X** = A. Thus X, A* 
will be dual to one a^iother. 

By way of notation if Xi is any element of A its imago :r-?* in A* is conveni¬ 
ently denoted by xj, . Thus when the dimensional index of an element is a 
sul)script it denotes the negalm of the true dimension of the clement. 

Tlic roa<l( 5 r will not havt^ missed the fact that our definitions have been so couched as 
to tjontiinm to give free play to the dualism which permeates the general theory of ordered 
sets. This is the chief justification for imposing symmetry in the incidciieo numbers and 
for introducing negative dimensions. The so-called dual complexes hitherto considered in 



92 


COMPLEXES 


[HI] 


topology iiad of course only positive dimensions, and also in fact nonsymnietrical inci¬ 
dence numbers. Wherever tliey occurred these complexes were weak isomorphs of -Y* 
with dimensions raised to make them greater than or equal to 0, and with a certain reorienta¬ 
tion that need not be described at the present time. 

5. SimpUcial complexes. As we shall see later (VII, VIII) this is the domi¬ 
nant type wherever complexes occur in topology. 

(51) We must first define the simplex. A p-simplex is merely any set 
of p + 1 objects {Ao, known as the vertices of cr^. It will generally be 

assumed that they are assigned a definite order modulo an even permutation 
and we will write accordingly = Ao • • • Ap, the specified order being the 
one in which the Ai are named. The simplex o- with its vertices ordered as 
just stated is said to be oriented. The number p is the dimension of o*^'. The 
simplexes whose vertices are among those of are known as the faces of cr^, 
more precisely its q-faces for those of dimension q. In particular has p + 1 
zero-faces, the vertices A,-, and a single p-face, namely itself. 

If (7i = Ao ■' • Aq , 0-2 = Ag+i • • • Ap , where Ao, •••, Ap are all distinct, 
we write cr^ = <ri<r 2 , call cr^ the join of cri, era and also cri, 0*2 opposite faces of 
cr**. The symbol ai • * • cr^ is defined by recurrence. 

(5.2) We come now to the simplicial complex. The elements of a simplicial 
complex K are simplexes. They make up a set {(r} such that if a is in tlio 
set then every face of <r is likewise in the set. The dimension of <r is as defined in 
(5.1). The relation <r' < a- means that is a face of <r in the sense of (5.1). 
The incidence numbers are defined as follows: 

(d) If (Ti is the face opposite the vertex A in a set e ^ zbl according as cr is or is 
not ordered like Aci ] set e ^ 0 in all the other cases (cn not a face opposite a vertex 
of (T nor the other way around). Then [aicn] = [auo] = e. 

Example. <r — A1A2AZ , « AiAz . Since A1A2-I3 is not A2A1A3 modulo an oven 

permutation we have [aitri] « —1. On the other hand for instance [<r:Ai] = 0. 

It remains to verify that if is a complex. Since K123 are manifestly satisfied 
it is only necessary to verify K4. It reduces here to; 

(5.3) [<r:<ri][<n:<r2] — 0, 

The veiiiication is trivial unless the situation may be so arranged that 
is the opposite face of a one-simplex AB of cr, and <ti is then, except for ordering 
ffi, one of the simplexes rivs, Ban. Furthermore if the order is changed in 
any simplex occurring in (5.3) the left-hand side will at most changcj sign. 
Therefore the order of the vei-tices may be chosen as specified by the above 
symbols. And now (6.3) reduces to 

[ABffi'.AffillAai'.iTil -f- [ABcrt.Ba^Baz'.a'^ — 0. 

Therefore X is a complex. 

(5.4) If the di’deiing of the vertices is changed the effect upon the incidence 
numbers is the same as applying to if an orientation function a((r) = (— 1)', 
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where j/ is 0 or 1 according as the permutation of the vertices of (r is even or odd. 
Under our conventions this does not modify K. 

'To orient a simplicial complex/C = {cr} is to orient every cr € K. The order 
assigned to the vertices of each <r is the one which is to serve in calculating 
the incidence numbers in (5.2). A convenient mode often utilized in orienting 
K is to range its verti(ics {Ai] in a definite order, then to orient every cr as 
0* = Ai • • • Ay, i • < j. 

(5.5) Special toms, A one-dimensional complex is sometimes called a 
linear graph, or merely a graph. If L is a closed subcomplex of the simplicial 
complex K then L is also a simplicial complex. The complement K — L is 
known as an open simplicial complex. By contrast K itself is sometimes called 
a closed simplicial complex. 

The boundary S'' == of a is a closed simplicial n-complex, some- 

timc'S (tailed an nsphor. The zero-sphere ^ consists of two vertices. 

(5.6) While K may be infinite, it is clearly closure-finite but need not be 
star-finite. 

(5.7) An alternate scheme for the incidence numbers. It is convenient on 

o(^casion to define' the^ iiufidcmcc numbers in the following way: If o* = a'A then 
the new imfidenee^ numl)ers, denoted temporarily by [ : ]' are [cr : cr']' = : o-]' = 1 

and all tlu' otlu'r incidc'iice numbers arc zero. Clearly [<r ^': = (—l)^[<r^: 

'^rhat is i,() say, the mnv incidence numbers correspond to reorientation by means 
of o;((r'') = idi — p), wher(' j^ip) is as in the Introduction. Thus they arc admis- 
sibl(‘ incidt'iicc^ numbers for K, 

(5.8) IlwiMAUK, Unl('ss otherwise stated the incidence numbers will always 
1)0 s(^l('<‘t(Hl in a(M^ordance with (5.2). 

(5.9) Duals, ''FIk' dual K* of the simplicial complex K is defined as for any 

complex. Its ('Unuc'nts are denoted by <rj, , and in particular the dual of A; is 
written A If orf = A j •• • Ak we write o-J, = A^ • • • and call A^ • • • , A* 
the vertices of erj, . If ^ or cr^' = ffV then we also write <rp = A^<rp^i 

or (Tp = , as the c,aH(! may be. The incidence numbers may be defined 

(Unfitly in /v* as in K by the rule [Acricr] = [criAo-] = 1 in the case of (5.2), 
[crAicr] = [o-iaA] = 1. in the case of (5.7), and all the other [ : ] zero. We also 
have dim A^' = 0, dim jp = — p and cp < signifies that the set of vertices 
of cTp contains tlu^ s<d. of vertices of cr ^. In other words, the passage from K 
to A* consists (‘ss<mtially: (a) in ordering the subsets of {A^} by the inclusions 
of their (jomplomonts; (b) in replacing the dimensions by their negatives. 

6. Polyhedral complexes. We will consider polyhedral complexes in an 
ICuclidean spacer and indicate the extension to those in the Hilbert parallelo- 
tope (0.14). 

(6.1) Definitions. A polyhedral complex in is a countable locally finite 
complex n = \E] with the following properties: 

(a) a p-dimensional element is a p-ccll which is a hounded convex region of 
some of ®”; 
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(b) the cells are disjoint] 

(c) the union of the colls of Cl is _ 

(d) If <p{E) is the imion of the cells £" 4 St E, then <p{E) n E — 0. 

The set \JE is known as a polyhedron, written In]. 

Notice that (c) implies that E' < E when and only when it is E or else a cell 
d E — E. In other words, E^ < E is equivalent to: = K or (‘Ls(^ E' is a 

face of E in the commonly accepted sense. 

Evidently (d) holds automatically when the polyhedral complex is finite. 
Its purpose is to eliminate certain topological complications which are foreign 
to the structure of complexes (see 6.2). 

The incidence numbers are described below but they necessitate an c^xteiiHi\’’(^ 
discussion of Euclidean coordinates. 

(6.2) Examplks. The reguliir solids arc well known finite polyhedral 'Phe* 

subdivision of the plane hy the lines x, y — 0, d=l, ±2, • • • , is a good example of an iniioite 

polyhedral complex. On the otlicM* hand the set of segiuoiits: 

Iq : 0 ^ X ^ 1, y - 0; In : 0 ^ x ^ I, y ^ , n « I, 2, • • • , 

n 

is not a polyhedral complex since ^(/o) = U In is sucli that ^(^o) ^ • 

It may be noticed that under our definition a given point set A may adinil. 
of a decomposition in disjoint cells in two distinct ways, one of which gives 
rise to a polyhedral complex, and the other fails to do so. In particular (e) 
may cease to hold. Thus let X be the set 0 < g 1. The inttu*val togetJun* 
with w = 1 is not a polyhedral complex. However, the intervals l/(n+l) < 
u < 1/n together with their end points decompose X into the colls of a poly¬ 
hedral complex. 

(0.3) The incidence numbers in n will be described in terms of auxiliary 
coordinate systems in the spaces of the cells. As is well known, an JOiuilidoaii 
space may bo viewed as a linear variety L in a real vector space i.e., a 
vector space over the field of reals. An in (5” is a linear p-climensional variety 
L' contained in L, The points of may be represented as vectors a + x, 
where |:r} spans a p-subspace 5Bi of 35. If • • • , h^} is a base for S81 then 
we have x = xff, and {xi, • * ^ , 0:^} is a coordinate system for (S'*. The point 
a is known as the origin of the system. 

We will suppose once for all that every 6^ has been assigned a chilinibc co¬ 
ordinate system called its basic coordinate system. Let (.ui., • • *, Xp] bo the 
one of (S^. Then if {2^1, • • • , 2/j,} is any coordinate system for iSf wo will have: 

(6.3a) 2/» ~ "1“ ai f ce — | a\ j 0. 

The number = af/| a | = =bl is known as the characteristic number of the 
coordinate system {2/1}. 

An C partitions into two convex regions 6'^, (S"**. We may choose 
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a (’oordiiuite syst-oin [.f*} for sudi that Xp = 0 rcpr(i,sents The two 

j’egions are then the two sets Xp > 0 , Xp < 0 . Since we ma^’’ choose a 

new coordinate systc'in in which Xp is replaced by — .r^ , and the other coordinates 
are unchanged, Ave may assume |:ri) such that say is the region Xp > 0 . 
The coordinates bri, • • • , of any point of define a coordinate system 
for Avith characleristic number say e^'“\ We Avill introduce incidence 
numbers 

((3,3b) 

Let th(^ basic, coordinate system [a^} of serving to determine the char¬ 
acteristic numbers h(' replaced ))y another |.L}. We liave then relations 

(G.3c) Xi = + Ui, M = 17 nl \ 9 ^ 0. 

If g > 0 tlu^ (‘hara(*i(Mistic. numbers are unchanged, if ju < 0 they are all changed 
in sign, 'ro onent G^’ is to assign to it a coordinab^ system |.rd modulo a trans¬ 
formation (().3c) Avith ju > 0. It is said to have its orientation reversed if 
th(^ basic coordinates system undergoes a transformation (G.3c) with /x < 0. 

((>.4) W(' ar(' now r(‘a(ly for the incidence numbei-s of II. fjotG?* denote the 
subspaci^ of th(^ spa(‘e G” of II containing Ef and supposes • The 

subs])ac(‘ Gy' ^ (livid(‘s Gf into two regions one of Avhich, say G?' contains EY 
and we d<>flne [Ef:EfY = [EY':Ef] = [Gj^'iGf”'] - ±1. All the other 
incid(uice numlKM’S wliicli are not d(4.(‘rmin(‘d l)y this rule are set ('([ual to zeu'o. 
Thus K123 hold and av(‘ nuu-ely have to verify Ivi. 

(().5) Sui)pose/i'/f " -< Ef. In Gf 1(4'GM)e a plane meeting Ga”~ at a single 
point A 6 Eh 'rh(‘ int(‘rse(4»ion of G“ Avith A/f is a (dos(^d (^oim^x plane poly¬ 
gonal n^gion with tlu' v(U’t(^x -1. In siu^h a region each vcu’tex is in<‘ident with 
exactly two (»dg('s. llenc(^ Eh "“ is the common face of exactly two {p — 1)- 
fac(‘s Ef '^, EY^ of Ef . TIku’c are now two possibilities: 

(a) G^"^ = G’r ^ \aA, G/^'“\ be tlu* two regions of the partition of 

Gy by Gr “• Hinc.c' EY^ 9 ^ EY^ and they have the common face there 
must be om^ in eacli of the two regions, say EY' c \ ^ Hence 

under our dolinition of the incidence numbers: 

[Er':Er^] - -[Er'iEr^] = dzL 

On the other hand: 

[EfiEY'] = [^T:Sr'] = [&:^r'] = ±1- 

Hcnce 

(G.0) E [EV.EV][Er':Er-] » 0 

m 

and K4 holds. 

(b) Choose a coordinate system {aii, • • • , Xp] for (S< such 
that (Sfj“\ arc, respectively, represented by a:,-! = 0 and Xp = 0 and that 
on Ef : Xp-i > 0, Xp > 0. As a consequence on Ef~^:xp > 0 and on ES~^: 
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Xp^i > 0. For we must have, i’es])ectively, Xp ^ 0, ^ 0 and (Hiualit-y is 

excluded. To proceed further let us introduce the characteristic nunil)(‘rs 
7 €?"“ of with rcspc^ct to tlio coordiiniU^ systcMus 

(a’l > ' ■ * j j [*^1) * * * ) 2 j 7 ' * * > , {.'ti > ’ ‘ 2I • e liave 

then 


[Er'iED = 


[EfiEfr^] - efir'] 

[Er'iEir'] = 


That the last three incidence numbers have the correct value is (dear. ll(^^ard- 
ing the first, to determine it we may utilize for Sf the coordinate syst('in 
{a*i, • • • , Xp^2 , Xp^i , Xp\ with Xp = a’p-i, Xp^i = .r^ . This system has tlu' 
characteristic == — €?. The space is now represented hy Xp = 0, 
and has the coordinate system {xi, , Xp^2 , Xp^i} with the same eharac-hunstic! 
as before. Hence 

[E?:Er'] = ei^er" = 


Substituting the incidence numbers in (C.6) we find that this relation holds 
here also. Thus K4 is fulfilled in all cases and so 11 is a comi)lc^x. 

(6.7) The characteristic mimbers ef have been defined througliout r(‘lati\'(^ 
to fixed orientations of the spaces (S? . If these are modified one will oht.ain 
new characteristic numbers €i\ Setting a(Ei) = efei' wc find them that l.lic 
effect upon the incidence numbers [EiiEf''^] is equivalent to applying 
orientation function a{E). Thus the polyhedron as a complex is iiuh^pcmdcMil- 
of the basic coordinate systems which serve to determine the and lu^iiet* 
the iircidence numbers. 

(6.8) A polyhedral complex is countable and locally jinitc. 

This is an immediate consequence of the definition (O.l). 

(6.9) Euclidean complexes. Wc must first defines Euclidean, simplvxcs^ tlu» 
constituent parts of Euclidean complexes. 

We will consider again a fixed 6” and as in (6.3) take a roprescaitation of tlu^ 
space as a subset of a real vector space SS. Let then ho a simi)lex whose* 
vertices {ai) are independent points of that is to say, eontaiiuul in no ^ 
of or equivalently contained in a unique 6" of G". We associates with cr^' 
a set o-J* , known as an Euclidean p-mnpleXy and (^omposCKl of tlu^ poinlrs of 
S” given by: 

(6.10) X == li'ai , 0 < ^" < 1, X Z/" = Ij V> 0; ii* == rtd, V — 0. 

The 2 /" are the harycentric coordinates of x. To the facc^ o-' = a** • • * a/ of 
there corresponds the Ksot of points obtained by replacing above 0 < / hy 0 == 
for k ^ i, •»• , j. It is the associated witli <r' and is known as a face of o**. 
We transfer to o-f and all its faces the terminology and concepts introduced 
for 0 -^ and thus we have notably the incidences, and incidence numbers of (5). 

(6.11) (Te is a p-cell] its boundary S3<rf is a topological (p l)-*8phere and 
d'f is a closed p-celL 
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Lc4 CS'^' 1)0 tbo s])iioo of cr? (i.c., ilio ID crj!). It is an imm(‘diaic consequence 
of ((>, 10 ) that: (a) crl! is convex; (h) if .1 € al! , any ray AL issued from *1 iu(S^’ 
iiii(‘rseets in a s(^p;m(^nt /1/i, B 9 ^ A, B € . Now o-f is (contained in some 

[yai’allelotope P of ( 5 " . Siucc^ is thus a closi'd subset of the eompactum P 
it is likc^wisc a (^oinpactum. Hen(‘(' A 4 c/(A, iVi’) > p > 0 (I, 45,2) 

and th(H*efore 0(/l., p) n C al' . Thus *1 is an interior point of crj* in and 
so <rj' is a e.onv(»x rep;ion of (S'*. H(*uco (h.ll) is a e{)ns(‘queuce of (I, 12 . 9 ). 

(9.12) L(d. now /v = jerj Ix^ a eountahh^ locally finite siinplicial complex 
whose vertuuis {(u] are ])()iuts of an CS"' and such tliat: 

(a) tlu^ verth^es of any € K luv independent and therefore determine an 
Fiiudideau simplex al! of (S"; 

(b) (T 9 ^ cr' ^ cTc n o’! = 0 ; 

(c) if (picr) is the union of all the* er' 4 St o-,., then <p(ir«) n <r,. = 0. 

If w(^ transfer to {or,.) the dimi'iisions, incidences a face of,” and incidence 
mim])ers pnwailini*; in /v, it Imh’ouk's a complex Kc = /v, known as an Euclidean 
complex, W(» also spc'ak of K,, as an Euclidean. vvalizaUon of /v, of K as an 
antccvdvnl of Kc . 

It follows from the definition of AT,, that every x e (x^e Kc satisfies a relation 

= v'lU , £ 2 /‘ = 1. 

when' if .r e o-,,, luid cr,: luis tlu* vi-rUci's aj, •••,«*, i.lu'ii , )/' ^ 0 , and 

all th(‘ otluu' //' are z<m’o. The //' art* tlit* hanjccnlric coorditialcH of .r and are 
unitiiiely d(*termin(*d by the point. 

(9,18) Kc /s a polyhedral complex. 

bet. \)o th(‘ t/-sectioii of K. Sin(‘(* (9.18) is trivial for /vj! we may assume 
it for Kc ^ and jirovt^ it for Kl! . At all (UTiits all tlu* rtHpiisitt* conditions 
(‘xct'pt thost' referring- to Mk^ incid('nc(* numb(*rs arc fulfilled. Thus wo merely 
luiv(* to show that a(hnissibl(‘ in(*idence numbers of K are suitalile for Kc as 
a polyhe<lral (‘omplex. 

b(‘t th<^ v(U’t.ic(^s (a,} he* rang(xl in som<^ fix(‘d order and let <r^\ crl' hav(^ the 
common v(U’(ri(uvs , • * • , , /» < • • • < . U& is the spacer of we agree 
to <'hoosi' as its basic c.oordinaU' systtnn |;ri, • •• , Xp] a system with origin 
at and siudi that rtf,,, h > 0 , has the (loordinates 8] (Kron(».ckor dedtas). 
bet- cr^' \ cfc '^ be the faces of cr, crj' with the vertices rtf„ , • • • , , *»• , 

<iij, and let the incidon(j (5 numixa-s in K be defined by taking the vertices in the 
iu<u‘c»using ordcu' of the sul.)scripts and in accordance with (5.7). Then 

:= « Wf:crr% 

Therefore (9.13) is proved. 

(9,14) Polyhedral complexes in the Hilbert parallololope» Lot P" be referred 
to the coordinates {oji , 0 ^ 2 , ’ * • |, () ^ ^ 1/n. Consider a real vector space 35 

ilefined as follows: its elements are all the ordered countable sets of real numbers 
2 / - { 2/13 11/2 ,•••}; if a is real thou ay = \ayn ]; if J/' = Wn] then y + 2 /' « 
{Vn + 2 /n}* We may identify P" with a subset of a real variety L in 35, where 
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L is so chosen that it contains no proper linear subvariety ZD If w(‘ inter¬ 
pret everywliere an S'* as being a set n where L' is a linear /Mliniensioiuil 
variety contained in L, then all the preceding considerations an^ apj)lic*abl(\ 
We will thus obtain polyhedral complexes. Euclidean simplexos and (^<)inplex(*s 
in P" which have exactly the same properties as before. 

(6.15) If Ke == [o-c} then in accordance with (6.1) the set Ua-« is dc^signaU^d 
by \ Ke\» Similarly if Le is a closed subcomplex of Ke thou tlu^ union of tlu^ 
(Te e Ke Le is Written \ Ke — Le\- 

§2. HOMOLOGY THEORY OF FINITE COMPLEXES 
(a) Genebalities 

7. The group-theoretic role of the algebraic structure imposed upon a complex 
receives its full significance through the medium of the chain-groups and (^ort.ain 
associated subgroups and factor-groups. The groups related to finih^ c.<)n\l)lcxes 
are to be investigated first and to the full. They will serve as a fini(lam<uital 
pattern for all later developments. 

(7.1) Let then X = ja;} be a finite complex, and G an additive group. In 
the terminology of (IT, 8) we use {.r?) as a base to form the '/M^hains ovrr (r\ 
or chains 

These are all finite since X is finite, and their group P{Gxi) is dc^uotcnl by 
S^(X, G). Instead of is a chain of we will also say moni simply 
is contained in X” written d X, 

(7.2) If there are no p-elements it is convenient to introdiicci formally a 
group S^(X, G) consisting solely of zero. 

(7.3) The set of all the rrf appearing in with a coefficient g^ 0 tog(dh(n* 
wdth all their faces is a closed subcomplex of X denoted by | (7 |. 

(7.4) Instead of “chain over 3f, 3’w ? over the rational group,” wo will 
say “integral, mod m, mod 1, rational chain” and similarly later for relate<l 
entities (cycles, homology groups, etc.), the meaning being clear from the 
context. 

(7.5) Notice that in dealing with finite complexes the groups of chains arising 
out of P"* may be considered as merely those arising out of P own* a dis(n*(ite 
G, and the distinction between the two possible types of chains of (11, 8) dis¬ 
appears. 

(7.6) When G is a discrete field the chain-groups over G and the related 
groups introduced below will all be vector spaces over G and will conform with 
the basic convention (II, 22.2) for such spaces. That the homomorphisms and 
multiplications which will arise are always linear will generally be obvious. 

8. The ohaiTirboundary, or merely boundary of is the (p—l)-cham 

(8.1) FC^= 
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The boundary operator F in thus defined siinultaneou.sly for all groups G ^vhal- 
ever. Wlu^n = 0 , C is said to bo a p-cyalc of X over G. Notice that IV 
is a chain of C-l .v*\ and honc(^ ¥(f is a chain of Cl | |. Identifying for con- 

V(mienct^ .rf with tJie integral 5 i;-chain l.^rf , F defines Uic integral boundary 
of as 

( 8 . 2 ) 

i 

yin(‘e (he f.rf :.rf”'‘J iiiv integers, the finite sum j/l-rfis an element of 
0 so Vef’ is an i^l(nn(*nt of We notice that wlu^n .rf has no (j; —l)-faces, 

F.rf == 0 for ev(M*y (/. In particular if q is the low(\s(, dimension of all the ele¬ 
ments of X we hav(‘ F.r'/ = 0 and lienee = 0 what/over all the chains 
of th('- lowest dimension arc^ (iy(d(\s. This is notr an exception as it corresponds 
nuM’cdy to the fact that = 0. 

According to (11,8.4) thc' operalion V determiners a homomorphism iSf ■-> 

4410 transformc'd group ' ^ is known as thc^ group of the hounding p- 

rhoins over (L The homomoriihism K: (i£^' —> lias a kerned .3^ in iSf whose 

( 4 (MU(‘nts an'; the p-cy(4(»s oven* fr, and is known as Ihv group of the p-eijdcs 
over G, If there are no p-edements them as in (7.2) we define formally = 

S'' = 0 . 

(8.3) As a cons(*(iuen(H‘ of Kd (K4' of 1 in fact sincu^ X is finite^ we have 
VFC = 0 whatever and whatever G, This redation is genc'rally (expressed 
in the opcn’ator form 

( 8 . 3 a) FF = 0 . 

In fact condition K l' is st rictly eiiuivalent to (8.3a) for (r = and it is at. least 
as frcnpicmtly c'xpnrssed in this form. Our formulat.ion off(n*ed the formal 
advantage of Ixdng wholly divc^sted of any c.omuxdion wit-h the (diain-grouj)s. 

(8.4) It. is a conscxiuence of (8.3) that 5^-^' is a subgroup not merely of & 

but actually of ,3^** words: every boundary is a cycle. For O = this 

is mcn’ely anotluu* formulation of K4'. 

9. Kince.3" = F Wji-i, where o)q is the z(u*o of .3" u (dosed subgrou]) of 
iS!\ Since 3'’ is (dos(‘d S'' C 3''- Thus §•", which is also a suligroup (II, 3.2), 
is ac'.tually a cdoscxl subgroup of 3^- In ac.cordan(uj with (II, 5) wc may thcire- 
fore introduce th(j factor-group; 

(9.1) mx, G) - 3''(A^ GWiX, (?). 

It is known as the plk homology group of X over G, and its elements as the pih 
hmiology classes of X over Cr. If e 0^, we then write with Poincar 6 

the homology: 

( 9 . 2 ) ^ D\ 

It is hardly necessary to point out that the homologies (9.2) combine like 
linear equations with integral coeflBicients, i.e., like arithmetical congruences. 



100 


COMPLEXES 


[HI] 

Tho homology groups have various important characteristic miml)ei’,s, u<)tal)ly 
tlioir rank. The I’ank 7?^' of tho pih integral homology group is known as the 
pth Belli number of the complex. Tljo calculation of those numhors will he 
illustrated in some of tho examples. 

(9.3) The reader will have no difficulty in proving also 

(9.4) 0)m\x, G) IS G). 

However, while of some interest, (i).4) rarely occurs in the applications. 

10. Complementary remarks. 

(10.1) Reorientation convention for chains. Wo shall agree that if X is 
reoriented by the orientation function a{x)^ the element gx^ of is to Ix' r('- 
idaced by 0L{x^)gx^, In other words the chain-groups arc to undei*go a simul¬ 
taneous automorphism a tluit may be described as: 

olI x-^ a{x) X, 

Referring to (8.1) we find that aF ^ Fa (a commutes with F). ft follows that 
if) 3^ are unchanged by a, and honce the same holds regarding In other, 
words our convention merely introduces isomorphisms of all tlu^ gr(>ui)s (5 

g, 3, 

(10.2) Influence of isomorphmns upon the different groups. An is()m<)ri)hism 
X induces likewise isomorphisms of the groups ^{X, G), * • • , Sf{X^ f/), 
with the correspondiiig groups of A^'. A weak isomorphism A" —> A' raising 
dimensions n units induces isomorifinsms of tho groups (S^(X, 6'), • • • , with tlu^ 
groups (£^'’“”(A'^, G), - • . A similar remark applies to all the groups of com¬ 
plexes introduced later and will not be repeated. 

(10.3) Separation of dintc.mitma, While wo arc separating dimonsiouH throughout., tliis 

is not absolutely necossary. Wo oould liavo dotinoil ii cliain over G as any (‘xprosHioiis 
O = g*Xi i with rosull-ing groups (S, , ."p rolatod as boforo. Evidontlv tS = 

However, tho more int(U’(‘Hling parts of tho tlioory of comploxos arise prooisi^Iy 
from tho comparison of cor lain dinumsions, and so tho scheme wliich wo are following is 
prnforablo. 

(10.4) SimpUcial annplexcs ami Ihdr duals. Lot the notations bo as in (6), 

notably as in (5.9) regarding tho dual. If C" = is a, oliain of K, then 

A(?‘ denotes the chain X) (l<(d<r,-), wlun'O if either Aaf is not a simplex of K, 
or A is a vertex of a* then the term g{(A<r{) is to b(3 set ccpial to zero. A similar 
convention is adopted for K* and its ehains. 

It is convenient to have the explicit expression of Fo-", Fcr*. under both selKunes 
(5.2, 5.7): 

(a) under the scheme (5.2) 

Ao • ■ • Ap “ X: (""!) Ao '' * Ag».i Ag.^1 • • ■ Ap, p ^ Oj 

(b) under the scheme (6.7) ([(rA:<r] == 1): 

FAo • •' Ap = X (""!)* * Ao ' ’ ‘ Aj-i Aj+x • ■ • Ap, p > 0; 
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|S| 

(c) und(!i‘ 1jo1.1i .schoinos tV” = 0. 

Iiv K*, wo liavo if 70 = thou: 

(cl) uudor the* .soheme (5.2): 

r<r„ = yo(Tp ; FCp = yoCp ; 

(o) imdoi- the .scheme (5.7): 

I'o'p = ffpyn; FCp = Cpyo. 

W 0 verify direcdly I'Vu = 0 , so 711 i.s u zero-cycle of K*. This zero-cycle plays 
tlu' role of a Ijouudary operator for K*: multiplied to the left under (d), and 
to the ri{!;ht under (c). 

'The usual scheme Is (d), and .so 71 , will generally act as a left multiplier. 
(10.5) Boumlm-y rclaliom in polyhedral co7nplexes. Let 11 = {E\ be a polyhe¬ 
dral complex and lot E" « JI have as its (a — l)-faces [E1~''}. Then 
= e' = d=l (ti.-l), and so: 

FA”' = e*AJr‘. 

Tlus'cfore: 

tlO.O) Ercry (n — l)-/acc of E'‘ appears in FA?" toilh a coefficient d= 1 . 

Since E" is a hounded rc'gion in an IS", 5bA?", n > 0 , cannot be contained in 
a linite set of (S'’’s, p < n — 1 . Therefore E" has at least one (a—l)-face 
and hence: 

(10.7) E", n > 0, is not a cycle. 

In II we have in more general form: 

(10.8) FA;r = r,i{n - l)Er', 

where ijjin — 1) = ±1 if Ej"' is a face of /?," , and rii(n — 1) = 0 otlm-wiso. 
§ 8 . IIOAfOLOClY THUORY OF FINITE COMPLEXES 

(b) InTEGUAU GllOUl’S 

11 . Further progress is contingent upon a full investigation of the integral 
groups. They are assumed taken with discrete topology and it is to the.se 
that th(> .symbols IS, ,B, 55, shall rc'fer in the present section. 

Since &' is a fnte group on a finite* number of generators, we shall naturally 
utilize* properties of such groups a.s given in (II, § 2 ). 

S(‘t for convenience [a’?= vi(p)) and denote by v(p) the matrix of 
thes(* numbers, or pth incidence, matrix of X. The group S” of the p-cyclcs 
is the subgrouj) of the elements y’’ — g'xf of (S” which satisfy the relations 
F 7 "« 0 or 

( 11 . 1 ) gWiip - 1 ) = 0 . 

Since 5” is a subgroup of a free group of finite rank it is itself a free group of 
finite rank (II, 10.1). Since the topology is discrete 0” = The latter is 
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the group generated by the elements = ViCp)^f • The group ip” is 

the factor-groiip of 3'’ by jJ'’ and so it is isomorphic with the group of the ele¬ 
ments g'xi such that (11.1) holds and with the relations 

( 11 . 2 ) vi{p)tcf = 0 . 

Thus is a group on a finite number of generators and so from the basic re¬ 
duction theorem for such groups (II, 12.8) we conclude; 

(11.3) Theorem. The plh integral homology group of a finite complex X 
satisfies a relation: 

(11.4) ^ X Ps:? 

where: (a) S'” is a free group on a number of generators equal to the pth Belli number 
R’'(X); (b) ibc are cyclic groups infinite number whose orders ti arc finite 
and such that tf divides tf+i. 

The ti are the pth torsion coefjtcienis of X and 93" its pth Betti group. From 
the reduction theorem we have also the complementary result: 

(11.5) The torsion cocfiicicnts ti are the invariant factors greater than 1 of 
the incidence matrix n{p). 

The group = PT? is also known as the pth torsion group of X and we have: 

(11.6) is isomorphic with the product of the pth Betti group ami the. plh torsion 
group. 

12. Pursuing our investigation wo shall obtain a simiiltaiK'ous rediielion 
of the chain-groups to a form clearly exhibiting their mutual relations. 

The group S" of the integral p-chains is a free group on the .r" with liu! 
subgroups S", where JJ" C .B". By (II, 12.0) a base may Ixi chosen for 
(£" consisting of elements A? , such that certain multiph's .s.A" make up 
a base for ,3”. 

Now ty" = /g'.rf is a cycle when and only when the tg^ satisfy (11.1). Put 
in that case the g' themselves satisfy also those relations and so y" is likewise! 
a cycle. In other words, ty^ e 3*’ «3”; Applying this to the A f W(i tle(huin 

that Af 6 3", which can only be if the s' are unity. Thus: 

(12.1) A base {A< , B? ) may bo chosen for (S" ,wc/t Uiat {A" | is a base, for 
the group 3" of the integral p-cycles. 

Regarding the Bf no element based on them is a cycle, i.e., no g'B? 6 3". 
unless every = 0. 

The same reduction may be carried out for all dimonsioas. Since the Af " 
are cycles, FAf"^^ = 0 and so g" has for generator the cluvins FBf which 
are in fact p-cycles (8). Again by (II, 12,6) a base may be chosen for 3" 
consisting of cycles A?, cf such that certain multiples rfA<'’ form a base for 
g". Fui-thermore rf divides rf+i throughout. 

Notice that the replacement of the Af by the Af", cf as free generators of 
(Sf, is a change of base in S" whicli leaves tlie Bf undistobed. 
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Sinco == it is isomorphic with the group on the generators Ai^, 

rf with the relations: 

(12.2) - 0. 

\V(‘ now divide tlu^ into two sets. The first will consist of the elements, 
d(*noted by af , such that the corresponding rf = 1, the second of those, denoted 
by bf , siK^h that the corresponding rf , henceforth written if are greater than 1. 
Tlu^ notations are so chosen that if divides tf+i . The group is now iso- 
inoi‘])hic with the gi-oup on tlu* generators af , hf , cf with the relations: 

(12.3a) af = 0, 

(12.3b) ifhf = 0. 

Mvith'iit.ly the af may be suj)press(‘d among the generators so that is in fact 
isomor])hic Avith the group on the hf , cf with the relations (12.3b). Wo have 
th('ii 

12.4) .S?)" ^ PQcf) X F(^ntf)bf). 

By comparing with (11.4) we have then: 

(12.5) iV’ ^ P(0rf), I" = PXf ^ P&Htf)bf). 

Tlu'cefori*: (a) the rank 7?^’ of 3.V', or oT is tlu' uumb(*r of cf ; (b) Ihe if arc 
th(' ord(‘rs of the ^f , i.('., tlaw are tli(‘ /^th torsion (H)cfhcients of .Y, 

13. Sin(‘e {«f , libf] an' frcH' generators for ])y (If, 12.3) thew must be 
H'diicible to the set of free generators hy a uniinodular transformation. 

41iat is i.o sn,y there exist relations: 

ifbf - - F(x;‘Br') 

af - = F(MJ/?r') 

with a unimodular matrix 

llxtl 


It follows that if wo sot 

tlio (/? ", (I? " nuiy x-eplaco tlu' tVcni iu the set of freo Rcncrators 

/if "} foi' Notice that thia .substitution does not affect {^4.?'^’) = 

\nr\hr\cr^\. 

14. Let us suppose now that the diinonsions in X run from q to r. We reduce 
tile baso.s for (S*, • • • in succe.Hsion as follows: 

Group S*. Here (5®“' = 0 so (S® = .B** The first reduction yields the ba.se 
{.4®! and the .second the base {a?, , c<}. There are no d?, e®. 
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Growp E®"''*. The first reduction jdelds tlie base and the second 

, 6?+', The o?, 5? detennine the , d't'- and as already 

observed the choice of these in place of the as generators is tantamount 
to a change of base for We thus have a third reduction to a final base 

, • • • , e?+‘} for 

Group E?". The same reduction may be applied step by step for p = j + 1 
• • • , r. We have thus proved the 

(14.1) Theorem. T/ie hoses for the integral chain-groups of a finite complex 
may he choseti to consist for each dimension p of Jwe sets of elements of , • • • , cf 
with the boundary relations: 

Fef= of , Fof = 0, 

Fdf+' = iftf , F6f = 0, 

(14.2) Fcf = 0, 

Fdf = tr^hr\ 

Fcf = of\ 

The number of cf is the pth Belli number 22'’, and the t’s are the torsion coefficients. 

The bases in the reduced form described in the theorem are said to be canonical. 
16. There remains the explicit calculation of the R”. Let «” denote as before 
the number of elements a:f , and let p'' be the rank of the incidence matrix »>(p). 

Since .3^ is the subgroup of the elements g‘xf for which (11.1) holds, its rank 
is o'* — p'^S Since = the factor-group of S’" by the .subgroup of the ehv 
ments which satisfy the relations (11.2), its rank is </ — p'’"^ — p’’, or 

(16.1) 22" = a" - p""* - p". 

Since riip) exists only for ? ^ p ^ r — 1, to make (15.1) hold formally for all 
dimensions we define p” = 0, for « < g or s > r — 1. Thus (15.1) provich's an 
explicit expression for the Betti numbers in terms of the incidence matrices. 

If we multiply both sides in (15.1) by ( — 1)” and add there como,s the olassicial 
Euler-Poincar6 relation for linite complexes: 

(15.2) ^’Ei-iyR”. 

The common value x{X) of these two sums is kuoAvn as the Euler chwactcrislic 
of X. The relation (16.2) is often convenient for computing Betti munbeu's, 
notably when the range of the dimensions in X is small. 

(15.3) The PoincarS polynomial. We ixnderstand thereby the polynomial 

(15.4) p{t, X )« 2 

whose coefficients are the Betti numbers of X. Under certain circumstances 
(formation of the product, IV) tliis polynomial obeys very convenient formal 
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rules. Moreover it may be used to advantage in describing the Betti numbers 
of certain simple complexes. Thus for the boundary of the (n + l)-simplex 
we shall find later (22.4) that in substance P(t, X) = 1 + i”. 


§4. HOMOI^OGY THEORY OF FINITE COMPLEXES 


(c) Arbitrary groups op cobppicibnts 

16. Let again G be an arbitrary topological group and let this time S, .8> 
refer to the groups over G. Following Stcenrod [a] we shall give a complete 
analysis of those groups. 

By definition (IT, 8) 

S" = PiGxf). 

Let us designate temporarily by kJ’’ the elements of ,•••, cf of (14.1), where 
we have a relation 

(16.1) Xi" - Xi(p).rf , X(p) = II Xj(p) II unimodular. 


Consider now the group 


Referring to (II, 8.1): 


(S"' = P(Gxi'’). 

gVc'’-^g’xi(p)xr 


deliiu'.s a h()m<imorphi.sm t: (S"" (S". Since X(p) is unimodular, it has an 

inver.se 

p(p) = X"'(p) = II Mi(p) II, 

and so 

g’xF-*gU(p)4'’ 

defines a homomorphi.sm 0: (S^ —> It is an elementary matter to verify 

tO = 1, Ot = 1; hene<i r, 0 are iHomorphism.s (II, 4.5), and consequently 
iS/' s 

From the result just oblaincd we infer that wo may represent every element 
(/'' € fS." in the form: 

(16.2) €'• = i7%! + iM + z’cf + 
where, the coelhcnents eO. From (14.2) follows now: 

(16.3) FC^ = 

Hence (f is a cycle when and only when »* = 0 and = 0 (k unsummed). 
Therefore in the group symbolism of the introduction to the present chapter: 

.3^'» PiGaf) X Pm) X PiGcf) X pmr^m> 


(16.4) 
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On the other hand g*' is the set of all chains 

(10.5) + 

Since y'tf {i unsummed) is merely any element of G{ti) wc have: 

(16.6) r = P(GflO X P((?(/n6?). 

The topology of the factor Oak is governed by that of G and the isomoridiism 
Gan = 0. The topology of G(ti)bi is its relative topology as a subgroup of 
Gbj ^ 0. Therefore S’" is obtained by merely replacing (7(<.?)f)? by its clo.sure 
G{ti)bi as a subgroup of Gbf , and this is the same as G(tf)bi (closure in G). 
With this meaning of the symbols clearly before us we have then 

(16.7) r = P(Gan X 

If wo combine with (16.4) and recall that § = S/^'i we have: 

(16.8) mx, G) ^ P(((?/GW))6?) X P(Ocf) X P((?[<r‘K), 
or finally in equivalent form: 

(1G.9) mx, G) = X P(GcJ) X P(G[ir^K). 

Wo have thus obtained a basic decomposition of the hoinolop;y j>;r()ups ovc'r any 
coefficient group (?, 

Some simple conclusions may immediately be drawn from reflations just 
obtained notably: 

(IG.IO) If there are no torsion coefficients for the dimension p Him a p-curlc 0 
is a bounding cycle. Hence if there are no torsion corjficienls and 

**bounding^^ are equivalent, (Sec 9.) 

For the second product at the right in (16.G) is then absent, lientHf 5^' = 
which is (IG.IO). 

(16.11) If there are no torsion coefficients for the dimensions p and p — 1 the 
pth homology group over G reduces to the ''Belli” part PiGcf), Hence if there, 
are no torsion coefficients all the homology groups reduce to their Betti parts, 

(16.12) If in X: p ^ dim x ^ q then: (a) no q-cycle ^0 unless it is zero; (1>) 
every p-chain is a cycle. 

Noteworthy special case: In a simplicial complex or in a polyhedral eonepleXy 
every zero-chain is a zero-cycle. 

Since there arc no {q + l)-chains different from 0, wo havci G) = 0 

which is (a). Owing to the absence of (p - l)-chains diffcrc^nt from 0 wc^ luivc 
FC^ = 0 whatever and this is (b). 

17. Some noteworthy coeflSicient-groups, 

(17.1) Division-closure groxips. For those groups the G{m) arc all closcul (TT, 
20.9) and so from (16.7): 

(17.2) When G is a division-closure group, and heme: (a) 

"bounding;” (b) (Steenrod [a]). 

Noteworthy special cases: G is compact or discrete^ 
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(17.3) G Is a discrcle field. The p;roiipa G), • • ‘ G) are then 

(iiiitc^-diiiK^nsional vector sptKios over G and hence discrete (II, 25.G). The 
dimension !V*(X, G) of G) is known as tlie pth Betti number over G. Let tt 

1)(^ the ehanict(‘risti(‘- of G, It will recalled that tt is such that Trg = 0 for 
every g € G, and is a i)rinie luiiulxn* or zero. Among the special fields of char- 
aeteristi(j tt > 0 is found , the field of the n^sidues mod tt, and it is a vsubfield 
of (^v(M*y field G of charactei*isti(^ tt. The corresponding chains, • * • arc known 
as chainsj • ■ • , jnod tt and the associaUnl groups and Betti numbers arc written 
'tt), • ■ • , R^\X, tt). We shall show in substance that for most purposes 
may replac (3 G. 

Wo will make use of (II, 36). In the notations then^ utilized and since 3*- 
is a siibfield of G we recognize immediately that iS'iXy G) = G(S^(X, tt). Fur¬ 
thermore ^\Xj tt) is deliued by means of PYF = 0, where the coefficients of FC^ 
are reduced mod tt. The group j G) is defined l)y the sanu^ relation save 
that the values for the chains oven* G hyo obtained by linear extension from 
the values for the chains mod t. Both the groups 5^'(-V, 0) and y’(-V, tt) are 
si)ann(‘d by the chains taken mod tt (i.e., with coefficients reduced mod r). 

We have tli('.refoi*e th{‘ exact situation of (11,30.8). By that- result then .sy(A', G) 
is isomorphic, with tin* vcMior spact‘ ov('r (} spanned by tt), and G), 

&\X, tt) have the sami‘ dinuaision, or 

(l7.-i) RX\\G) = If{X,ir). 

Wo have obtained (17.4) without utilizing the reduction (16.9). We may 
also iis(^ th<‘ latt.(M* for th(‘ sanu* purpo.sc', and it will lead to an exj)r('ssioii for 
tt) in terms of the integral B(‘tti numbers and torsion (U)effici(uit.s. 

Ih'ferring to (10.9), (r) is ecpial to tlu' nuinlxa* of products (‘lT(»ctiv(‘ly 

pres(‘nt at tlu^ i-ight: 

(a) Wlum TT does not divide /f , G(/.f) = G, and the corresponding U'rm is 
absent. Whcai tt divid(^s /f , Gf/f) = 0 and th(M*e is a term Gbf . Huu-efore the 
first pr(jdu(d. at th<', right in (J0.9) (consists of isomorphs of G, wliere 0 ? is the 
numbin' of /f with tt as a ijriini' faidor. 

(1)) The second prodxud in (16.9) consists of W isomorphs of G. 

(c) When tt divides G\tir^] ^ G, otherwise it is zero. Therefore the 
third ])roduct in (10.9) consists of isomorphs of G. 

Thus ^f{X, G) is the product of W + + 0 ? isomorphs of G. Hence 

(17.6) R\X, G) - + OV + . 

Since this value depends only on tt, (17.4) follows. We write explicitly 

(17.6) Rf{X, ir) « R^' + . 

The case tt = 0 , i.e., G of characteristic zero, is not exceptional. The field 3,. 
is then to be replaced by the rational field The corresponding chains, • - • , 
are said to be rational. We verify directly that in (16.9) the second product 
alone remains, thus yielding for G of characteristic zero: 
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(17.7) R^(X, G) = R^{X, dt) = R^(X). 

This shows that the integral Betti numbers themselves may also be delined as 
the dimensions of the homology groups over a field, namely the rational field 
or for that matter any field of characteristic zero. An incidental and frecpiently 
convenient result is that {of} is a base for the rational p-cycles with respect to 
homology. 

To sum up we have proved for finite complexes, a theorem wliieh will recur 
in a number of instances later, and is formulated for later refenuice in a more 
general form than immediately required: 

(17.8) Universal theorem for fields. The homology grouys over a field G 
of characteristic r are vector spaces over 0, mid their dimensions^ the Betti numbers 
over G, are equal to the corresponding Betti numbers mod tt. 

Complementary result. A maximal set of p-cycles mod tt independent with 
respect to homology is likewise a maximal independent set for any field of charac¬ 
teristic TT. 

These propeidies hold likewise for tt = 0, the cycles mod tt, and their Betti numbers 
being then the rational cycles and Betti numbers. 

Complements {for finite complexes only): (a) The Betti numbers arc all finite^ 
and the rational Betti numbers are the numbers W {integral Betti numbers) pre¬ 
viously defined, (b) The EuUr-Poincar6 formula holds for all fields G: 

(17.9) 2] {-lyRXx, (?) = E (-i)V. 

(Immediate consequence of (16.2) and (17.6).) 

Hialnrical mte. Tlio spcciiil tlieory mod 2 played an important role in (iurlicr (opoloRy, 
as a i-eforenoe to Veblcii [V] will allow. 

(17.10) (? = ip, Oie grotip of Uie reals mod 1. This time 'iP(H0 == 'P, lu'iice 
ip*(m) = 0. Therefore 

(17.11) sp) s p(^cn X Pmtr'M). 

The first term i.s a toroidal group, which i.s the direct product of ir isomorphs 
of Since iP[/4~‘] =3*(<*'**)» (11,20.14) the .second term in (17.11) ^ V '^(X). 
Therefore 


.^''(z,ip) s P(^cf) X a:^\x). 

This proves: 

(17.12) The pth homology group of X mod 1 is ^ the product of an ly-dimen¬ 
sioned toroidal group by the (p — l)-diniensioml torsion group of X (which is a 
finite group). 
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18. Universal coeflScient-groups. A group Go is called a universal coefficient- 

group for A", whonevor given tlic full set (?o)} and an arbitrary 0 it is 

poHsibU^ to det,<'rnune in terms of the groups of this sot and of G all the groups 

G)}, 

When the iutx'gral liomology groups and G arc known, so are the Betti numbers 
and torsion (*o<diei(‘nts and hence also an isomorph of the product at the right 
in (10.9), and linally G) itself. Similarly, giv(ai all the homology groups 

mod 1 and llu* group w(^ learn from (17.11) the values of the numbers 72^, 
and also l.lu' '‘(A'), hene(' the torsion (coefficients. Consequently, we may 
again d(‘terniin(‘ i.h(* tca-ms in (10.9) and hciK^c the group>s over G. Therefore 

(18.1) 77/c groiipa 3', of the inlcgcrs and of the rrah mod 1 ai'e both universal 
(\H\fficivni-groups for finite complexes. 

(18.2) -‘1 n.a.s.c. for two finite complexes to have the same homology groups 
over every G is that they have the same integral homology groups, or else the same 
homology groups mod 1, ami so, in the last analysis, that they have the same Betti 
numbers and torsion coefficients. 

19. Th(‘ following pr()])erti(\s which are often usc^ful, are nnidy consccpienccs 
of th(‘ g(‘n(‘ral tlu'ory: 

(U).l) If X = UA,- , where the A\* are disjoint eomple.vcs, then: 

(19.2) .s>^’(A, G) - , G) (every G), 

(19.;i) r(A, G) = WXXi , G) (G a field). 

Th(' S(*(‘()nd r(‘lation follows from the lirst, so we incMvly prov(^ (19.2). Every 
chain C'* of X ov<’r G is of tlu^ form 

(19.-1) (f = £ . 

\vli(‘r(> ('i is a. cliain of A'j over (!. N. a. s. c. for (■" to l)c a cycle, or to l>e ~0> 
are, resj ice lively, Ibat every f”’ !)(' a eycle, or he ~'0. Krom this to (19.2) Ls 
lait a step. 

(19.5) // A''’" /.s llir (p H- l)-.wt:<«»t of X Ihvn for every r ^ p‘. 

(19.0) = K'>'{X''' \0) (every f?) 

(19.7) U.(X, a) = \ a) (G a field). 

For .)y(A', 0) depends solely on tlie clcunents of A'" '*. 

§5. APlMdCATlON TO HOMJO Hl’ECIAL COMPLEXES 

20. SimpUcial complexes. Lot7v= {o-} bo a finite simplicial complex. The 
vc'rt iees of K will be designated by A with possible supplementary indices. If 
<r'‘ = A(i • • ■ e K then (lO.-lac): 

IV = E (-l)''^o • • • ■■■A 

FA = 0. 


( 20 . 1 ) 

( 20 . 2 ) 


p >0; 
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In particular for p = 1 

(20.3) Fa = Ai - Ao. 

(20.4) Definition. If (f = g'Ai is a zero-chain then. Yh d' <if nuclion of 
known as the Kronecker Mex of Cf mid dejiotod by KI((/“). /1,s* we shall see later 
(28, 46) this mmiber is a special case of a more general numeHeal function leith 
the same designation. 


I 

I 

1 


We will'now prove a series of properties relating* coiinec.huliK^ss and tli(‘ z(m*(k 
cycles. They are so interlocked that they will have to bc^ ii)r()V(Ml nion^ or l<‘s.s 
together. The following notations will be used: 

{Xi} = the components of /v; 

[Aih] = the vertices of Ki ; however, the vertex An will bc' wi*i(.t.(‘n A, . 

(20.5) A 71. a. s. c.for two veidiccs A, A' to be in the same component is .1 ^ A'. 

(20.6) C® -- 0 Kl{(f) = 0. 

(20.7) Every zero-cyclc over any G satisfies a relation 


(20.7a) 

O'® ~ g'A i 

Moreover a relation 


(20.7b) 

g''Ai ~ 0, 

implies that every g' = 0. 



(20.8) For every group G\ 


G) ^ P((?A0. 


In particular when (? = 3, the group of the integers, then 3) h immorpliir 
with the free group on the generaiora A.. This group has no vlcnwnls of jtnilo 
order and so there are no torsion coefficients for the dimension zero. 

^(20.9) The number of components of K is tlw zero-iHmensional lietli niinilier 
R (K, G), G any field. Hence R^{K, G) is indepondenl of G and it will hr drsio- 
nated by R\K). ' 

(20.10) If K is connected and A any vertex then every (f satisfies the rrlation: 

C“ ~ KI(C“)A. 


Therefore when K is connected C” 0 KT(C") = 0. 

(a) Suppose first G = 3. Let A, A' be any two vertioew of A',■. Hinot* A',- 
is a component there is a finite sot of elements of AT,-: ^-1 = ai, • • • , (r, - .-1 ' 
m which any two consecutive elements are incident (2.3). If a,-is not a vortex 
It contains a vertex Aj of ctm and a vertex A" of or,-+i, hence also 1,lu> one- 
simplex AjAj . It follow.s tliat in the sequence joining A. to A' we may replace. 
oj by the s^ of simplexe,s: Aj, (AjA ,-), Aj, and still have consecutive elements 
incident. Proceeding thus we will arrive at a set of the same type, and of form 

x-il’ »« if 

2 ^ (Tj en i A A ~ 0. This proves (20,5) as regards necessity. 
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If - 0 tind (7 = we luivo = Yig'al), honco K1(C”) = (y'KUFcri) = 0 
by (20.3). ’Thirt is (2(}.()) for \iu\ present situation. 

If is an ini('gral chain we have C” = XI ^ j • 

l^y ih(^ iu*e(*ssity part of (20.5) for G == v^’ we have -4^ A », hence &! 

(2 i = KI((■?)/! ,• from whi(‘h (20,7a) follows. Furth(n*moro this also proves 
(20.10) for integral chains. 

Siii)pose that (20.71)) holds with the g‘ integers and not all zero. Then 
g'A i == Ff’^ = V 23 , G] Cl Ki, Since chains in diffcaent components cannot 

cancel o\it we have F^d = g^A * {i unsummod). Hcik^o by (20,0) already proved 
for <7 = 3': KI(F(.1) = 0 = g\ This prov<‘s (20,7b) for G = 3. From this 
follows also th(' sufliciency i)roof of (20.5). For sui)pose A A' and yl, /I' in 
<lifforent (^onipoiumts say Ki , Kj , i 9 ^ j. Th(^ two vortices may then be chosen 
as Ai, *4 j and we would have At ^ yly whi(^h is ruled out. Therefore A, A' 
are in tlu* same’! component, and the proof of (20.5) is completed. 

It follows from (20.7) for G = 3 tliat »sy(A"» 3) isomorphic with the free 
group on th(‘ g(ni(*rators jAij and this is imn’cly another way of stating (20.8) 
for 0 = 3* ^l^lds is as much as may be obtained for G = 3* 

(b) i:iuppoiir noio that G is any group. We first notice that (20.9) is a cori- 
seciuencc of (20.8) and so reciuires no further consideration. For all but (20.8) 
the only jn’operty recpiired is that 0” “bounding” for the zero-cycles, 
and this follows from (10.10) and the fact that there are no (20.8 for G = 3)* 
Regarding (20.8), if w(' go baede to the derivation of (12.4) wc verify that, 
since then^ an* no /” , lr,-( is merely any set of zero-cycles such that (/C, 3) 
is isomorphic with the free group on the generators cl . Therefore we may 
choose {c‘’j = \Ai\, and so (20.8) follows from (16.11). This completes the 
proofs of all our propositions. 

21. Complexes with cyclic and acyclic properties. An important and simple 
property of many noh^worthy complexes is to have all the homology groups for 
certain dimensions vanishing or merely isomorphic with the coefficient-groups. 
Among these an* found, for example, simplexes and their boundaries. 

V 

(21.1) ] )ioPiNiTiONB. Tlw, complex X is said lo he cyclic [acyclic] in the dimen¬ 
sion p over U if .sY (X, (?) = (?[= 0]. Il is said io bo (?,•••, q)-cydic 
[to be (p, • • • , q)-acyclic, acyclic] over 0 if il is cyclic over 0 in lltc dimensions 
p, ••• ,q and acyclic over (r in i/ia oilier dimensions [acyclic over G in Ihe dimen- 
sions p, , q, in all dimenmns]. If X say, is cyclic in llie dimension p over 0 
for every G il u merely said to he “cyclic in the dimension p,” and similarly for 
tlw other propcrlm. 

As in similar instances when G ^ we will say “integrally acyclic,” 

“acyclic mod ?n” or “rationally acyclic,” and similarly for the other concepts. 
Wo have at once from (10.9): 

(21.2) A na.s.c.for a finite complex to be acyclic is that all the Betii numbers 
and torsion coefficients vanish. 



112 


COMPLEXES 


[III] 


(21.3) A n.a.s.c.Jor a finite complex to be (p, ■ • ■ , q)-cydic is that all the torsion 
coefficients vanish, that the Betti number R" = I for s = p, ■ ■ ■ , q ami 72" = 0 
otherwise. 

A convenient, result is: 

(21.4) //dim X = -w + 1 g 2, ami X is gero-eyelic and with a single (n + 1)- 
eleinent then its ■n-seetmi X" = X — .r"*"* is (0, nycyelie, unit all its n-ryeles 
are of the form gb", 3“ = Fx”’^*. 

By (19.5) it is only noeos.smy to show tliut A"' is cyclic iu tlu'. diimuisiou ii-, 
and this Avill follow if wc cun siiow that every rt-c.ycl(^ of A' Ls of Mu: form gS", 
S" = FxRoferiing (.o the canonical lm.sc.s (14), since thei-e is only one 
(n + l)-element x"’*'^ it is the siiiffh' on hand and there are no </" ''l''hei'e- 

fore at the right in (1G.{))„ only i.he lirst product is present aiul it is Gb". By 
(16.7) we find then g" (A, G) = g" (A', G) — OS”. Since A' is acyclic in tlie 
dimension n we must have ,3''(A, (f) = 5-"(A', G) = 05“. Hence ovary rr-cych' 
is a g5“, and (21.4) follows. 

(21.5) A closed rMnncried .simplicial eoinplex is cyclic in the dimension zero 
(20.10). 

22. The simplex, its closure and boundary. Let a-" be an w-siinple.x. Wo 
will consider the group.s of <r'‘, Cl o-’*, iScr". It is often convenient to call <r“ 
an open simplex, Cl a" a closed simple.r. 

(22.1) Groups of <t“. The simirlex ir“ its(>If is (trivially) re-cyclic. 

(22.2) Groups of CH a". Wc will slutw that it i.s zero-cyclic. Foi’ n = 0 
this is tlie same as (22.1) so we iussuine n > 0. If .1, A' arc any two vertices 
then AA' is a one-simplex of (11 c" anil so C!l tr“ is connected and hence cyclic 
in the dimension zero (21.5). Let now = Ac"”*, and (U cr" "’ = l<rf 
By (20.1): FAffp* = <r?"' - Al'Vf *, p > 1, and FAx) = <xl - A. Hence 

I'VU.'" ' = G" ' - AFC'"■"^ P > 1; 

Kir.'" = rr" _ i<i(r/’).A. 

Let now y”, p > 0, he a cycU' of (U a", and suppose first p > 1. We have 
t” = AC^^ -t- C", a"- ' andf."’ C (U <r“ '. Hence IV’ = - AFC"*"' + Ha” = 

0. Since the middle term alone c(ml.ains the vertex A we have F(l"' ‘ = (), 
QP-i _ —pf/r jjjij hence y‘‘ = ILtf.*'’. When p == 1 we obtain: Fy' = 
O' - KI(C'")A + Ff,.'* = 0, lienee ia(fl") = 0, (f = -FC'‘, and the con¬ 
clusion is again the siuue. 4'herefore y'' 0 for every p > 0 and so CU cr" is 

zero-cyclic. 

(22.4) Groups of SBo-". By (21.1) when n > 1, iiJer" is (0, re — l)-cyclic. 
Since SSc* consi.stB of two points A, Ji ii.s .sole homology group different from 0 
is the one for the dimension zero ami it is the product for any given O of two 
isomorphs of G. 

23. Dissection of a complex. Relative cycles. 

(23.1) Let Zi be a closed subcomplex of X and Xh = X — Xi its open comple¬ 
ment. The pair (A'o, Zi) in the order named will be referred to as a dissection 
of Z. Our present pmpose is to eoinparo the groups of the Xi with those of 


(22.3) 
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A" itself. W(' will denote by F; the boundary operator for Xi . If C is a chain 
of X we luiV(‘ r = Co + Cl , Tt C A',-, and we will call Ci ; the chain C reduced 
mod Xjij 9 ^ i)j or merely mod XjX If (p(C) is a function whose range 
and \'alues are chains of A', w(* have 

An + ^iin. ^iin ca^, 

and W(‘ will call iPi{C): th<» function ip UMluced mod Xj {j 9^ /). 

(23.2) Thr (jroupf< of Xi . If j' e Ah then ilU C Ah , and h('nc(‘ Ih = F | Ah . 
It follows thaX a cych* 7 ^' of Ah is also a (‘ych' of A' and that if Ch bounds in Xi 
it also bounds in Ah 

Sinc(‘ th<‘ c*l(‘m(‘uts of A'l ari^ among thos(‘ of A" w(^ have an injection 
(i^'(Ah , fO tS'hAh (f) in the s('nse of (11, S.O). We may consider this as a 
simultaiK'ous opca’aiion on all the (‘hain-groups of Ah into those of A", and 
d(‘not(' it Inhdly as Tj:Ah Ah as if it were an o])erati()n on Ah to A". This 
opcu’ation is (*all(‘d an injrclion of X\ into Ah Wc* notice* the obvious property: 

= tjE, . As a cons(‘(iiicn<'(‘ of this, tji maps, n'spectively, ,S^’(Ah , > n 

into .S^\Ah h’), Iv^'tAh (r), and since rj is continuous also Jv^’(Ah , 0) into J?^'(Ah G). 
H(*nc(' (II, o. l) 7] induces a liomomorphism f/: .sy(Ah , G) —> .sVYAh G). We will 
set , t/) = ivihAi , (r)j f;\V(Ai, (f) = (Ai , (r). 

(23.3) Since rj.ShAh , G) = .Sh A, , the group .^^f(Ah , G) = . 8 "(Ah , G)/ 
.S'hAh , (C n <V'<Ah (t) may lx* vi('W(xl as tlu* grou]) of ih(‘ eycles of Ah as 
In hnundimj in Ah Taking now int(‘gral chains it- will lx* seen that the con- 
sid(*rat-ions of il 2 , 13) an* still applicahh' wIkmi tin* y;-chaiiis an* r(\st,nctcd to 
Ah and tin* (y; 1 )-chains arc still chains of Ah Tiny will lead to a system 
(1 1 . 2 ) far Ihr parfiniiar (iininisinn- p (but not siinultamxxisly for all dinu'iisions), 
with the {p + l)-chains df cf chaiiJS of A' and the r(‘st ehains of Ah . The 
r(*(luctions and the oth(*r n‘sults of (H>), of (17) (all but 17.8b), and ol (18), 
follow atdomatically. 

(23.‘1) Thr gronps of X mod Ah . The important oi)eration is now the re¬ 
duction TT of t.lic chains of X mod Xi . That is to say, if (7 = Co + Ci, (7i C A,, 
thc*n rC fh . Sima* iS!\X, G) = t£^'(Ah , G) X tS'’(Ah , C), w is a {X)llec.tion of 
o])en homomon)hisms: (S^X-^h C) —ti^hAh , C), (If, 6.2). We call tt the pv;- 
jvclion of X info An and ch'iiolo it symb()li<'ally also as ttiA' —» Ah). We verify 
h(MH‘: ttFC - FoTrf' or ttF == Fott, and we couchuh^ as bt'.fore that t induces a 
e()lIe(d.ion of homoinorphisms 7 r:^y(Ah (f) *)y(Ah , C). This time a cycle 
7 ^' of Au is not a <'ycl(» of A Init nuM’cdy a eliain of Ah whose boundary is in Ah , 
and 7 ''0 in A« nutans that y‘ + <hain of Ah 0 in Ah For this reason 
is cnlltHl a rdativo n/cle or a qjek of X mod Ah , and t\m groups of Ah) are corres- 
spoudingly written Ah, C), • •• . The Uwm absolute (^ydo, is sometimes 

applit'd to tlu‘ eycl(‘s of A' itself. Ihius the eyel(‘S of Ah are absolui.e cycles, 
those* of Ah art^ ndative^ cycles. 

(23,5) W(^ will now make cen-tain identifications in accordamio with ( 11 , 
8 . 6 , • , 8.9). S'hAh, G) is identified with , G) in accordance 

with (II, 8 . 8 ) and thus becomes a closed sul.)group of (S^'(A, C). We will say 
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that two chains C", Cf e (S"(X, G) are co)igruetU mod Xi if they are (iougnuMit 
mod (F(Xi, G) in the sense of (II, 5.1). We will now identify all the chains 
congruent to a given chain mod Xi, first with their coset mod (S'’(.Vi, fr) (11, 
5.1), then with the representative of the cosot in (E''{Xo , G), tluis obtaining in 
partievdar the topological identification of iS."iX, 0)/^’'iXi , (?) with (£'’(.V(i, (?) 
(II, 8.9). AIL these idmiifications xdU he assumed throughout the sequel in all 
similar instances. 

Hereafter a chain mod Xi over 0 is then merely a chain given to witliin a 
chain of Xi over G. The identification of tlie chains causes the idcmtification 
of ^’’(Xo, (?) with the group of the cosets of ^"{X, G) mod (S'’(.Vi, G) c.ou- 
siatin g of the chains y" over G such tliat Fy' C Xi. Under our uhiiitifuiati on 
such a chain is also to be described henceforth as a cycle mod A'l an<l il. is 
known only to within a chain of Xi. 

Similarly g’'(Xo, (?) is identified henceforth with the group of tlie eo.s((is of 
the chains 5” of ^(X, G) mod r (Xi, (?) such that S" = FC“'+‘ + D'\ D“ C X,. 
The chain 6** is also to be described as a boundmg cycle mod Xi and is af>;ain only 
known to within a chain in Xi . For the same reasons 8 ^' ^ 0 mod A"i is now 
understood to mean that 8 ^ — Dp e , G), C Xi . 

(23.6) Remark. Wc have temporarily denoted by F* the boundary opera lor of -V,*. 
However if we return to our previous custom and designate by F the boundary operator of 
any complex whatever then we have riF = F17 , ttF = Ftt. Thus both rj and t eo!ninul.(‘ 
with F. The general class of tlie operations with this property will come strongly to the 
fore in the next chapter under the designation of “ehaiii-mapping” (IV, 0). 

24. Circuits. An absolute Yhcircuit or merely an n-circuit is an /i-(U)ni])l(»x 
X with the following properties: (a) T* = a;" is an 74-cyclc mod 2; (b) no 

proper closed subcomplex of X possesses .such a cycle, i.e., X is irrcdiunbh! with 
respect to (a). Property (b) implies in particular: X = | P” | (notatiou of 7.8). 

When X is simplicial (a) means that every a-'*"’ i.s the face of an ev(iu num¬ 
ber of O'”. 

(24.1) If an Vrcircuit X has integral n-cycles different from 0 then: (a) their 
group is infinite cyclic; (b) if D" is any integral n~cych different from 0, llwn | /?“ [ 
= X. 

Let D” — a'xt 5^ 0 be mi integral n-cycle. Wc sliow first that | D” \ — X. 
If the a* have a common factor p, Z>"* = (I/p)i)" is likewise an ^wsycle and a.s 
11)'“ I = I i?” 1 j I?'” may replace D”. Therefore wc may suppose the a‘ nda- 
tively prime and hence one of them, say a‘, to be odd. Lot 5* = 0, 1 according 
as a' is even or odd. Then b'xi is a cycle mod 2 tind hence b'Xi = 1’“, h* = 1. 
Therefore every element of £>“ is also an element of P" and hence |/>’‘ | = 

1 P” I = X. 

Suppose that there are integral rt-cyclcs differ-ent from 0. Their group .3'’(X) 
is free (11) and its dimension d > 0. If d > 1 a suitable combination H" of 
the base elements will lack some which contradicts | D" | = X. Therefore 
d = 1 and S^CX) is infinite cyclic. 
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ITiider the namo coudition?^ will havo a l)asc coiLsisting of a single A", 

called a battic a-c.yclo. The only other bawic a-c^yc^le is — A". 

(24.2) Tho ?i-cir(^uit is (tailed orimtahlc when it possesses integral n-cycles, 
lum’-orivniahle ofhtu’wise, 

A simple /i-circuit (soinotinu's called an n-pscudo-manifiM) is an n-circuit in 
which (may (a — l)-clein(nii is a face of precisely two ri-cleincaits. The simple 
a-circ.iiit may be oricmtablo or not. 

If is a (dosed s\il)complcx of A" and A" — Y is an a-circiiit, X is called a 
rclaiwe M-cireiiit, or an n-(urciiit mod Y, This may b(^ (combined with “ori- 
entability” or the “simpkwdrcuit” propeu’ty. In tlu^ ndativc circuits the 
n-cycles P", A" arc' cy(d(w of X mod Y. 

Let A" denote an a-circuit (absolute or ndative). From the definition wc 
infer that its atli homology grouj) v‘p“(Ar, 2 ) is (ycdic, i.e., consists of 0 and a 
single (dement P". Tlicm A" is orientable whenever its integral homology 
group $)"(A'') is cyclic^ non-oricntablc when ^3'‘(X) = 0 . When the circuit 
is relative, the homology groups are those of X mod Y. 

(2*1.3) Examples. n ^ 1, is an nbsoluUi oriontabli^ ?i-circint. Take a reotangJn 

ABCDj match A with C, H with />, AB with CD. 'riicrc results tho so-called Mobius strip. 
If = 2, the r(*siilting complex is a non-oricntable n-circuit mod {AD U BC). 

(24.4) Simplicial simple n-circuii. For these important eir( 5 uits the defining 
l)roperti(^s may be given a more elementary for*m in accordance with: 

(24.5) // K — L is simpliciaL, n.a.s.c.for K lo be a simple n-aircuU mod L are: 

(a) every simplex a e K L is a face of a a 

{f5) every cr"’ ^ is a face of two arid only two 

( 7 ) the set M of the arid <r” of K — L is connected. 

Noti(*.e that M is the complement of th('. (n — 2)-seclaon of K — L and so 
it is an ojxni Hul)Complex of K — L. 

When K — L is a simple /^-circuit both (ce) and {(i) hold by definition. As 
for ( 7 ) if i = 1 , 2 , • • • , r, are the (‘.ornporumts of M then P" = 2] » 

r" C Mi , and P? is an 71 -cycle mod (//, 2). Heneo, if K — L is an n-cinuiit 
wc must hav (5 7 ' = 1 , or ( 7 ) holds. (Jonvorsely, suppos(^ that (a), (jS), ( 7 ) hold. 
In view of (/?), X) ~ ^ 2) so property (a) holds. Supposes 

that a propea* closed sulx^omplex of K — L contained another such cycle P'". 
Owing to (qj), r'" must lack at least onc^ 7 Ksimplox say a-?. Let cr” be present 
in r'”. Since — L is connectc^d in view of (a) there is a scciucnce which 
under proper labelling may bcj put in the form erf , o-f as j * * • , cr? , where 
consccaitive terms are incident. Now owing to (fl), and since P'’*" is a cycle 
mod (L, 2), if aH is a face of P'”, so must al^Tx be, and hence likewise . 
Consequently ai must be a face of P'”, and this contradiction proves that 
P'” cannot (ixist, or property (b) holds also. Therefore K — Lis an 7 i-circuit, 
and in view of (/3) it is simple. This proves (24.5). 

(24.6) Example. The sphere ti > 0, is a simplicial, simple^ orientable 

n-circuil. 
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By (21 A, 22.2) if 7” = IIkmi : (a) 7” is an integral ri-cycle of a 9 ", lionec also a cyelo 

motl 2; (h) there are no other w-cyeles nuxl 2 dilTorent from 0. Sineo [ 7" | = iSf", the two 
basic circuit conditions (a, !>) are fulfilled. ]fc is an elementary matter to show that (‘very 
^n~i g jg the face of just two o-", and so aS" is a simplicial simple n-circuit. Si^(^e it (‘on- 
taiaa the integral a-cyede 7" it is oric'ntahlo. Thus has all the properties asserted 
in ( 24 .()). 


§0. DUALITY THMORY FOR FINITE COMPLEXES 

25. (25.1) Let A' = {.r?j l)(‘ti finite (a>mplcx iiud A"* — |u‘p} its dutil. Wt' 
shall compare the various groups of tlie two complexes. 

Since X* is a linitt^ coinph^x it has all the general properties of liiiito coin- 
plcxes. However, it is conveuit'nt to iidopt a terminology referring tlu^ rela¬ 
tions in X* back to X. A (— 2 ;)-chain or ( —p)-(^yclc of X* is called a p-rorhafn 
or p-cocyclc of X, and denoted by , 7 ;,. Their groups are writt-tni (A", f/), 
3 p(X, G), those of th(^ bounding cocyclos i5/j(X’, G). The ( —p)-dimensioiial 
liomology groups of A"* aix^ (*till(*d the p-dimcnsional cohomology groups of A", writ¬ 
ten v^p(X, G), and the eorresi)()iiding lietti iiumbt'rs and torsion coofFicicmts arc* 
written Rp{Xj tt), . For reasons of euphony we will sometimes say: dual 
Betti numbers, groups, etc. In sul)stan(H‘ then in the notations the dinu'nsion 
(—p) in X* is indicated by l.lu^ sul)S(U'i])t p. 

All the necessary modifications ar(‘ ol)vious enough, and need not be discuss(*d. 
Notice, for later reference, that tiu' basic boundary relations for the cochains are 

(25.2) ¥(jix], = S (/,[:4:4+il4+«- 

J 

The boundary of Gp is tlum ti CVh-i whose dimension is that of Cj, decreas<Ml by 
one. The “dimensional’^ Ixdiavior is t.lms tlie same as for chains. 

Referring to (23), and in t,lu' same notations, we may also introduce lunv 
types of absolute or ndativc^ (H)c.y<d(‘s. They imr. the ahsolntc cocyclvs of Xi\ 
and the cocyclcs of X mod A'o ((\yc-les of X'** mod A"?). 

(25.3) Let K be simplic.ial. The notal.ions being those of ( 10 . 4 ) wo will c.all 
To = X) fundanumlal zv.ro-vmydc of K (27.7a). The eobouiidary r(4ations 
are theiiFGp = To(/p , under tlu^ usual iiudidencx^ number sciiome (5.2), and FGp = 
CpTo, under the schemt^ of (5.7). This is a mere restaUuiient of (lO.ddc) 
in the “co-termiiiology.’’ 

2G. InsUmd of considering t,h(» “(!o4;li(M>ry^’ ns a tlu'ory of n dillnnuit cjolhxdion of t‘l»‘- 
monts from thos(! of .V, hoiik^ autliors ])r(4cr to view it ns n th(X)ry of the (dements of .V 
with < revcracMl. It is tlnni n(‘cesHnry to introduce, side by side witli F, n sexioud openitor 
F*, tlm cobotmdary oporntor, defined liy 

( 26 . 1 ) = X 

3 

which raiscis tli(! dimensions by one unit., instcnid of lowering them like .F. Thus Whitm^y 
procficds ill that manner and wriUts c), 5 for F, F”’. Tho openitor F* is a homomorphism 
(j/i ^ ^p+t similar propfu’ties to tljosci of F, tho cocyclcs are the chains of A” whose', 
cobuundary vanishes, etc. 

In the present work wc shall defmiiely consider the olcmenls of A* as distinct from those 
of X with the notations and terminology indicated in ( 25 ). 
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To juHtir.v our clioicu* \v(' may niitiiMpato ami considor cartesian proilucts of chains and 
cofhains as in i IV, §2). If we write down exjiiTssions suc5h as O' X O, O’ X Cq, we know 
l>y insp(‘etion ilu* rules for (^aleulaliuK appropriate boundary chains F(0' X O), 
I'’(rr X (\). the opiu-ator K beinp; th(‘ same throughout. However, if w(i adopted the 
alternate proe<Mlur(‘ with K, K'“, we slmuld have to wriU' all thes(^ expressions ('V x 
and choose each (iim* one of/o?o* possible o])(‘ratorH. Three factors would impose a choic(i 
betw(‘en oujht op<»rafors. 

It may b(* p<ant<‘d out also that <nir eonvcuition merely repn'sents adherence to thosi^ 
(‘mploytal for many years in i)roj(‘cliv<* geometry and related <l()ctrines, whendiy covarhtnl 
and nmlrarariiutl ehauents an* rejin^smited by distinct symbols. This is in keeping with 
the fact that they undergo disliiicl Iransformations. 

27. 11. is (‘vid<‘iit t.liat all l.h(» r<'sults of (§3) aro applicablo to A'*, i.o., to 
<*()(*luiins, , • • • hav(' ilio same meaning; for as a^\ ■ • • , for X, 

hivi(l(*ntly = (/, and from (25.1) follows that if is the ( — 7 >)th incidence 
matrix for tlum rj'^ip + 1) = (v(v)y (the prime means the transpose). 
Therefon' = p'' and the torsion coefficients /J, an^ the same* us the . 
Siuci* th(» suh.scri])ts are tlu' n(»gativ(‘s of the dimensions we obtain in place 
of (15.1) 

h*p — tvp — p;,.n — Pp = — p^' — = R^\ 

H(*nc(' X /,-11 , iS;, a.re abstractly the same as ijB". dliis proves the following 
tli(‘or(‘m whi(*h is Uu‘ analogiu* of l\)iiicar<?\s initial duality theonmi for mani¬ 
folds (V, 33.1) and as far as Ihd ti groui)s go, is the duality tlu'onMU of [L, 2S()I 
(duality tlu'onuu for psiuido-cycles): 

(27.1) Fikst DiiAiJTY TiiKouKM. Th(' pill HvtH and dual Betti (jroups arc 
morphic^ and lihririsr ilir pth lt>i\sion and (/; + I).s7 dual lor.sion and 

127.2) Bp = B/\ lUi - /■?. 

Wv. st.at(‘ also (‘xpli<*iMy th(‘ couv(‘nieut property; 

(27.3) I17n7/. X fa toman-fm’ so is A"* and the inlv[}ral pth Innuologij and 
rohomology (jroups are isoviorphir with one another as well as with (he pth Betti 
group of X. 

(27.‘,1) The Betti numbers and torsion coefficients of a Jinile complex determine 
all its homology and cohomology groups. 

L(d us deliru^ X us p-eoeyelic, • ► • whenever A"* is ( — 7 ;)-cyeli<^, • • - . Then 
W(‘ have by (21.3): 

(27.5) Whenever X is (?;, • • ■ , (i)-cyclic or acyclic it is also {p, • •» , (j)-eocyclic 
or acocyclicj and conversely. 

(27.0) Let X = {x\ he such that p ^ dim x ^ q. Then: (a) 7 io p-cooyclc 0 
n 7 ilessiiis zero; (b) evei^y q-cochain is a cocycle (10.12). 

(27.7) Let K — [a] he a smplicial cwnplex with vertices {*4i} and duals {A‘}. 
Then: 

(a) 70 = X) *1* ^ cocycle; 

(b) if K is cOTinecied every zero-cocyclc is of the foim gyo; 
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(c) if K is a simple n-circuit then every o-I, is an n-cocycle and a-'n ~ ± fff, 
for aU i, j] hence every rv-cocyde ~ ga\ . 

Phoof op (a). We have F<rJ = rjlAj, where = 0- Hence F/l'’ = riia{ , 
and so F 70 = F 2^ ^4' = <rl = 0- Therefore 70 is a cocyclo. 

Proof op (b). When K is connected then 7?o = 12“ = 1 and there are no . 
It follows that K is cocyclic in the dimension 0 . Consequently every kcm-o- 
cocycle is of the form gSo where So is an integral cocycle. Suppose So = .r,.l 
and let 70 = ySn. We have then = yxji', and so yx-i = 1 . hlence 

Xi = y = ± 1 , So = ±70 , from which (b) follows. 

Proof op (c). Let AT be a simple n-circuit and let be its (n — 2)-sec(ion. 
By (24.67) ^ ~ is connected. It follows that if tr", <r'” are any two n- 

simplexes of K there is a sequence o-" = ai , o-r"*, <r? , • • • , CrZi , a" = <r"*, 

in which consecutive elements are incident. Consequently this holds eciually 
regarding , o-n-i, • • • , Vn • Since iC is a simple circuit: [<rj,_i:<r‘„] = ±l = 

± Since the only elements of {(r„} incident with ai-i are o-;. and 

we have F(r5,_i = d:(<r), ± <An^) ~ 0, or a\ ^ dzirj,"''*, and so finally o-,, ~ 

±<r'„ . 

(27.8) Exampijs. Conaidorthe8pherc«Si'‘ = So-"+i,iT'*+> = i4o ••• >0. Sinen.S'" is 

(0, 7i)~cyclic it is also (0, n)-cocyclic. Its zero-cocyclos arc all of the form g ^ /I*. \V<* 
have seen (24.6) that is a simple n-circuit and so its 7 i-c()cycles are all ■ * • .4'*. 

28. Kronecker index of chains and cochains. Further progress will rest upon 
an extension of the concept of Kronecker index. The connection wit.h tlu» 
earlier concept will be made in (46). 

(28.1) Definition. Lei fi(p) he as in the Introduction. Then the Kronvrhr 
index of the couple xf , Xp is the number 

(28.2) KI(.Tf , Xp) = fi{p)d) (Kronecker delta)^ 
and the Kronecker index of Xp , xf is 

(28.3) KIG^J,, xf) = fi{-p)si = (-l)'’KI(.'cf , 4). 

(28.4) We have just specified values for the, Kronecker index wlxauivcu- A', 
Z* m-e so oriented that [xfixf ‘] = [a; 5 ,_i: 4 ]- lu order to allow for arbitrary 
reorientations we add the convention that if Z, X* are I'eoriented by nu>aus 
of orientation functions «(*,?), a*(xp) then 

10(4 , 4 ) = «(®n“*(-®p)/3(p)8f 
= (-1)'’KI(4,4). 

Hemark. In [L, 165] tho analogous dolinition of tho iiulox was given liy nuuins of (28,2) 
but without tho factor (3(p), thus causing dissyraotry undor dualisation. To pass from Iho 
present to the earlier definition it is merely necessary to reorient X* liy «(*,) » |8(—p). 

(28.5) We shall now choose two groups 0, E paired to a third J and with a 
multiplication gh. We define hg = gh, so tliat E, 0 arc foimally paired to J 
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with the Kaine niiiliiplication gh. Thus the two groups G, H are paired to J in 
one or the other order and witli a multiplication independent of the order of 
the pairing. W(^ sliall briefly describe this relationship by the statement 
II arc commutatively 'paired to 
Suppose that we have a chain and eoehain over G and H: 

, o' € G; a, = hixi , hi c 11. 

The Kronec^ker indc^x of C^\ (*p , written KT(G^’, C^) is an clement of J defined by: 
(28.G) KI(G^ C,) = glijKlix? , x^) = l^{p)g% . 

Similarly with the t(n*ms in r('V(u\se or{l<n* we define 
(28.7) Kl(r,,G0 = lS(-v)gVi,. 

(2tS.,S) lulcrprviulion. A ii<>t(‘W<»rjliy inlcM'pn'lfitiori, v(m\v (•!<>«(* to Iho initial n'uson for 
introthicing tlio indox, is to (uninidar that the dual (‘huiKaits :r? , crosn one another vvluni 
7 =* y, and do not croan one. another wIkui i j. Ft will lie conveniont to any tliat 
have a eroi^i\m(j at x’l , xj, wlu'ncv*'!* both ^ 0, h, ^ 0. We agi'i*(‘ to (a)unt this arossin/uj 
with thr weifrhi f.i{p)gdii (/ un.sinnin(‘<l) and so the ind(‘x (‘JS.fi) may l)(‘ intorpruti'd as a 
niod(* of c.ounlin^j; tluM‘ros.sinp;s siiit.ahly Wi‘iji;lit(Ml. Iff/ = // = ,/ « thn rin^td’ lb*‘ int(‘g<*rs, 
tin* weights h(‘('oni(' nniltiplicitins in a rcaHona,l)lo S(M 1 S(\ Viewed in this manner the ind(‘x 
has for exam|)l(‘ }ilaye<l an important mh* in tln^ author's work on Al^ohraie ("h'ometrv. 
(See [L, VIM, §.||.) 

29. Tli(‘ Kron<»cker ind(‘x will now I)(‘ utilized as ti basis for d(*riving the 
duality nhit-ions betw(M*u th(‘ (duiin- tuid cochain-groups. \V(‘ shall use Mu' 
following notat.ions: 

The chains tind cochains ov(*r G and II are denott^d by Cd\ , tlu^ cyck's 
and cocycles ovt'r G and II by jp and tlunr liomology and tiohoinology (dass(\s 
by V^\ P;,. W(^ shall also dtuioUi by (5^’, the groups of chains, cycles, 

bounding cy(d(‘s and homology groups over G, and by (£,,, • * * the same for the 
cotdiains, • * • over IL The group 11 in m^suvicd discrete. 

As a preliminary wo prove the important relation: 

(29.1) ia(FC'”' \ C„) = (-1)” Kr((7’'-^‘, VC„) 

which iH the unaloffiio of Formula 20 of [L, 169]. If Cp ~ Xp , 

both sidoH of (29.1) become /3(p) [xf*^:xk], so (29.1) holds. Since the two 
sides are bilinear in xf , , (29.1) holds in all cases. 

(29.2) 37ic index obeys the cammiitabion rule 

(29.3) , (f) = (- 1)” KKO", Cp). 

(29.4) KI(C"’, Cj,) is a group niulliplication for (5?, (Sp which pairs them to J. 
Since Gxi , Hxp are respective isomorphs of G, H they arc paired to J with 
the multiplication Pip)gh. Since Sp Is discrete 

(29.5) (S’ = PGx? , S, = , 

(29.4) foUows from (II, 16.1). 
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(29.6) 7 ” Tp ~ 0 “*■ KI(7^ 7p) = 0- 
An equivalent fonnulation is 

(29.7) 3 p , 3 " anmil g", gj . 

It is only necessavy to prove the iM'operty of the pair ,3? > hence (II, 
15.4) that S'" annuls',3 j , or that 7 ” = FC"’+* annuls 3, , and this follows im¬ 
mediately from (29.1),,, since it yields: 

KI(7'’,7p) = (-1)’’KI(C'’« 0) = 0, 

(29.8) KI( 7 '’, 7 ,) depends solely upon tJie dosses T", Vp (29.6). 

(29.9) Definition. The fixed value of KI(7”, 7p) under (29.8) is called Ihc. 
Kronecker index of the classes 1^, Vp written KI(r’', Pp). 

(29.10) Ivl(r’’, Pp) is a group mvMplication for §p, and obeys the com¬ 
mutation rule (29.3), {widi P in place of C). 

Except for commutation (29.10) is a consequence of (29.4), and (11, 15.(i), 
while the commutation rule follows from (29.2). 

(29.11) If G, H are J-ortIwgonal so arc (S", (Sp. 

For Gx{ , Ilxp are then /-orthogonal and so (29.11) follows from (29.5) 
and (II, 16.1). 

(29.12) If G, H arc J-orlhogonal, ,3p is the annihilaior of and likewise ,3" 

of %p. _ 

It is sufficient to prove the property of the pair ,3 p , We hav(? just shown 
that every jp annuls g", so it is only neces.sary to prove the converse, or lluit if 
7 p annuls S’" it is a cocycle. If 7 p annuls 5^' it annuls 55"’ and so by (29.1): 

KI(FC'-'-\ 7„) = (-1)"'KI(C"-^\F7p) = 0. 

Thus F 7 p « (Sp+i annuls and so by (29.11)p+i, F7 p = 0 or 7 ,, i-s a eoeyclc 
30. Duality theorems. The situation which Avill now be faced will i’(!cur again 
and again in a more or less similar form. It is therefoi’c besst to introduce' a(. 
the outset a systematic terminology designed especially to avoid umhu! repeti¬ 
tion later. 

(30.1) Definition. The pair (G, 11) in the order mnwd, is saiii to form a 
normal, couple whenever (me of the followin-g two posdhUities arises: 

(a) G is compact, II is discrete and they are. dually paired by a commulaliee 
multiplication gh to ih In particular then they are orthogmuil and etwh S' the 
character-group of Ike other. 

(b) (? = = / = a discrete field and tlw midtiplieation gh is merely the mul¬ 

tiplication of the field, J. Notice that G may be vietmi as a linearly cmnjxui (onc- 
dimensional) vector space over J, and II as a (one-dimensional) discrete vector 
space over J, dually paired under the multiplication gh, which is merely the mulli- 
plication of the field J (II, 32.5). 
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Wc may now state the 

(30.2) Second ditaij'xw theorem for finite coMPiiEXES. If G, H is a 
v.nr 7 nal cmipk Ihm the pth hmnolagy and cohomology groups ^^{X, G), fOp(X, H) 
are dually paired (lo or to the discrete field J when 6 = 11 = ,I) and with the 
class Krimrker mles- as the group midtiplicalion. 

This is iho duality thcHmun of [L, 286] with the all-important Pontrjagin 
group duality complomcmt. 

Since G, II arc dually paired to or J as the ease may be, so are their iso- 
morphs Gx? , JIx), and with tlu^ Kroncc.kiu' index as the multiplication. Hence 
the same hokls for (S'", (S,, (II, 20.7, 33). Since G, II are dually paired, 3j> 
and §•’’ are one another’s annihilators in (Sp, S” (29.12; IT, 20.5, 33), and like¬ 
wise for .3”, gp (= §p)- Tlu'reforc = .3"/5" RRfl ipp = Bp/^p a-rc likewise 
orthogonal to '^.1 or J as the ciise may be (IT, 15.6) and hence dually paired 
(TI, 20.6, 33). Since P", Up aixf merely the cosets of y’’, yp mod R’’, gp , the mul¬ 
tiplication of the dual pairing is the one de.scribed under (II, 15.5a) and it is 
pn'cisc'ly th(> class Kronec.ker index. This proves the theorem. 

31. Dual categories. 'J’he precioding theorem will serve as a pattern for a 
numlx'r of similar tlusH'ems oc.curring lal.er. Tn ordei’ to facilitate their de.scrip- 
tion and minimize repi'tition, we introdiuit^ tiui convenient conc.e.j)t of dual 
(Titiegories. 

Let .4, B !)(' t wo <'olle(!tions of <y(4e.s and co(‘.y(!l(« of all t.hc different, dimen¬ 
sions and ov(‘r various groujis of c.o(iflicient,s. h'or t.hc missing dimensions the 
grouiis an' taki'ii t,o he zimo. Ix't, it be; po.ssibl(! to detine t.hc groujis g and hence 
the homology and c.oliomology groups .'p = ,3/g, likewise tlui Krone(!kcr index 
KUt'’, 7 p) wit,h the sanu! properties otlmr tluin orthogonality as in (29). When 
the coefficient,-group is a fu'ld ./ it, is assumed that t,he c.orresponding groups 
„3, g arc vector .spaiTS ov(M' ./, and in parl,i(iular satisfy the biisic (ionventiou 
(IT, 22.2). Under onr assumptions one may define a class index KI(r’’, I’p). 
If (U, H) is any normal c,ouplo and ,Sp”(G), ,S?)p(y/) are the corresponding 
homology and cohomology groups, we shall say that the cycles of A and the 
cocycles of li lt.h(^ <!oc,ycle.s of li and the (iyclcs of A] arc: 

diud cahyoi'ies Avhenever t,h('. groups .)y((r), ^,,(.11) [>*P/>(fi'), >?)'’(//)l arc dually 
paired (to ^ or to the discrete field ./ when G = II = J) and with the class 
Kronecker index as the group multiplication; 

lomfc dual categories whenever the groups arc^ (kifined only for G — II — J — 
a disci-eto field, and ju'e vec,tor spaces orthogonal t,o ,/ with the class Kronecker 
index as the multiplication. Whomwor the dimensions of the paired spaces 
arc finite their pairing is again ii full dual pairing of vector sI)ac(^s (IT, 34). 

Since orthogonality to or a discrete field ./ results in each case in the dual 
pairing (II, 20.C, 33) wo may say that: (a) the characteristic property of dual 
categories is orthogonality to iP or J; (b) weak dual (sategories arc those where 
only orthogonality to J may take place. 
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In the terminology just introduced (30.2) assumes the form: 

(3L1) The cycles and cocycles of a finite co7nplcx in one or the other order are 
dual categories. 

As a further application we also have: 

(31.2) Let X, -Yo , Xi be as in (23). Then the cycles of X mod Xi and the co¬ 
cycles of Xo m one or the other order are dual categories, 

A similar statement may be made for the cocycles of X mod X’o and the 
cycles of Xi, but it is merely the expression of (31,1) for Xi itself. Notice 
also that when X’o = 0 and X = Xi, (31.2) reduces to (31.1). 

32. Several noteworthy properties of dual categories are immcxliatc con¬ 
sequences of properties of vector spaces. 

We suppose then that A, B are dual categories of any sort and takc^ the groups 
over a discrete field J. The formulation is given so as to include possibles infinite- 
dimensional groups which may occur later. The Betti and dual Beliti iiuml)crs 
have their usual significance of dimension of the homology and (cohomology 
groups. 

(32.1) The pth Betti and dual Betti numbers over J arc fimte and equal or 
else both infinite (II, 25.9d). 

When these numbers ava finite, in particular for a finite c^omph^x, (32.1) 
gives the full content of (30.2) for the groups over the field ,/. 

(32.2) If the cycles 7 ? , (^ == 1 , 2 , • • • , r) are independent with respeei to homol¬ 
ogy, there can he selected cocyclcs yj, , (j = 1 , 2 , • • • , 7 ’) such that 

(32.3) K1(t? , yi) = sj. 

For this is true for the classes (II, 25.9b), and so by (29.8) for 7 ^', 7 ,,. 

(32,4) If the Betti mmbet's are finite and { 7 ?}, { 75 ,} a?-c maximal mdependvnt 
sets (with respect to ^), then 

(32.5) lKI(7?,7i)M0. 

Since the rf arc independeut, by (IT, 26.9b) classes I’}, may he cli<).s(!u .such 
that 

1 KKr?, r^) 1 ^ 0, 

which, in view of (29.8) yields (32.4). 

33. Returning to the duality theorem for rmito complex(is, in vuuv of its 
importance, and also for later purposes, wo shall indicate another proof hascMl 
on the comparison of canonical bases (14). 

Let us pass from the bases [»!’} for the integi’al chaims to now bases {e<} 
by simultaneous transformations 

(33.1) = Xf’V , X’’ = 11 Xf^ 11 unimodular. 

It will be convenient to designate by X^ = H Xp^ |1 the matrix (X’’)''\ i.o., such 
that Xf*Xp7j = Sit ip unsummed). Since Xj, is also unimodular, 

(33.2) 4 = X*4 
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is a simultaneous transformation from the bases [x],] to the new bases {ej,}. 
If we lot [.i-r''*:.'»?] = Vi\ then: 

(33.3) , 

(33.4) Fxi, = vf4+i, 

the mal.rix in (33.4) l)einK the transpose of the matrix in (33.3). Using (33.1) 
and (33.2) wo now obtain 

(33.5) l'V‘ = freF, 

(33.a) F4 = , 

where f?' = again the matrix of (33.G) is the transpose of the ma¬ 

trix of (33.5). 

By an elementary calculation: 

(33.7) Kl(ef , ei) = p(p)si. 

In other words the index is invariant under simultamujiis application of (33.1) 
and (33.2). 

Buppo.sc* in particadai' t.hat (33.1) is the transformation to the canonical bases 
(ni’ , ••• 1 cfl of (14) and let tlu> eorresixniding new ba.sos (cp! for the co- 
eyeles be l«p , • • • , c*„t. In other words if ef = a? , • ■ • then 4 = i '' • • 
Formula (11.2) spcicified (he form of the diagonal matrix ff* of (33.5) .so that 

(33.8) F«?+‘ = 0. F6?+-‘ = 0, Fcf''‘ = 0, 

1<V?" = /?/>?, Fe?''' = a?. 

Applying (33.(5) w(? have immediately 

(33.9) Faj, = c‘+i, F/^ = 4 h-f/p+i , Fcj, = 0, Fdj, = 0, Fcj, = 0, 

where = if , and i is not .summed in (33.8), (33.0). 

Furtlunmore 

(33.10) KKa? , «^) = ... = KI(e? , 4) = p{p), 

and all the other indices will be z<!ro. Thus we have provtsd: 

(33.11) .4/ the same time as the bases for the chains are reduced to the canonical 
form (14.2) those, for the coehains mag he reduced to the catmiical form (33.9) 
with indiees related as stated. Notice that in (33.0) the analogues of af , • • • , 
el are cj,, • • • , aj, . 

34. The application to the duality tluiorem is immediate. Suppose tliat we 
have two grouiw of coefficients (I and JI for the homology and cohomology 
groups, respectively. Then the tlircct decomposition (1(3.9) and the result 
of (33.9) yield: 

(34.1) .^’’(Z, (?) S P(G*(tf)bf) X P(Gcf) X P((?[(?"']d?), 
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(34.2) H) ^ X P(F4) X 

Referring to (II, 20.12), or else directly if (? = // = J, a field, we find that 
when ((?, H) is a normal couple then 0*ili)hi and H[lp+i]dp an* dually paired 
with the Kroneckcr index as the group multiplication. Similarly (^aeh group 
in (34.1) is dually paired with one and only one of the groups in (34.2). T-Ien(;o 
(II, 20.7, 33) ^^(X, (?) and .'p„(X, II) are likewise dually paired with the Kro- 
necker index as the group multiplication, and this is (30.2). 


§7. LINKING COEFFICIENTS. DUALITY 

ALEXANDER 


IN THE SENSE OF 


36. The Kronecker index may be considered as the algebrait; analogim of 
the intuitive concept of “multiplicity of intersection,” for iiiataiKUi of (.wo 
plane cuiwes, in geometry. Another closely related geometric (umcepf. is that 
of linking cocfficierU, of two curves C', D in a three-space which desciribes the 
“algebraic” number of times each tAvists around the other. W(i shall .show that, 
under certain conditions such numbers may be introduced in <u)mpl<>x(is, aiul 
as we shall see later (VII, 9) in (certain topological spaces. 

Much of the argument Avill refer to finite complexes which arc (p — I, /))- 
acyclic. Let X be such a comi)lex, and (G, II) a normal coupU*. If 7 '' ‘ is 
a cycle over G and 7 ,, a cocyelo over II, we have 7 ""* ~ 0 and so siiu;<( (/, II 
are division-closure groups 7 ^'”* = hX"' (17.2). Suppo.se also that. 7 '' ' — I'V'"'. 
Therefore ?(<?'’ - C'”’) = 0 and If - being a /M'.ye.le, is ■'••(). Hence 
by (29.6): 

(35.1) KI(G- 7 ,.) = IvKC”’. 7;.)- 

Thus the index at the lc>t’t is ind(>peudeut of the Cf bouiKhsl by 7 '’ and its 
value is known as the Unking m-fficimt of 7 "“*, 7 ,, writfon 1 ^( 7 '’ 7 ,,). (hic. 

must keep in mind Hint it is only dcfiiird for y''~\ y,, orcr a normnl coitplv (I, H. 

Since cycles and cocycles are dual categories X is also {p — 1 , p)-a<'.ocyclic. 
This enables us to interchange their role and so define a linking coeflicicnd. 
Lk'( 7 *^\ 7 p). However (29.3) yields at ouee Lk' = (—1)'' ' bk, soexe<‘p(. for 
a fixed change in sign, their values are e(iual. 

36. Tlui duiility thoiiivms wliitdi liiive 1i(»cn givi'u .so fiir rofaUs iiicrcly llii' groups of a 
complex to one another, 'riie linkinj^; (‘oeOicifniln will (Miablo uh to giv(* Tull expr(‘HHitm lo 
duality theorems of a tlilTuront typo introduct‘d hy J. \V. Aloxaudor. 'rh(‘y intiy ilo- 
scribed at this stage, as relating under iM'rtain coiidili«uus tlu* groups of a olosod snbctompl(‘x 
to those of the comploment. What is coinnionly known as AUitraiuhr's dualitij thrumn 
is a duality theorem for topological complexes immers<Ml in spheres. liow(^v<n* the g(‘nc‘ral 
intent is always the same, and \v(* shall refer to the whole class of similar propositioius as 
“duality theorems of the type of Alexander.’’ 

37 . (37.1) Theoebm. Let Xbo (p — 1, p)~acyclic aiul let Xi he a closed siih- 
complex of X and G compact or a field. Then there subsists the isomorphmn 

(37.2) , O) ^ r(X, Xi, 0). 
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Tf 7 ^ its a cycle ol A” mod Xi , 5^ ^ = Fy'^ is an absolute cycle of Xj , Here F 
is tlie boundary 0 ]^(M’ator for AT itself. Thus F induces a liomoinorphisiu; 
,3 (A, A"i, (f) (A 1 , 0). Suppose y^' ^ 0 mod Xi . vSinco G has the division- 

eJosuiv i)rop(M*ty, 7 '' = + IF, ir C AA , and hemee 5'^“' ==: FD^, or -- 0 

in A^ , l^lun-efort' F maps ^^\X, Xi , G) —> 5*'’~'(A^ , (?) and hence (II, 5.4) F in¬ 
ducers a honioinorphism <p: AA, G) -> ^X'\X ^, G). To prove (37.1) wc 

m(n’(‘ly necnl to sliow i-hat if is an isomorphism. 

^ (a) ^ As a nmppimj of .^X(X, Xi , G) imio (Ai, G), Since A" is acyclic in the 
diuK'iisioii p — 1 ami (1 is a divdsion-elosunr f>;roup every 5^'”^ is an F 7 ^, so (a) 
holds. 

(b) ip As nnivalcnL It is ivipiired to show that F 7 '' = 0 in Xi -^ 7 ^' ^ 0 

mod A'l in A^ Sinc(r G is a division-closure group if 6 ^"'^ 0 in *Vi there is a 

in A 1 such that 5'* ^ = FIX' and as a (consequence 7 ^' — is a cycle of X. yinoe 
X is acyclic in tlu' dimc‘nsi()n p we liave 7 " — IF () in X or 7 ^'0 mod Xi 
in A" whi(‘li ])rov(‘s (b). 

lli(‘ grou]) G may b(‘ compact or (dso a discr('t.(' Held. Suppose 0 compact. 

1 h(r grou])s »S 7 ov<n' (/ an' tlu*n compacl. also, l^v (a), ( 1 )) ip is a mai)ping wliich 
is an isomorphism in Wio alg(rl)raic s(ms(i of one compa(*.t group into another. 
It lollows that, is topological and hemee it is an isomorphispi. When G is 
a (liscnrte lii'ld th(‘ groups ar(^ linitcMlimensional V(‘ctor spacers, Imuce discrete 
and so is again an isomorphism. This proves ('37.1). 

38. b(*(. again (/, // lx* a normu.1 (X)uple and (A"(>, A"i) a diss(H*,tiou of A^. If 8^* * 
is a cycl(‘ ol Ai , we liaxa* (f ‘ = 1V\ 7 ^’ n of A'u. W(^ may tlunx^foi’c in- 
t.roduc(r \ 7 ;,) and \\v. havc^ 

('^«.l) KI(7^7;0 = bk(r \7;0 = bk(lV’,7.). 

It is(3)vious that, bk tiiki's a (ixcxl valium wlnm 5 ^' ’, 7 ;, vary in Hx(mI class(‘s 
P;, ol Ai and .\n , and this vahu^ is by (hdinition (.he c/a,v.s‘ linking (UMdlicicint 
bk(A' \ P;,). From (37.2) we dcMluc-e: 

(JhS.2) Klip'' P,) = Lk(A^' P,) = I.k(FP^ P;,), 

wlua*(^ FP^* d(»not.(\s t-lu^ homology (4ass of F 7 ^' in A"i. From tlie duality theoiann 
(30,2) and (38.2) follows tlum: 

(38.3) Du.viiiTV TiiKouKM. Ld X be (p — 1 , pyaetjelir., and let (Xo, Xi) 
he a (limr.Hon tf A", vnih Xo open and Xi closid. Given any normal couple ((?, 11) 
the gronpi\ v'p'" *(A"i, G) and ls?p{Xi ), II) are dually paired milk ike clasfi Unking 
coefficient ati the group mullipHcalion, 

(38.4) Ohvious iiKMAiuc. In (38.3) the two groups Gj II may bo intor- 
cliangecl. 

Cknipling (38.3, 38.4) with (30.2) for Xi wc find: 

(38.5) Under the same conditions as in (38.3) we have 5)j,-i(Xi, G) S §p(Xo, (?) 
for any G which is compacl, discrete or afield (Kolmogoroff [b]; see Alexandroff [f]). 
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In the special case where G = i7 = a field of characteristic t we have: 
(38.6) Under the same conditions as in (38,3): 

(38.6a) R"~\Xi, tt) = R,(Xo, r). 

39. We shall now consider certain important related special cases. 

(39.1) X is acyclic. (38.3) holds then for all p. 

(39.2) X is simplicial and zero-cyclic. Thou (38.3) holds for p > \. Sino(' 
X is zero-cyclic, it is conuocted, and a zoro-o.yclo 0 in X when and only 
when KI(7°) = 0 (20.10). 

The homology classes of the zero-cycles in Xi which arc ^0 in X form a sub¬ 
group '§°(Xi, G) of , G), and the same argument goes through as l)cfore 
provided that $°(A"i, G) is replaced by , G), , Now if y^ is any zero-cycdi^ 

of Xi , and if Ai are vertices one on each component of Xi, thou (20.7a): 

7° - = Kl{y\it + g\Ai - A,) = Kl(y\^U + 8\ 

where KI(3®) = 0. Since Ai oo 0 in X, if P” is the class of .-li then 

'A 5 "(.Yi, 0 ) ^ , 0)/Grr 

Thus in (38.3) in tho present instance .^^"(.Yi, O) must be replaced by .^"(Yi, (?r)/ 
Gr®. In these and similar expressions later GF® represents the subKi-ouj) of 
the classes of the cycles gA i. 

(39.3) X is simplicial, iir-dmcmiwMl, and (0, n)-cydic. Suppose first n > 1. 
For 1 < p < re, the situation is as under (39.1), and for p = 1 as under (39.2). 
Let p = n. Since dim X - n and X is re-cyolic: .^“(Y, G) = Gy? , \vhor(( y? 
s a basic integral re-cycle and so (37b) must be replaced by 

(b') (8"~^ ~ 0 in Y) -»■ (y” ~ gjQ mod Xi in Y). 

As a consequence in place of (37.2) we have, if TJ is the class of y? (basic class): 

(39.4) .^’‘(Y, Yi, G)/Gr? ^ ©""‘(Yx, G), 

and the factor-group at the left must replace i§"(Y', Yi, G). 

Finally if re = 1, wc must combine the operation under (39.2) with tlu! oiu* 
just described and as they cancel, (38.3) is applicable as it stands. 

To sum up wc may state: 

(39.5) Theorem (38.3) is valid 'ivhen X is: (a) acyclic for all dimensions p) (b) 
zero-cydic and simplicial for all p, provicM tfial- ,^\Xi , G) is rcplaml by 
§“(Yi, G)/Gr“, where. r“ is llie class of a vertex ofXi ; (c) (0, n)-cydic awl simplicial 
for aU re provided that ,^®(Yi, G), .^^"(Y, Yi, G) are replaced by ,?)"(Yi, G)/Gr®, 
§“(Y, Yi, G)/Gr? , except that (38.3) applies as il stands for re = 1. 

(39.6) The explicit liotti number relations are: 

(a) Y acydic: (38.6a) for all p; 

(b) 'Y simplicial and zero-cyclic 

RF-\Xy,ir) = Rp{X,,r) + Sf . 

(c) Y simplicial, (0, n)-cydic and dim X — n: 



HOMOLOdY 'rilKORY OI-' IN’KINI'I’K dOMPLlOXKS 


127 


[«1 


, tt) = R„{X» , vr) + 5/’ - d‘: . 

For l^ettri numbers ]nod 2 tho last formula is 1-h(^ aualogiio for comph'xos 
of Alexander’s original n^suit for manifolds. 

(80.7) iOxAMi'LKs. An iiUKnu*nU*d rlijsod in ilu* dcfiiunl Intor in (113) i.s 

acyclic (42.6), and sn (8S.8) is valid for wuch n coniplcx and all /;. 'rh(» oriUiniry <‘Ioh(‘« 1 
?<.>siinplcx is z(»ro-cycli(i ainl falls under (80.2) (s(‘cond cas<* of 80.6), Finally n > 0, 

is (0, 7i)-cyclic and yi-dimtnisional, lluis falling und(*r (80.8) (thin! ease* of 80.5). 


§8. HOM(.)L()OY THEORY OF INFINITIO OOMRId^XES 


40. In endeavoring i-o carry over to in(inii(' (*oiu|)lex(\s t.lu^ theory <l(‘vt‘lope<l 
so far, serious diffieuUies arise in defining groups ,3> 5? of i^uy sort, unh^ss tlu^ 
complexes are at l(»ast .star- or closuixvfiniie. TIk' simplc^st. situation is of (‘oiirse 
when they are locally finite'. Fortunattdy tlu'sc^ (.yp(\s in<*lud(' all l.lu^ typers 
of iiit.ere.st in t.o]3ology and (*(*rtaiuly all t.hose for which any g<M)(*ral r(\sults are^ 
known. We shall Uu‘r('for(* confine our attemlioii (-o ,s/ar-, closure-, and locally 
Jiniic complexes, 

L(‘t then A" = j.rl Ix' infinite and of oii(‘ of the' iiirex' tyjx's just nuMitiomsl. 
This time we may intnxhicc^ two kinds of chain** or coehain-groups: 

(r) = P(rr.id')i group of tin* injiuile chains i)V(*r any f/; 

($/(A', G) = P"’(r/.ri-'), the group of tlu* chains oven- a eliscrede^ G] 

and th(' .similar cochain groups (5;,(A", f/), G), 

R(*f(*rring now to (II, S.I) we have* tlu* following situations. 

(a) A" is slar-jimie, Th(*n F (Udiiu'S for ev<*ry p arid G a (diain-hoinomorpliisin 

(5''(A’*, G) —> '(A', G), When G is disen'te* I^' dtdiiK's in addition homonioi'- 

phisms (S/(Y, G) (i7"\A', G), and (i7,(A, G) ,.i(A, G). 

(b) A' is closure-Jiniie, The situation is f-Iu' sa,m(* for A'* as ])r(‘viously for .V, 
i.e., with cycles and cocycles int(n*ehang(xl. W(^ iiave* tluui th(^ sanu^ homo- 
morphisms of the* grouiis of finite chains and cocha-ins ov('r a (lis<a’(d.(^ G and in 
addition F defines homomorphisins ^p(X, G) —> iSp.^.i{X^ G) (any G), 

(e) X is locally Jlnile, Then F dofiiu\s l.lu^ four t.y|x\s of homomorphisins (xin- 
sidered under (a) and (i)). 

We notice also that when G is a discrete fi('Id a,11 t.lu^ groups (S undi^r disc.ussion 
are vector spacx^s and so they fall under tlu^ fimdaim^utal (jouvi'.ntion (II, 22/2) 
for such spaces. 

In any one of tho three cases just considered tlie gi*()U])s.3 may Ix^ deliiuxl as 
in (7, 8, 9) and likewise the groups as tlu*. fa(*.tor-groups lo =» .3/J? (S = ?f 
for the groups of finite chains). Wo may tlier<*fore states tli (5 comprelwuisive 


(40.1) Theorem. When X is siar-^Jiniic [alosurc-Jinila] the homology fco/io- 
mology] groups of the infinite cycles [cocycles] of X over any G may be introduced 
in the same manner as for finite complexes. When X is locally finite this holds 
for both the infinite cycles and cocycles. In all three cases this holds also for the 
finite cycles and cocycles over a discrete O, 
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Complementary remarks. (40.2) Wc call attention to the fact lliat many 
definitions given for finite complexes are directly applicable to (*(‘i’t.ain infinites 
complexes. In particular: 

(a) When A" is star-finite wo may introduce as before the following (‘oncc^pts: 
dissections and related groups both for finite and infinite cycles (28), ih(» cf/rlir 
or acyclic types of (21) corresponding to finite or infinite cycles, and also t.lu* 
circuits of various kinds (24) which arc now described in terms of groups of 
infinite 7i-cyclcs only. 

(b) When X is closure-finite the dissections and the eocyclii^ and tic.ocyclic* 
types may be introduced. 

(c) When X is locally finite there may be introduced all the (^oiK^epts men¬ 
tioned under (a) and (b). 

(40.3) Stipposc G compact. Then if X is star-finite the grouj^s of iidinile 

chains S^(X, G), 3^'(X, G), G) which may then bc^ introduced are all com¬ 
pact: the second as a closed subgroup of the first, and the third as tlu^ image' of 
(^^■^^(X, (?) under F. As a consequence i5^(X, G) is closed in (/), (jr 

g^X, G) = g^(X, G). Hence .^(X, G) - ^"(X, G)/g^'(X, (?) and it is also 
compact. Similarly of course for a closure-finite X and the groups (i;,, , 

gp 7 • 

(40.4) When G is a discrete field the groups (S, 5 linearly c.ompa(fi» and 

the same argument goes through as is seen by reference to (II, 27.2, • • • , 27.5). 
The groups — ,3/S found this time to be linearly comiiact. 

(40.5) Betti mimhers. They arc defined in the same way as hc'foix', as th(' 

dimensions of the vector spaces J) or §p(A', ./), J a discreh' field. W(' 

may notice here and now that the universal theorem for fields (17.8) is valid for 
the case under consideration. For /), g^X-X’^ J) spaniu'd also by 

5^(X, tt), g^(X, t) and so the asserted property is a direct c.onsi'cpuuKu^ of 
(II, 36.8). 

(40.6) AllernaLc definition of Lho homology groupie. Let X hv. Htar-fiiiite. the 

topologizcd homology group ono may c<)UBid(‘r tlu' pundy fornuil algc^hraie 

factor-group = .gV®;** (or even more geueriilly where is a subgroup of 3^' 

such that C'55^ C g'O. This would amount to taking untopologiz(»<l. Ah HiaU'd in 
(40.3) and (40.4) tlic two concepts are algebraically c<iuivalent when (r U compact or a 
field. In c)thcr cases, howovcr^(f()r instance for integral chains) it may very well happen 
that gp 5 ^ and that also are essentially diffeveut. The latter and lilu'WiHe 

the group (taken discrete) have been considered recently to advantage l>y Eilenberg 
[a] and Steenrod [b] (Appendix A). 

(40.7) Universal coefficient-groups. It has been pi’ovcd by Ccch [d] that the 
group of the integers is universal for the homology groups of the finite (»yclos 
of a locally finite complex, A complete description of all the groups of such 
complexes has just been obtained by Eilenberg and MacLanc [a] (Appendix A). 

(40.8) The analogue of the question considered in (23.3) is of interest later. We suppose 
A infinite, F a finite closed subconxplex and consider tho groups of the cycles of Y over a 
discrete Q reduced witli respect to bounding in X. Hero again wo readily arrive at (14.2) 



LSI 


IIOMOLOCV TIIKOHY OF INFINITE C'OMFOKXl'lS 


I’-’U 


fdi- n Hiuf'hf dimension /j, t*x<' 0 })t thal 

finite cveI(‘H (»f X mod V. Let d(‘nnt<' the syst(*in thus obtaiiu' 


the (p + l)-cduiiiis in fM.12) *** i^fdae^d 

a. 

tinit(‘ cdosed suheoinplex of A’ wliieli ineliidos V and nil th<‘ b ********* **“ 

cyeleK of Lwitli respeet to boundin^j; in M \V{‘still obtain S/> i 1‘**‘ bnvo nfilmd 

all the n'hitions of biiiiiidinfi; in M, Similarly if M is replacual by any tilliof eb*. * 
subeoinplex il/i ZD Since th(‘ j^roups in (iiK'stion for any Of dt'FX'iul H«di*lN u|»‘'n , 

(2;Ld), the KroujKS of V r(‘<luc(‘d with n*sj)ect to bounding in /!/ an<l » iiiusl I*** tb** -oim- 
From this we eoncbnle that the groups relative* to bouiuling in A' an<l 1/ an* t b* 

For oth<‘rwis(* Y must contain a cycle* y 0 in X but 0 in /!/. Ife'in’o it i 1'^ • . 
f*'’‘Minite, and iUi is any finite chhse'd sul)<‘oniplcx containing/!/ ami l b*' n'*lMrfiMii 

re'lative to boumling in M and :1/i (*annot yie'ld the same grouj)s, a eoint raclie*t i»ui pioMog 
our stat.(‘m(*nt. We (conclude* then: 

(40.11) // }" is a Jihile r/osed suhronipUw a/ lhi‘ roniplex A’, ihrxi Ihv \it‘***i 

rjirlvs of )' mlucnl relative to bounding in X are the same as those reilurml rrhitire (** t^noiohng 
in a certain Jinite closed snhcofnplc.r M atutnining )L lienee, in parlirn/tu fht rt foa/l..: nf 
(2o.ll) are applicable to the groups in question. Thus then have Jinite licitt nutulu *: ami tto 
group of the integers is a universal coejfieienl-group (IS). 


41, Duality- F^cit A' bosttir-finite, and 0, fl conimutativtdy pairtul l<i ,/. \\ t* 

(‘ousidor the* grouj) of the infiuito chiiiiiH ovor (1. SincH* A' is slnr liiiiti* we 
mnv introduce' the iiifiiiiti* cyedcs over (7; they forin a sul)g;re>up .;V ‘»1 

likewise the' iidinite bounding cycle's e)vcr G with group Cl 'rin'ie-hin* flu* 

homology groups of the' infinite' (*yclcs e)ver (? 

Ri'gareling the cex'.ycle's, sine*c X ueed not b(^ closure'-finit-e', only finite* iMiewh*.* 
lUiiy l)(! allowf'd, Hiid gre)ii]is e)ve*r ii di.screte H: (Ap , .S/> i » ‘''V;, Sj. Aj. • 

It is luirelly ne*ccssary te> observe' that the inde'x KI(L"\ (luny la* eh'lmiMl 
as in (28). hielee'd it may eve'U he defined wheai l)e)th (\, are infinite* t // hi’ing 
then any te)i)ole)gieal group) provided that they have a finite nunifn r af rrt»::!^ingr.. 

When A is closure-finite the' situation is the^ same with (\ve*le's nut I i-oeye-l**:. 
iiitercluingeel. 

We are ne)w in i)Ositiou te) state 

(41.1) The pi'opertica of th^ Kronveker index given in (21)) arc ralid fttr nijinite 
cyclefi [cocycle.^] and finite, cocydes [cyelea] in a star-finite [doaurc-Jinilr] tuanplcx .V, 

For the proofs loc. cit. apply without n\oditicatiou. 

Wc may now repeat fen* A", and also for X* when A" is (de>stin'-liui1e% the* 
argument of (30) and thus olitaiu 


(41.2) Duality theorem fou star- or closure-finitid oomplkxkh. Il7n'« 
X is star-finite [dosure-finite] the infinite cydes [cocyde^] and the fntdc coryrlcs 
[cycles] are dual categories. When X is locally finite hoik ly 2 )on of dual ratrgorirH 
are present 

(41.3) Linking coefficimts. The full argument and d(dinit.ious «>r (§7) miiy 
be extended to locallj' finite complexes, and in particulax*: 

(41.4) Theoeem. The duality theorems (38.3, 39.6) of the. Ai<>.vrin<h'r type, 
hold for locally finite complexes. 
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Remark. We shall return to infinite complexes in (VI, §(>) when \v(^ shall 
apply to them the poveiRil method of nets and web.s. 

§9. AITGMENTABLE AND SIMPLE COMPLEXES 

42. Let/C = jff} be a simplicial complex, L-lij its vertice.s, {.I'l tlieir duals. 

Upon examining the argument in (5.1) we nwlily verify that. K <loes not cease 
to be a complex if we increase it by a new null-simplex e siuih that: (,a) e is a 
face of every o-; (b) dim e = — 1 ; (c) [-!(:«] = fetA;] = 1 , = 0 

for p > 0. The complex lu = X u e thus obtained is .said to be /v atigmcnlrd 
(A. W. Tucker [a]). The chief differences between K and lu are (‘lubodied in 
the properties: 

(42.1) A finite zero-chain (f is a cycle of Ka when and only when its Kronre-her 
index KI(C®) = 0. 

For in Ka we have FC" = KI(C’)e. 

As a noteworthy special case: 

(42.2) The differences Ai — Aj arc inh'-gral zero-cycles of Ka hut .L is not. 

Let {/Cj} be the components of K and Bi a vortex of /v.-. A oini-chain C' 

of K is likewise one of Zf„, and whether considered as in K or /v„ its boundary 
FC^ is the same. It follows that (20.7) holds for Ka and finite chains. If 7 “ 
is a zero-cycle of Ka wc have KI( 7 ") = 0 and hence by (20.7a): 

(42.3) / ~ - B,) -f KI(7 '')Ri ~ g\Bi - B,). 

By (20.7b) also 

g\Bi — Bi) 0 -*■ g' = 0. 

From this we deduce the analogue of (20.8) for Ka : 

(42.4) ,f>\Ka, G) S (f)/GBi , 

where for simplicity Bi is identified with its class. „ As a sjrecual casi' of (12.3) 
if if is connected 7 ° ~ 0 , and hence: 

(42.5) If K is connected dim Ka is acyclic in llw ditnenmrn zero. 

(42.6) (Cl <r")o is acydic ami (33<r'')« is {n — l)-cyclic (22.2, 22.1, 12.5). 

(42.7) E'’(Jf) = R\Ka) + 1, (42.4), 

43. Let now X = ja;} be iuiy closure-finite complex with dim x ^ 0, Is it. 

possible to “augment” X, i.c., to inc’reiise it by a (—l)-dimonHional element «, 
which is to be a face of cvciy x, and with incidence numbers X< = |j:<: «| = 
[e:®*] not all zero and [z'':*] = [e:*''] = 0 for p > 0? If so X is said to Ix^ ' 
augmentaUe and tire now complex Xa = A' 0 e is call(«l X augmcnled. In order 
that Xa be a complex it must fulfill conditions K1234 of (1), or which is e(iuiva- 
lent, its dual A* must fulfill them. The first tluxu* arc automatically satisfied 
and so only K4 is in question. By (8.3) it reduces to requiring that if e* is the 
dual (one-dimensional) of e, then FF«* = 0. Since [a:?:*] = == ht, this 
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is c(i\uviileni. to reciuiring VXixl) = 0, i.o., tluit 70 = Xixi bo an integral z(n‘(>- 
cooyolo, a ix^sult duo to 'fiu^ker faj. Tlu^ partioular zero-cocyolc arising in 
augmontatioii is called Wic fundamental z(u-()-ooo.ycl(', and w(^ shall say that is 
alignlontablo, or augnu^nted, with fiuulainontal zoro-cooyole 70 

44. All the possil)l(‘ modes of augmenting X oorrespond to its different non¬ 

trivial integral zero-ooo-ycl(*s, i.i\, to tlu'. nonzero elements of .3u(X). vSiiK^o 
dim X* g 0: ,8o(A") = (27.()a). Hcnee the integral zoro-cocyclos form 

a free grouj) of rank I\\) = ''riierefore 

(44.1) .4 n. a. .s. c. for augmentabilUy in that the Belli number 22" ^ 0. Kadi 
mode of augmenting v.s uniquely determined, by an integral zero-cocycle 70 = X».ro, 
and in Xa = X u e, X* = [o^ire]. 

An eiiuivalent (condition of auginentabilit.y is ¥¥& = 0 for every finite chain 
over 0 in Xa . If = g\rl this yields as n. a. s. 0,.: 

(44.2) = KI(FC\7 u) = 0, 

wIku’o the ind(^x is an olcnnont of f?. Therefore 

(41.3) The n, a. s. e. for nugmentability in (44.1) is equivalent to requiring Uw 
existence of a non-trivial integral zero-cocyele 711 such that KI(F(.'\ 70) = 0 for all 
finite C\ 

45. Supiioso A’” augmented and with the fundannmtal zia-o-eoeycle 70. If )' 
is a closed suhi^oinph'x of X we may wril.(' 70 = 70 + jil wh(n*{^ 70 is in T'*' an<I 
y[! has no (4ement in )'*. We shall say tliaf. T* meets 70 whiiu 70 5*^ 0, au<l Wi* 
shall call 70 for tlie jin'si'ut. the intersection of Y* with 70 . Since 70 is a v.ovyrU* 
of Y we hav(^: 

(45.1) Let X be augmentable with fundamental eoeyele 70. Then every dosed 
suhco 7 nplex 1' such that T* meets 70 is also augmentable and with a fmuianiental 
cocycle 70 which is the intersection of ya with 1'*. 

AVhen Y is finite and augmentable as stahul it may be augmented witli 70 as 
fundamental oocycle. We shall denote in any c,as(* by y« Ihe new augmoo<.o<l 
compl(‘X Y u €, wluui 70 ^ 0 , and Y itself wIkmi 7', = 0 , Notice that F„ nia.y 
depend a priori upon tlui eocycle 70 chosen as fundamental for X, In fact l.bo 
signifi(tancc of the choii^c of 70 as fundamental c()(^y(4e liets in a sense in thaf, it 
jirovides a uniform procedure for augmenting tins linite subcomplexes of A\ 

40. Returning for a moment to the simplicial comphjx /C, let 5o = .4 *. 

If C" ^ g'Ai, we have 

(4C.1) Efir'= KlCC^.So). 

Thorofovc the Kroncckcr index as a sum of coefficients is in fact also a “(ffiaiii- 
coehain” index. Furthermore if FC‘ = g'Ai , finite, 

(4G.2) = 0 “ KW^So). 

Therefore K is augmentable with 70 = So, i.e., with unity as the new inoidoncji 
numbera [A<:«]. This is precisely the way in which JTo has been obtained in. (42). 
We also know that if K is connected, = 1, so that all the zero-cocyclcs arc 
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of the form gda . Thorcfon^ when K is finite ami connected it can onltj he aug¬ 
mented in cssenlialli/ one xomj and loilh incidcMce rmmhcrs \i all equal. Thoiv 
common value \ is the only “indeterminate'' in the augmentation. 

Referring also to (28.8) we have the following noteworthy interpretation foi* 
KICC*^): it is the uum))er of weighted (grossings of (f with thc^ (‘oeyele 5,,. 

47. The preceding proporth^s suggest the following extension of sinii)lieial 
complexes: 

(47.1) Definition. A complex X == \x} is said to he simple whenever: (a) -V is 

closure-finite; (b) X is angmentahte ami this with a f undamental zero-eoef/clc which 
in a suitable orientation of X is given by yo = XI 5 (^0 (^-l aenclic. 

We agree first of alt to orient X so tiiat yo = 53 • Then in A t.lu* KroiU'ekc'r 

index KI(C^*, yo), finite, is tlie sum of the coefficients of r“, and it. will !)(' 
denoted once more by K1(C“). 

Notice that when X is simpUcial with vertices [Ai] then yo = X ^'1 '• 'I'lnis 
for a simplicial complex iho. funda7nenlal cocycle in the sense of (25.3) is t-ln^ sanu* 
as the fundamental eocyde of (47.1). 

If X is simple and Y is a closed subcomplex of A", then A" — )' is eall(‘d an 
open simple complex. J^y contrast X or Y are also called closed simple* (‘()m|)l(*x(‘s. 

How close the approximation is to simplicial complexes is att('st(*d by tlu* 
following properties: 

(47.2) Smplicial aiul polyhedral complexes are simple. 

For simplicial complcx(vs it is a consequence of (44). For p()lyh(‘(lra.l com- 
plexes the proof will bo given later (IV, 28.2). 

(47.3) Every closed subcomplex of a simple complex is simple.. 

(47.4) When X is simple every p-elemeM has ai least one (p — l)“/o.cc, hence at 
least one vertex, and every 07ic-facc has two vertices (Whitney [d]). 

Suppose Fx^ = 0, p > 0. Then is a p-cycle of (Cl :t*)« , luauu* .r'* 0 in 
(Cl x)a , and since both have th(^ dimension p, rr" = 0, which is iibsurd, Tlunx'- 
fore 9 ^ 0, so that must have at least one (p — l)-face, and tlun’c^on^ st;ei) 
by step it is shown to have at least one vertex. 

Suppose that has only one vca'tex so that Fo;^ = gJ\ Sine.e (CU :r^)rt is 
augmented, KI(Fa:^) = 17 == 0 , houcc again must bo a cyeh^ which w(^ hav(* 
just ruled out. Suppose on the other hand that has threci vorticu^s .r?, .rj!, arjl. 
Then xl — xl and a;l! — xS (^ycles of (Cl x})u and hence a:? — .Ta === 
xl — . 1 ;? = liFx ^, whore g, h are distinct nonmvo integers. As a (tonscuiiunu^o 
/i(a:i - 0 : 2 ) = g{xi - a:S), g = h, xl = xl . 

(47.6) When X is finite and satisfies (47.1b) then”X is zerchcycUc'^ and ^^Xa is 
acyclic'^ are equivalent. Hence in (47.1) “ewery (Cl x)a is acyclic^^ 7nay be replaced 
by every Cl x is zero-cyclic fi 

Let X be zero-cyclic and let (f - g'xl be a zero-cycle of Xa* Then in 
Xa : FC^ == 0 = KI (C®). Since X is zero-cyclic 4 -- gxl'^Q for some {/. Hence 
Kl{xl - gxl) == (1 - flf) =: 0, gf - 1, xl - a;J - 0. Hence (f ^ (f -- KI(CVSI « 
g^'ix] — Xl)0 ill X and hence also in Xa . Therefore Xa is acyclic. The con¬ 
verse is immediate. 




AITGM10NTAI5LI'; AND SIMPLH CiOMPLENF® 


133 




(-17.()) .‘1 oiKf-dimmsionnl. isimplc compIr.r A"* is simplidal. 

liy (,-17.-l) A'* Ikus lh(^ ordcM-iiiK rolatious of a siinijlicial complex. fiCt A, B 
lx* the v(‘rt.ic('s of If F.r' = < 7-1 + liB \v(' have TvI(F.r‘) = <7 + /< = 0, 
<7 = -h, I'V = < 7(.4 - B). Also l)y (47.5) A ~ IcB, ov A - kli = Fj/i-tI = 
wf/(-l — />'). lienee JHf/ - I, g = ±1. Therefore [.i:‘:Al = —[a;':ii] = ±1. 
Tims .!•' has the ineulence numbers of fi simplicial one-oomplex and (47.t)) follows. 

( 47 . 7 ) Broperlicn ( 20 . 5 , ■ • • , 20 . 10 ) hold for a simple complex, provided that the 
zcro-dinicnsional homology groups and Betti immlufrs are those of the finite zero- 
cyelrs. 

hor the elements of X tint all eoniiected with those of its one-section A'* wdiich 
is simplicial, ii.nd the proof of ( 20 . 5 ) r('fers soh'ly to and its finite zero-cycles. 

(.17.8) H 7 « 7 /. A’ is mmu‘cte^t and simple all the modes of augmenting X arc 
essentially unique, in the sense that all the possible fundamental cocycles arc merely 
tin' multiples of a single- cocyck (Whitney [d]). 

For by (41.2) Bn = = 1. It follows that every integral cooycle So = 

23 X-t'o is a ral.ional nmlliple of 7 ,, = 23 -I'l) > henw. it is an integral multiple: 

= X 23 :ru ■ 

(47.0) Properties (42.1, • ■ • , 42.5, 42.7) hold for any simpk complex X. 

For they depeml solely ui)on the oue-.scction A* of X and A'* is simplicial 
(47.0). 

(47.10) When X is simple, (il3.r'')a, 7 ^ ^ 1, is {p - D-cycltc, and all its (p - 1 )- 
eyeies are of the form f/Fr''. 

For p > 1 this follow's from (21.4,47.5), and for 7 ; = I from the fact that ;r‘ is 
a simidex (47.0). 


LIBRARY )z' 




CHAPTEE IV 

COMPLEXES: PRODUCTS. TRANSFORMATIONS. SUliDI VISIONS 


The title gives sufficient indication of the ground covered in the (‘haptcr. 
There are two basic types of transformations: those of a comi)lex as a s('t of 
elements, and certain homomorphisms of the chain-groups, the chain-mappings. 
The latter are of fundamental importance in the secpiel, and their propcniies txiv 
similar in many ways to those of point set mappings. Thus one may introtlin^c 
a very useful concept of chain-homotopy, classify chain-mappings with respcM^t 
to this relation, etc. 

While the treatment is mainly developed for finite complexes, tlie modifi(*a- 
tions required for infinite complexes are discussed in full in (§6). 

General references: Alexandroff-Hopf [A-H], Hopf [a], Kiinneth [a], Lofschetz 
[L, I, V; e, f], Tucker [a, c]. 

§1. PRODUCTS OF COMPLEXES 

1. Let A", F be two complexes. With Tucker [a] wc will turn tlu^ product 
{^i] X { 2 /?} into a complex to be called tlie 'product of X by Y, writtc^i A' X F, 
in the following manner. For convenience tlie elements of {.rfl X ly/J! an» 
written .rf X y'j . Then: 

(a) x' X y' < X X x' < x and ?/' -< y; 

(b) dim (a- X y) = dim x + dim y; 

(c) [X X yix' Xy] = [a; X yu X y'] = (-1)’"™^ {y:y'\; 

the incidence numbers that are not of one of these two forms tuv. all z<‘ro, 
bv definition. 

* « 

Of the four basic properties K1 • • • 4 of (III, 1), all but the bust ar(“ trivially 
verified; so K4 alone requires proof. Given x X V, x" X y", them is al. most 
a finite number of elements x' X y' (we do not exclude x' = u: or x", //' — y 
or y") such that 

(!•!) [x X v'.x' X y']-{x' X y':x" X y"] 5^ 0. 

We may assume in fact that x” X y" < x X y, and then the only two ciustfs 
requiring verification are: 

(a) x” == X, or else y" — y. The verification of lv4 reduces then to the same 
for X or F. 

($) dim x” - dim x — I, dim y" = dim y — 1. The only ohuiuints x/ X y' 
to be considered are x X y" and x" X y. The sum of the corre.spoiKUng (ixpres- 
sions (1.1) must be zero, i.e., we must have: 

[x X y:x X y"]{x X y":x" X y"] + [x X y.x" X y]{x" X y:x" X y"] = 0. 
By (c), together with dim a:" = dims - 1, this reduces to (-l)'"“'‘[y:y"][a::a:"] 

+ (—l)'^'“*“^[a::a:"][y:y"] = 0. Therefore X X F is a complex. 
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(1.2) Remakiv. Tho clioic’c of tho factor ( —in (c) is solely on grounds 
of expc^diciiicy. By examining the rectangle as i}roduct of two segments the 
rc^ader will (iiiieldy convinces himself that some such factor is needed if tho 
orient.ations of tho (5l(Mnc'ui,s arc^ to l)(*have in accordance with the rather natural 
rules for polyhedra given iu (III, h.-l). This will be brought out more fully in 
eoiinection with tlu^ i)ro(luet of polyhedra (3). 

(1.3) ProducL of any firdie mimber of farMrra. Consider first (Ah X X 2 ) X Ah 
and Xi X (Ah X Ah). dluMr ekuuents are the same and so are their ordering 
relations and incideiu^e mimbtu’s. Hence the two products coincide and are iso- 
mor})hic. Wc identify them (a convenient procedure followed in similar cases 
later) and designate the c<>mi)l(»x thus obtained by Ah X Ah X Ah. The product 
Ah X • • • X Ah is declined by an obvious recurrence. 

Let now Ah Y be disjoint and eomiiare A X Y with Y X Ah Their elements 
ar(‘ once more the sam(‘ and with tlu^ same ordering relations. If we sot 

(1.4) a(x Xy) = 

tlu'ii we v(*rify that tlie in(*idi‘iK‘(‘ miml)ors in Y X A'^ are siu^h that it is merely 
A' X L r(M)nented by «(.r X *//). 

(1.5) Identical factor, Tlu^ pi’oduct of n factors equal to A" is written soniC” 
times A"'‘. It is to be nob'd tliat whik' tlie produei- of n (^lenumts :ri X * • • X :r,i of 
A" is associative it is not gon(M*ally (i)mmutative. Thus gxmerally .t*i X .^’2 5 ^ 
:ro X xi . 

2. Tlu‘ following pro])erti(‘s an* direct (consequences of the d(*finitions: 

(2.1) St(:i: X y) = St :r X St?;; 

(2.2) Cl(a; X y) = Cl:r X Gly; 

(2.3) ^{x Xy) ^ XCUju Cl X %. 

(2.4) The product of two open \cloml\ suheomplexefi of X, V is an open [a closed] 

suheomplex of X X T (2.1, 2.2). 

(2.5) When X, 7 are both slar-fmite [closure-finite and hence when they are 
both locally finite] so is X X Y (2.1, 2.2). 

(2.(>) If X, Y arc reoriented by the orivMation functions o:(:r), a!{y) then X X Y 
is reoriented by the orientation function a!'{x X y) = «(x)a'('//)• 

(2.7) Duals, Jjoi us clenot(‘ temporarily by .r*, y*, {x X 2 /)* the duals of 
:r, x X y in A*, 7*, (A’' X Y)"^', From tho incidences wo find at once that 
(x X 2 ;)* —> X y* clefiiK's an isomorphism of (A X 7)* with A* X 7*. It 
will he conv(iU(iit therefore to idc'iitify th(^ two complexes so that (:r X 2/)* = 
X* X and wc will then have tho relation 

(2.8) (A X 7)* = A* X 7*. 

Thus the dual of X y) will be x\ X yl, and (A X 7)* = {ojJ, Xy[\- 

(2.9) The components of X X Y are the products of those of X and 7, Hence 
if X and Y are connected so is X X 7. 

Referring to (III, 2.3) and to (la) a n. a. s, c. for xXy and x' X y* to be in 
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the relation in the sense of (III, 2.3), is that this holds for x, and for y, //'. 
In other words, x X y and :t' X // are in the same component of X X Y w'lum 
and only when .r, x' are in the same component of X and y, 1 / in the same (‘oin- 
ponent of Y. Tliis is essentially'' (2.9). 

3. Products of polyhedral complexes. It will be sufficient to (^onsidcM* a 
product of two polyhedral complexes 11^ = 1 = 1, 2. We have on tln^ 

one hand the topological product of polyhcdra | IIi | X | Ih |, <>n tlu^ otln'r 
hand the product of complexes ITi X Ha. We prove: 

(3.1) 111 X His is a polyhedral complex whose polyhedron \ Hi X Hal == 

I 111 I X I Hal. 

This provides the best possible justification for the product convention of (1). 

Proof of (3.1). 

(3.2) If Q! are hounded convex regions in the Euclidean spaces then 

H X is a hounded convex region in X (proof elementary). 

(3.3) 58(0 X O') = 580 X 0' u 0 X 580' (I, \2I^). 

If we combine (2.3) and (3.3) wc find by an elementary induction on (h<^ 
dimension that 

(3.4) {Eu X Elj} arc Ike cells of a polyhedral complex n such that | II | = 

I Hi I X 1 n21. 

The complexes 11, ITi X 112 consist of the same elements with the saim^ assign¬ 
ment of dimensions and incidences. Hence to prove (3.1) it is suHichmt io 
slio’w that 

(3.5) The incidence numbers of the elements in IT and ITi X lb are the some. 

(3.6) Let (S'" be an Euclidean space referred to the co()r(lina(.(^ syst.(‘m 

{xi , • ■ ■ , a-ml and lot its characteristic be e'" (III, G.3). The sul)spa(?(^ Cr'" ^ 
Xp = 0 has the coordinate system \xi, ■ • • , Xp^i , Xp^i , * • • , and with a (har- 
acteristic, say Let (S'”‘, (S"”* l)o the (.wo regions Xp > 0, Xp < 0, Wc 

modify tluj convention of (III, 0.3) in that wc now define th(^ iucideiHu^ num¬ 
bers as; 




3>—1 »/»?»•- 
6 c 


Under our original convention wc should introduce a new coordinate system 


Xi = Xi 

V m—p -J-l 


■i < p; Xi = .-Bi+i, i > p; .r„, 


{.rj, • ■ • , .Cmj for (£"‘ such that: 
whoso characteiistic for is ( —g’". Hence wo would have [(S"“: 15'“ '1 
= ( — 1)One sees readily, however, that this does not modify 
the argument of (III, (5.5), and the present convention is more conveiiic^nt for 
our immediate purpose. 

(3.7) Let (S'* bo a second Euclidean space with coordinates {yi, ••• , y„j 
and characteristic e". Then e"* X is an g'"'*'’' with coordinates {a’l, • • • , 
2 / 1 . ••• . 2/n} and characteiistic e”*e". Let also g"* bo analogues 

of g”'"\ g"" relative to . Then again g*""* X S’*, g'”* X S” and g”* X S'*' 
gm ^ g,n siiailar pairs for x ,, relative to g”* X S”. Their incidence 
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inunlxirs aro given by: 

(3.8) X S'1 = 

(3.9) [15"^ X X - (-l)n(S"‘:(S""'']. 

Tho incidonco iiuinberH for 11 (^tileuliitcul by int'juis of (3.S, 3.9) and iho nilo 
of (III, (>.4) beiiif’’ ibo.so of T7i X 1X2 , (3.5) follows and so (3.1) is proved. 

1, The joins of simplicial complexes. It is lu'adily secin ibat the produ(di of 
two siinplieial coniph'xos is only simplieial in the trivial cas(^ when their di¬ 
mensions are zero. This is already apparent in lh(^ i)roperty that the product 
i){ two s('p;ments is a reetauKle and not a trianp;le. A substitute operation, the 
join, will have th(‘ advanta^(^ of ])res('rvinf>; simpli<uality. 

( 4 . 1 ) Lot K = |(r), /v = {f} be two simplicial eomplex(‘s and let /v« , La 
b<'i K, L auf>;m(aited by th(‘ same (—l)-element e (the mi 11-sirriplex). It is 
eonvenii'ni- to introduci^ also the formal joins o-e, €cr whie:li w(^ delinc as <r€ = 
e<r = G. Similarly fe = ef = f. 

Consider now the followiiift’ S(4iS of joins: 

KL = jafl, hjj = l<^fl u Ij, 

Kfja — I U /v, KaLa = 1 (xf 1 U /v U L U €. 

W(‘ call A7., • • • lh(' join of K and L, • • • . If we s(4. Ill — |(Tf) u K u A, then 
M is a elo.s(‘d siin])lieial eoinph'X, and iienei^ /\ A, /\„A, Kl^n are opi^n simplicial 
C()m])l(‘xes, whih* KJ^a = HI a = an angm<Mi(,(‘(l simpli(*ial eoinph^x. 

(1.2) Let-'/v, ••• deiioU^ the weak isoinorphs of K, obtained by raising 
all the dinu'nsions oixi unit, 'rhi'ii W('. ()uieldy V(‘riry: ^(KL) = ‘K X 'A,* • • , 
'(KaLa) = '/Ca X 'A« . 'riius if wt* raised all dinumsions onc^ unit w(^ could 
replaces th(^ joins by products. 

(1.3) L('t A,., Lc b(‘ linite Mudidean i’,(>mpl(‘X('S situated, respiT.tively, in 
and let. A, A Ix^ tlu^ simplieial eoni])auions with th(^ sanu^ viu'ticivs sue.h 

as.in (III, (».]2). If x c , y € A« tlu^ segment.s xy in (S"‘ X (S'* generate an 
.Kuelid(‘an eomph'X whos(^ simplicial coin[)anion augmented is KJja . 'rhis 
provides a good g(*om(*tri(^ illustration for tlu^ join A^Aa^ configura¬ 

tions r(4ati‘d to A'„A, KLa , KL an^ gi^uerated by xy — xy — /y, xy — x -- y. 


§2. iniODUCTS OF (CHAINS AND CJYCldOS 

5. In this section th(^ n^stricUou is imposed that all the factor liomplc^xes 
A, 5", ‘ ‘ are star-finite. As a (xmseitueaee tlum* prc)du(d’.s will Ix^ likewise 
star-finite (2.5), and so th(^ boundary operittor V will liave, free scope throughout. 

The natural d(5linition of c^min-prodiujts for two (‘.omplexes A, Y ro<iuiros 
that the chains of A, I"" be taken over two groups G, II commutatively paired 
to a third J. Given then two chains 


i p 

gx? , 




\i' ' 



(5.1) 
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their product is by definition the (p + g)-ohain of X X Y over J 

(5.2) f X 17 ' = g'h^xf X yl . 

Since G, H are paired to J their isomorphs <?.r? , Hy] are paired to /;c? X y] 
S J under a multiplication such that the product of gXi by hy'] is gr/af X y']. 
Hence by (II, 16.1) the chain-groups S" {X, G) and €'(¥, H) are paired to 
X Y, J) by the multiplication given loc. cit. If the product of by 
17 ’ is written f X 1 ?®, this multiplication is precisely (5.2). Therefore 

(6.3) The prodtict of chaim defiwd by (5.2) is a midtiplicatmi pairing the chain- 
groups (sr{x, G), 6 ®(r, H) to (r+®(x X y, j). 

From the assigned incidence numbers there follows: 

(6.4) Yixf X y?) = (F:r?) X y’j + {-W X (Fy?) 

and therefore: 

(5.5) The boundary relation for the product is: 

(5.6) F(f X v") = m X y® + (-l)T X (Ft;®). 

Denote cycles of X, I' by y, 8 and their claascs by T, A. Wc have at once 
from (5.6): 

(5.7) 7 " X S® is a (p + q)-cyclc. 

Thus in other words the multiplication (5.3) pairs ,S”(X’, G), . 8 ®(T, 7/) to 
3 '’+®(z X y, J). 

(5.8) 7 ” or 5® 0 —»■ 7 ’’ X 5® ~ 0. 

For if say 7 ” = by (5.6): 7 ” X 5® = I-Xf’"” X S®), and hence 7 ” X 8" 

for S® fixed, maps 5'’(A', f?) —>• g’''*®(X X Y, J). Since the multiplication is 
continuous it maps also 0) —> 5’'^®(X X T, •/)■ Similarly with X, Y 

interchanged, and this is (5.8). 

(6.9) y^ e P", 5® e A® 7®' X 5® lies in a fixed homology class called the product of 
r", A*", written T®’ X A®, a7ul this product defines a muUiplicatioti pairing .\y(A', (T), 
§*(y, H) to §®”'®(X X F, .T) (5.8; It, 15.6a). 

(5.10) While we have allowed infinite chaiiw everywlmrc, everything that 
precedes continues to hold if th(! chains are restricted to Irciiig finite. The group.s 
are then groups of finite chains throughout. 

(5.11) Assuming X, Y disjoint let X X F bo replaced by F X X. Under 
our convention (1.3) this is eciuivalent to reoricuiting X X F by means of (1.4). 
Let \is agree to designate by if X the: cliain corresponding to I” X y* of -Y X F 
after commutation of the factors X^, F. Referring to (III, 10.1) wo will have: 

(5.12) y® X f" == (-1)®T X y*. 

This may he described as the eommulalion rule for die chaim of the product. 

If wc have a product Xi X ■ • • X X„ then we may commute consecutive 
disjoint factors Xi , X<h.i and treat each tome tlie chain-products in accordance 
with (6.12). 

(5.13) Joins. Let the notations be those of (4). If f — y*of , y* =» , 
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tlu'ii t.hc (p + (j + l)-cliam is known as the join of f and 17®. 

W(‘ readily verify: 

M) F(rV0 = (PfW + (-ir'^f(F77^). 

same' relation holds relative to KaLa provided that we also allow ^ = ij == e, 
it undcM’stood that we are to write 77 for ge, 7 j€ and ef, €tj. In particular 
(5,1*1) holds also for p or g = 0 provided that w'e rophuH* Ft;” by 

ivKVV 

(5,15) Rkmauk, There is an interesting connection between chain-i^roduets 
and th<^ Ivi'oiu^c^ker product of (II, 37). To simplify matters suppose (? = // = 
a held, and h^t the chain-groups be those of the finite chains. Then we readily 
verify the relation (£"(X X T, (f) = (?) ® S"(r, (?). If X, Y 

ar(^ both finite a similar relation holds for the homology groups. 

(), Homology groups of finite products. Let A",* I' be two finite complexes. 
Thv homology groups of X X F are uniquely dokM’inined by the integral groups 
and so w(^ (concentrate our efforts primarily upon these gr(>ui)s. The n^sults 
giv(‘n b(‘low are essentially due' to Kiinneth [aj. See also [L, V], [A-H, 209]. 
(h.l) Notations, a? , • • • , cf are the saim* for A" as in (III, 1-1) for /v; al , 
are the analogues for /f , 6'j = the torsion coefficients of A", = 

a chain of A", = a (hain of f'' = a chain of A X Y. 

L('t us fix our attention upon a particular dimemsion .s. A changes of bases 
for th(‘ ;7-{^hains of A” and tlu* (/-chains of Y, for all />, q such fphat p + q — s, 
indu(U\sa(^hang(‘of basc'sfor tlie,v-chainsof A" X F. H(nice |af X , (if X 13'}, 
" • • , Vi X for all p + 7 = .s, is a base for the s-chains of X X F. Wo will 
say that- a (^haiu or cyclic of A" X F is a mhicvd chain or cycle if it is a sum of 
(.(*rnis (*oiif.aiiiing only factors b, c, (/, and Z?, 7, 8 . 

Tlu' basic boundary relations for A", are: 

((>, 2 ) Fcf = af , Fryf'*' = if 6 ?; Fcf = 0; 

(0.3) Fe?‘‘'' = a '}, V8f' = 0 )^}; Fyf - 0. 

1'h(‘ (hains a, h, c, cv, /?, 7 arc ey(!les. The boundary relations in X X F arc 
obtaiiKKl by means of (5.0) and need not be written down. We find from them 
imm(‘diatcly that a reduced chain has a reduced boundary. Then^forc if 
(SJ., ,8? denote the groui)S of the integral reduced chains and cycles tlien F(SJ = 
C , and HO wo may form the reduced integral homology group (q” = 

• IJf ')V(X X F) is the integral s-dimensional homology group of X X F 
we prove: 

(6.4) iQ\X X F) ^ . 

Let be a given integral cycle of X X F. If if is an integral cycle of F, 
then F(cfX if) == af X 17^ 0, Hence we may suppress in f* the terms 

aXa, aXjS, aX 7 and similarly the terms b X a, c X a, without modifying 
its homology class. Suppose this already done. The terms in with af as 



140 


COMPLEXES 


[IV] 


a factoi' make up a chain af X . From 

F(e?+^ X vd = af X »?? + X Fij? ~ 0, 

we conclude that we may suppress a? X Vi in T* and replace it by terms e X rj. 
We will thus have 

~ a reduced chain + 2 cf X j?? + 2) ?? X a? + 2 f ? X «? + 12 ®i)Vf X e?, 

where contains no e term, and contain no a, e terms. Wc must have 
Ff‘ = 0. Since reduced chains have reduced boundaries this yields 

E X 7?? + X Ft??) + E (f??o x c.? 

+ E ((Ff?) X e? + i-iny X a^) 

+ E X €? + X = 0. 

Since the terms e X ol occur only in the last sum wc have x^Jq == 0. Tlion 
terms occur only in the first sum and so t;? = 0. The coefficient of a?”^ is 
+ (—^ must be zero we have 
Then == 0, and so (F?l0 X e? = 0. Thus ultimately: 

f® a reduced chain + E X e?) a reduced chain. 

Thus every F* e X F) contains a reduced cycle. 

Consider now any A® e • The cycles in A* arc in a unique F" and A'’ —» r"" 
defines a homomorphism r of onto as just shown. Moreover r is univakmt. 
For suppose that 6 A** bounds in X X F, so that J*"' = Ff*’*'^ We may write 
where is reduced and each term of f2 contains one of 
the factors a, a, e, e. Thus FfJ^^ == f— Ffi”^^ == a reduced chain. I^y direct 
computation we find then that this implies = 0. Therefore f = FfJ ^ 

or f® 0 in X X F, f® reduced f"' eJfJ • Tliereforc r is univalent. 
it is an isomorphism, and (().4) follo\vs. 

Several simple but very useful conclusions may already bo drawn from ((>.4). 

(6.5) The homology groups of a product of finite complexes are uniquely deter¬ 
mined, hy those of the factors. 

It is clearly suflS.cicnt to consider X X F. Suppos<'. that X', have iho. 
same homology groups as X, F and let l//, ■ • • , have their obvious uKMining. 
Then bf X /3? h'/ X fin • • • defines an isomorphism of the groups of reduced 

chains , (Sr* of X X F, X' X F', under which tlio related groups .3?» 
and gj, gr* correspond to one another. Hence the reduced homology groups 
of X X F, X' X F' are isomorphic, and therefore also by (6.4) tlic inti^gral 
homology groups, and finally by (III, 18.2) all the homology groups of tlie two 
complexes. This proves (0.6). 

(6.6) A product of finite acycUc co}7i2}lcxos is acyclic. 

For if X, F are acyclic there arc no 5, c, d, fi, 7, 5, lienee no reduced cytde^s 
and so by (6.4) all the integral homology groups are zero. It follows that the 
product has no torsion coefficients and that all its Betti numbers vanish. Hence 
it is acyclic (III, 21.3). 
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(6.7) If X, I" hmfc no torsion coefficients the sa7nc holds regarding X X Y and 

{c? X 7yl, p + (/ = s, is a base for a group = (*Y X Y), 

For in the absc‘nc*e of torsion coefficients there are no h, /?, rf, 5, and hence all 
the reduced chains are cycles and none is bounding. 

(6.8) Betti 7iU77ihcrs. Consider the groups mod tt, a prime, or the rational 
group (tt = 0). The basic system for the chains and their boundary relations 
in Y is still (III, 14,2). However if tt docs not divide if , writing now df^^ for 
1/tf ihe s(‘Cond relation of the system becomes Frff== hf , and so of the 
same form as the first, while if tt divides /?, df ‘ ^ is merged with the c?^^. Hence 
wo may supi)ress the h, d. The system (Ill, 14.2) retains its form but with 
chains h, d abs(nit. The argument may then proceed as before as if there were 
no such terms, i.(\, as if there were no torsion coefficients. The {c?}, {7/} are 
now merely bases for groups isomorphic with the groups §^(Y, tt), @®(F, tt). 
We still obtain the analogue of (6.7) and so |c? X y*}} j p + q ^ s, is a base 
for a group isomorphic with !p\X X F, tt). Sinct^ we are dcialing with vector 
spaces over Ov the dimensions arc the corresponding Betti numbers and also 
the numbei’s of (denumts in tlic bases. Hence 

(0.9) R"{X X t) = £ R"{X, t). 

Tn particular for th(‘ ordinary (rational) Betti numlxu's: 

(0.10) R‘{X X ]■) = E R”iX)R'‘0'). 

ThiK rcliition is (“(luivtili'nl. to Llui followiiifj; n()(.(nvor(.liy l•(^lation hetwooii tlui 
Poincar6 i)olynojiiials (FII, lii.3): 

(0.11) P(l; X X Y) = r(i-, A')P(/; Y). 

Wo may also inlrochicc in tho obvious way tli<> Poiiuiard ]>ol.yiiouiial mod x 
(i.c., whose' cfK'fricit'iits ar(! ibo lietti mimlx'i's mod x), say Pr{l', X), and tlicu 
(0.9) is c'ciuivalont to 

(0.12) Pril-, X X r) = PAP X)PAP Y)- 

(().13) If X in p-f.yclk. and Y u q-cydic then X X F is (p + (f)-cydic (0.7, 
0.10; III, 21.3). 

(0.13a) If I'', j)’ arc cycles of X,.Y mod x tlwu $'* X V* 0, ot' 0 ~ 0, 

and similarly with f, ri inlcreJuinycd. 

In the notations of ((5.8) S" ~ j/* Ci , n' ~ /d y'j , C' X i/® ff' h’ cf X y] ~ 0. 
By the argument in (0.8) the last homologj' implies that every g' h’ = 0, and 
since not every g^ — 0, we must have for cvciyand hence ij* ~ 0. 

(C.14) Applicaiion. Let I be a segment cunsidcred as a polyhedron. Its 
homology groups arc those of the closed ono-sunplox and so I is zero-cyclic. 
Hence the Euclidean parallelotope P" (product of n segments) is also zero- 
cyclic. Since P" has a single n-element, when n > 1, the boundary sphere 
SSr is (0, n — l)-cyclic (III, 21.4). 
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The preceding results lend to a rapid proof of: 

(6.16) The 'product of a finite number of simple complexes is simple. 

It is sufficient to consider a product of two simple factors X, Y. 

(a) dim a; X 2/ S 0- 

(b) Let & , ijo be the fundamental zcro-cocyclos of X, Y. We have 

• ^0 " ^ j Xq j 2/o ■ 

Since & , vo are zcro-eycle.s of X*, Y*, X i?o is a zcro-cycle of X* X F*, hence 
a zero-cycle of {X X 1’)* (2.8) and it is 

&I X 1?0 = 2 X 2/0 

which is the sum of the duals of the vertices of X X Y. Therefore X X F is 
augmentable and with a fundamental zero-cocyelc equal to the sum of the duals 
of its vertices. 

(c) Cl(a: X y) is finite and zero-cyclic. This follows from (2.2) and ((5.18). 
Since X X F is augmentable, (Cl(a: X y))a is acyclic (Ilf, 47.5). 

Referring now to (III, 47.1), property (0.15) is a consequenee of (a, b, c). 
(6.16) Betti and torsion groups. In view of (0.4) to determine thes(! groiip.s we 
only need to consider reduced chaiirs. Among their generators all tho.so not 
containing a factor d or 3 are cycles. Moreover a chain ^ containing bwms 
d X 5 is readily seen not to be a cycle. Suppo.se 

f* = uh? X 5) + vdt' X PT +•■'• 

From the relation Ff" = 0 wo find = (-1)'’''■«<? . Let geimrally 

= h. c. f. (if , el). Then 





fl-i 


and therefore 


f* = 


X 

a 


,,p„_iF(df« X 5?) + 


Thus the gi'oup of reduced cycles contains also Uni gtmerator f<,(p, (f) == 
F(dj X Sj)/Tif~'^. Hence a full set of goneratons for consists of tlio eychw 
of the type just written together with the products /;? X |d/, hi X y'j, X (3®, 
cf X 7?. The basic boundary rcliitions arc: 

P(dr‘ X 3?) = TfrYiiip, q), 

X m = X ; F((-l)"5? X S?’''') « Opf X ; 

r(d?+‘ X 7?) = X 7f; I’((-I)'’c? X sf'') = eh? x . 

We may express T?,^ in terms of t? , 0} an Tif = l?t'i' 4- (—l)’’3joJ*, and this 
enables us to replace the second and third basic boundary i-elationus by the 




[3] 


SRT-TRANSFORJMATIONS 


143 


uiu(|iu‘ rolatioii 

X + e'/b? X 6?) - y\ 7 /;? x . 

SiiKH? tho X 7 the only products which occur in no boundary, the Betti 
group 23''(A" X 1") is isomorphic with the free group on {cf X Ty}) P + (Z = s- 
From the basic, boundary relations we also verify that the torsion group is 
isomorphic with a product of cyclic groups of orders 7'?/ , /f , , 

p + (/ = ,s. 'J’hus the i.orsion coefficients are the invariant factors greater than 1 
of a diagonal matrix with all these terms in the diagonal. 

((5.17) Application to joins. Jjct K, L be as in (4) and finite. Let also 
a, • • , c and «,•••,€ be the elements of canonical bases for K and L. Tlien 
from (4.2) and the appropriate results for the product we deduce: 

((>.18) |c?7y), p + (/ = s — 1, is a base for the Betti group ^©''(/ilL). 

((5.19) ir{KL, tt) - E BfiK, t)R\K, tt). 

((5.20) When /v, L Jme no torsion coefficients this is also the case for KL. 
((5,21) The sa7nc results hold for the joins KaL, KLa , KaLa , provided that the 
basic ele77imts c?- , 7° are properly chosen. 

As an appli(‘ation of tlie preceding results or else directly one may also prove 
the useful property: 

((5.22) Lei K l)e. a finite simplicial complex and A a point. Then the pth 
homology groups of AN [of AKa] are. the. sa?nc as the. (p — i)st of K [of Ka\. 

§3. SET-TRANSFORMATIONS 

7. The dual nature, algebraic and structural, of complexes, reflects itself in 
their transformations. We shall have to consider separately those of A" as an 
ordered si)ac(‘, then the homomorphisms on the chain-grou])s, and ultimately 
comliiiuj the t.\vo types. The following treatment of set-t,ransforinations is based 
on Tucker [b]. 

(7.1) Dkfinition. Giomi two complexes X, 1", we shall understand by a sei- 
hwisformation i:X •—> Y a transformation of the set X into the set Y (for each a;, 
ix is a set of ehmwnls of Y). We call i: 
closed whim t t,U = CJH; 

weakly closed when CH Cl = CH (Cl commutes with Cl (); 

open lohem t St = St i] 

weakly open whexi St t St — St 

simple when V' is swiple and every (01 ix)ai^ acyclic. 

Co 7 wenicntfor 7 nal relations to keep in mind in cofineciion with these definitions are: 

(7.2) Cl Cl = Cl, St St == St. 

We also notice the following properties of set-transformations: 

(7.3) When t is closed [open] it is weakly closed [open]. 
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(7.4) When t is weakly closed, x' < x Cl tx' CZ Cl tx. Similarly for the 
obvious dual situation. 

(7.5) The ‘product I'l of two closed, weakly closed, open, weakly open set-trans¬ 
formations t:X 3^ t':Y Z, is a set-lransformalioii X Z of the same type 
as the faxlors. 

(7.6) The identity X —r X is both open and closed. 

Properties (7.3, 7.6) are obvious. Regarding (7.4): x' < x -* x't Cl .r -*■ 
tx' C t Cl J -»■ Cl tx' C Cl t C’l ;r = Cl tx, which di,sposes of the weakly (dexsed 
case. The dualization i.s ol)viou.s. Passing to (7.5) it is only necossaiy to con¬ 
sider the weakly closed case. If we apply Cl t' to the two sides of the relation 
Cl t Cl = Cl < and if we remember Cl /' Cl = Cl t' wc have in view of (7.1): 
Cl t' Cl t Cl = Cl i't Cl = Cl t' Cl t = Cl (t't) which disposes of the ca.se in (iue.s- 
tion, and similarly for the rest. 

Examples (7.7). Take *a simplicial cooiplex K = jer} and the join witli a point .1' 
AaKa “ L, Then o* —> Act defines a set-transformation t:K L, Now Z Cl o- = A Cl 
while Cl /tr =» Cl .4.«r « .4 Cl o- U Cl U A, and so Z Cl Cl Z. On tho other hand Cl Z Cl o- = 
Cl (A Cl cr) « A Cl <r u Cl O' u A = Cl iff, Tims t is weakly closed hut not closed. 

(7.8) Let K consist of the closed simplex Ao • • * Ap and let t be the set-transformation 

K whereby AiA, • • • A/; (? < j < • • • < k) is transformed into Aj-j-ndj-f-n I 

where the indices are understood mod (p + 1). Then Z Cl =« Cl t is immediately verifu'd and 
so t is closed. 

(7.9) Smplicial sct-transfonnalions. T.4et/C = \(r\,L— {{*( be two »siinpli(‘i{il 
complexes with respective vertices [Bj], A simplicial Het-transfonnalion 
t:K L IB one which sends every vortex Ai of K into a vertex Bj of L and 
sends a — Ai • — Aj eK into f = fo* = {(Ai) • • • {(A y) e L. We notice tliat-: 

(a) t is single-valued] 

(b) t is closed] 

(c) the kvo preceding propariies arc sufficient to characterize t. 

Property (a) is obvious. Il('f»*ardin{>: (b), clearly c' •< crZo-' -< la. More¬ 
over if f' = Bh'*' Bk < la there are indices /?■', Jc' such that- = 
5;,, ■ ■ • , ZAfc/ = Bk^ where , • • • , are vertices of a. Thus a' = 
Ah* * Ak> < a and ta^ = Hence I Cl == Cl I, wlucli is (1)). Suppose^ now 
that t has properties (a), (b). Since Cl I Ai == t Cl Ai =lA t , Cl lAi is a simplex 
and so it is a point. Suppose that we have shown that eveiy ta\ q < p, is the 
simplex of L whose vertices are the transforms of those of C'Ousidcu* now 
0 -^' = Ao • • • Ap . By hypothesis has no other vertices than • ^tA-p . 

Suppose f = ta^* has a. vertex B not among these. Since Cl = (U f ~ 
t Cl a^\ B must be in some ia\ <r' < a^\ er' 9 ^ a^\ contrary to assumption, ''rhen^- 
fore f == (/Ao) - • • (/A,,), i is simplicial and (e) is proved. 

(7.10) An interesting generalization ivS the foUo-vving, The notations remain¬ 
ing the same, i is closed and such that every la is a Cl Thus / is a single- 
valued transformation {a} {Cl f}. We will call t a generalized simplicial 
set-transformation . 
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8. Inverse and dual set-transformations. 

(S.i) The definition of the inverse is as usual: r’ is a set-mapping 1" —> A” 
Hueli that :r e f when anil only when y e Lv. dual of I will bo defined 

as a set-transformation )"* —> A'* such that ;r* e i*y* ^ y e Lr. It is oonvcniont 
to iutro(hi(*e also an auxiliary set-transformation k::X^ —> defined by: 

y e /.r. However it- is di'fiuitely Z'*’ that we ri'iiuiri' later. We note 
tlit‘ following properties: 

is. 2 ) = I, = f, t* = (r%: 

(5.3) if I in chml [opc-iilihi'ii aiul /^i an; open- ; 

(5.4) if oitc of /, is dosed, so is the olhrr, 

Pro])(a'ty (S.2) is obvious and (tS.4) is a eonsiMiueueo of (S.3) and th(‘ third of 

(S.2) so that (8.3) alone r(‘(iuires proof. The assertion as l-o Z, Z^.- is again obvious 
so that only th(» one eoneerning Z, Z"^ reiiuiri^s proof. Suppose' Z elosed. Given 
till'll .r € Z" ‘ St //, there is a y* > y sui^li that .r e Z’ and so /y' e lx and y e C4 y' C 
C'l Z.r = I Cl X. Hence there is an x' < x such t-liat y c lx' or .r' e r \//. There¬ 
fore .r e St. Z \//, and hence Z' ^ St y C St r\//. C 'onvorsely, let- x e St r^y. Theri^ 
is ail :r' < x such that x' eZ *//. Since x' eCU x w<' havi' CU lx = Z Cl x 3 
lx'9 y. IleiK'i* there is a y' e lx and >//. Hi'iiei' yy'€St y and x e t \i/ C 
Z ^ St vy. 'riii'refore St /' ‘/y C Z”’ St //. Thus / ^ St = St Z or Z"* is ojien. By 
dualizing the proof wi' tiiul llial Z open implies Z ^ elosed; so (8,3) is proved. 

§L GHAIN-AIAPPINGS 

0. Let A', Y he finite eonijilexes and let l| oi(p) |l, p = 0, ±1. • • • be inatriees 
of iiiti'giM's. Kefi'iTing i-o (If, 8.1) (hi* ri'latioiis 

(h.l) r.r? - ai(p)yf 

detini' a system of liomoniorjihisrns of thi* integral eliaiu-groups r: 

(i^’( }'). Th(* operation r is known as a (dial ndmnsfonualion. When in addi¬ 

tion r comniui.(‘s with K: 

(U.2) rV = Kr, 

(for iiitri'gral (*hains) tlioii r is ealled a chain-mapying X —> 1". 

(9.3) If 0 is any ooeffiiueiit-group whaUwiu*, a chain-map]>ing r induces 
a homomorphism i (f) divined by (he relations 

(SU) r{g\vf) - aiip)g'yf , g* eO, 

whi(!li still coinnmtcs with F. Fui-thenuorc owiiif-; to (9.2) t maps 

S'\y, G), G) —> 5’’(r, <r), and hence (II, 5.4) t also induces hoinouior- 

phisms: .'p''(A', G) -> vfVXi", G). Thus; 

(9.5) Thkobem. a chainr-mapping r:X Y indticcn homomtn'pimms of the 
groups E'', • • • , of X ot'er any G into the corres])oiuMng groups of Y. 

Lot the boundaiy relations in X, Y be 
(9.0) F*? = ai(p)xr\ Fyf = fil(p)yr'- 
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Notice that for X*, Y* they are 

(9.7) Fa;p_i = aj(p)^P > = fi]ip)yp • 

A simple calculation yields 

(9.8) ' (tF - Fr)ff*a;r = {«i(p)ai:(/> - 1) - aiip)^-(p)}g'yr\ 

A n. a. s. c. for (9.2) to hold is that this last expimsion vanish idoutically. 
Therefore (9.2) and 

(9.9) «kp)a?(P “ 1) - «i(?>)dy(j>) = 0 
are equivalent. 

(9.10) Simple cimin-mapping. Let X, Y be simple. The chain-inappinK 
TiX —» F is said to be simple whenever it presorve.s the Kronecker indices of 
integral zero-chains: KI(t|“) = KI(j‘’). It implies that if X, Y are augmentc'd 
to Xa, Ya with (—l)-elements «, y then t may be extended to T„:Aa —» I'o 
such that Toe = p, where to = t on X, TaVf = FtoS”. Explicit n. a. s. c. for r 
to be simple are 

Kl{x]) = Kl(aK0)j/5), 

which are equivalent to: 

(9.11) E a!(0) = 1 

3 

for every i. 

(9.12) SimplicM clumnnapping. Let A' = {crl, F = {f} be simplicial witli 
vertices A{, Bi, and let i be a simplicial s((t-tranHformation X —> F. S(>t 
tAi = Bi where the B’s need not be tlistinct. l^efinc a chaiu-niapping 
t:X F by 


(9.13) 



Bi^ • ■ ■ Bij, when th(i /?,„ arc distinct, 
0 otherwise. 


To prove commutation with F it is suffi(!i(‘ut t.o provi' tFc = F’tv. Assuiik' l.he 
labels so chosen that A,-* = Ah ■ Then if the Bi an; distinct: 

tFv = T ^ ( — 1)^10 ■ • • A}) 

= i~l)% ■ ■ • Bi-iBw Bp Yra. 

If the B’s are not distinct the labels may so chosem that Bo = Bt , and then 
the first two terms in the second sum cancel and the rest vanish. Ileiu'c 
tFo- = Fro- in any case, so r is a chain-mapping. Since KI(Aft) = Kl(/?*) = 1, 
t is also simple. A chain-mapping such as t is said to bo simplicial, 

(9.14) It may be noticed that while i determines t xiniqucly the converse is 
also time. For this reason we will often write re for l<r and this will cause no 
ambiguity. 
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(0.15) Product of chain-7nappings: If r /.s a chain-mapping X —^ Y and r' in a 
chain-mapping Y •—> Z then t't is a chain-mapping X —> Z, 

(9.16) Chain-mappings and re,orientation. TIio olToci of applying to X an 
orientation fnnetion a(.r) is the same as sul)i(X‘,tiiig A"” to the chain-mapping 
aix —> a{x)x. Similarly to reorient Y by inc^ans of ai(y) is ttic same as sub¬ 
jecting y to the chain-mapping aiiyoniy)'!/. Th(u-(4()re if Y both undergo 
the i)re(H'(ling reori(‘ntiitious tlie ecpiations of r given by (9.1) become instead 

(9.17) TX? = a(x'i)ai{p)ai{yf)yf . 

(0.18) Notation. If A' is a closed subc.oinpl(^x of A' and r a chain-mapping 
A" —> y, th(' values of t on the chains of A' defines a chain-mapping t':A' Y 
which we will conveniently denote by r | A'. 'Phis is a slight, but very natural 
deviation from the | notation of (I, 2). 

(0.10) Dkfinition. Let {frx}, \Ih] he two systems of groups indexed by the 
same set A — jX| and let r be an operation upon the groups of the first system such 
that T is a homomorphism,, an open koynomorphisin, • • * ; (h — > H\ . We will call t 
a simultaneous homoinorphism, • " , of jfu) into \orUo or with, if need be] [1I\\, 
wriitcri symholicatly as usual riGx II\ . Frequently when the meaning is other- 
vYise clear v)c shall drop '^simultaneous” and still call r a homomorphism, • • • . 

Hxamclks: a chain-mapi)ing r'.X —> Y is ii Bimul tun (ions homomorphism of tlio Ri’onps 
&’{X, G) —» CS^(V, O). Hero A = l(p, G)\. Oihor aimnltanoous h<)momorphism.s are: the 
projoetionH and injections corroapondinK to a dissection of a complex, the set of hoiru>- 
morphisms of (0.5). Very fnapicntly indexing sysUan will bo of tlic form ((p, G)\ 
but other tyi)eR will also (icenr. 

10. Sid(^ by side with r we may consi<l(u' tlu^ dual ma])ping r^:Y^ —> A"**' 
defiiK^d by 

( 10 . 1 ) t'Yp = <ii{v)A ■ 

If we com))ute t*F — Ft**' we lind again that its vanishing is (apuvalent to (0.0). 
Ther(d’or(! 

(10.2) If one of t, r* As a chain-mapping so is Ilia other. 

We also haves with p{p) as in (HI, Introduetion), 

(10.3) KKraf . /v) = = Kl^JoV , 

and hence, since tlu; index is distribiitivo: 

(lO.-l) Invarimica of the Kroncehr index. If (}, II are minnmlalwely paired 
to J, and f, nip arc, respectively, over 0, II Hum: 

(10.S) Klirf, yp) = KI(r, r^„). 

Conversely, let it be known that t, r* are so related that (10.5) is satisfied, 
where r is as before and r* is given by 

T*yp = a/*(p)a:i . 
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From (10.5) follows for = .r? , 7jp = ijp : ayXzO = is the cliiiil 

of r. Therefore: 

( 10 . 0 ) A n, a. s. c, for r, r* to he dual is that (10.5) hold for integral 7 ]p . 
Suppose now that X, Y, r arc simple, and let , 170 he the fumlanicutal 
cocycles. By (10.4; III, 47.1) and since r is simple we have: 

rio.7) Kl(rS", r,o) = KI(?“, ?„) = Kr(^, r%u). 

Select r — and let fo — 7*170 = Xj-^o • Fi’oni ( 10 . 7 ) follow.s 

Kr(x? , Xjxi) = Xi = 0 

or ^0 = 7*170. Converaely, if §1 = 7*170, from (10.5) foUo\\'.s the first ociuality 
in (10.7), and hcncc 7 is sinrple. Thorofore: 

(10.8) When X, Y arc simple a n. a. s. c. for 7 to be simple is that r* map Hw 
fundamental zero-cocyde of Y into the same for X. 

Since 7 * is a chain-mapping, wc have from (9.5): 


(10.9) Theorem. The dual r* of r indue.es homomorphisms of the- groups 
^pi • ■ ■ > a/ y into the mrrespomling groups for X. 

(10.10) If 7 induces isomorphisms of the. homology groups of X with the corre¬ 
sponding groups of F, ihm 7 * induces ismnorphisms of the colurnwlogy groups of 1' 
with the corresponding groups of X. 

The proof rests upon 

(10.11) If 7 induces hmnomorphisim of the, inlcgral homology groups, then it 
induces isomorphisms of tlwse oficr <w,ry G. 

Let there be given sets {5< , c? , rffj of chains of X such that: (a) they satisfy 
the some relations FdV''' = ifb^ , Pef = 0 as the elements h, c, d of canonical 
bases (III, 14.2); (b) every integral jj-cyclo ~ a combination of the /i,-’, cj’ . 
Upon examining the proof of (flf, 14.1) it is found that the sehs may be com¬ 
pleted by suitable chains aj’, c? to canonical bases {a? , 5? , • • • , ci’}. 

Ixst now rhi = flf , rcf = yf , rdf = S? . Under our assumptions X, Y 
have tlie same Betti numbers and torsion cooHiewmts, and furthermore (b) will 
hold for Y and the I3f , yf . Since 7 commutes with F w<! have as a c()u.se(iuence 
of (a): FS?''* = tfpf , Ft? = 0, which is (a) for F and tlie fi, y, 5. Therefore 
the y, S may bo completed to canonical bases {a? , /Sj’ , • • • , ef) for F. 

Referring now to the explicit expression (III, 1(1.9) for the (o^(X, G), and to 
the same for F, property (10.11) becomes obvious. 

Proof of (10.10). Tn view of the result just obtained, clearly wo only need 
to prove the asserted property for the integral group,s. By (III, 30.2) i|}) 

and §„(Z, S), likewise >^"(7, i|J) and §„(F, 3f) fire dually paired with the Kro- 
necker index as the multiplication. Lot T”, denote the elements of the above 
homology and cohomology groups of X, and A", Ap the same for F. By (10.5) 
and (III, 29.8) wo have: 


KKrr*’, Ap) = KI(r", 7*A„). 
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This relation states in substance that the chara(!ter of "iP) takes tlie 

saim* value at as the character Ap of ^bico r is an iso¬ 

morphism 1.hc‘ r<4ationship between t.he characters implies that r* is a univalent 
homomorpliism onto, and so that it is an isomorphism. 

(10.12) If riX Y, r':Y —> Z arc rhain-mappings then the chain-mapping 
t'tiX -> if //«.s‘ for dual (r'r)* = 

This is an imnn^diate coiisociuenee of the definii-ion of the duals by (lO.l). 

(10.13) Application to (tisscciions, bet (A^i, A'l) be a dissection of A\ tt the 
l)roj('ction X A^o, v the injection Xi X (fll, 23). Then (A"* , Ait) is a 
dissection of A'** aiitl tluire are a related projection 

r,*:X* At 

and an injection 

TT . 0 ^ -i- • 


(lO.M) (V, (r?, 7 ]*) arc two pairs of dual chain-mappings. 

The proof that tliey are chain-mappings has already been given in (III, 23). 
''I'lu' (‘([uations of tt, tt* are 


7r.rib 


= xlu 


7r.r{i = 0, 


T 


•« /) 


;r 


l)i 


which provc's that they arc dual. Similarly, of course, for rj, 

II. 'The c<»ii.xi(lcraliou of the si'iiphs is ])articularly sisnilicant for chain- 
transforiuatioiis. Let us associah* witli t as ('hain-dniph, or merely (/ntpli, tls' 
ziTO-chain of A'* X Y sivoii by 

r = Z) Pipy4 X nri' = Z (- 0 “ aiip)4 X 

( 11 . 1 ) 

= Z p{p)ai(v)4 X Vi . 

V 

I']xc(!i)i. for the (-1) factor this chain is stroiisly susS(-'<t'Wl l>.v the symbolism, 
an<l the choice of the supplementary factor will be justilic'd in a monumt. 
Furtlnuunonf T in oho the graph of r*. We have in fact 

r = Z /3(-?>)?/? X r*yi = Z KpK~4^aKp)llf X 4 

P 

= Z /3(-p)ai(2>)/// X 4 , 

P 

whicli shows that it bears tiro same relation to Iroth t, t*. In other words, the 
image of T in F X X* is the graph of r*. Wo may thus cousulor T as the 
graph of both t, t*. 
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The boundary of r is: 

Fr = E /3(p)ak2>){(F4) X yf + (-D^xj, X Fy?} 

P 

= Z ^(p)ai(p)(al(p + 1)4+1 xyf + (-iri3^;(p)4 X ?//.-*} 

p 

= Z /3(-p){aKp)^?(p) - - 1)}4 X 2 /r‘. 

p 

Therefore a n. a. s. c. for r to be a cycle is that (0.9) hold, or which is the same, 
that (9.2) hold. Since T and (9,1) determine one another uniquely we havt^; 

(11.2) The graph T of a chain-mapping r:X —> Y is a zero-cycle of X Y- 
Conversely^ every cycle such as T determines r uniquely. Moreover V is also ilia 
graph of the dual r* (Tucker [a]). 

Let iinimodular transformations yield new bases: 

(11.3) 4 = ; tj? = . 

Referring to (III, 33), the dual transformations are of the same form but with 
the matrices X^, f/ replaced by their inverses Xp, yp (notations loc. (at.). If 
we set 

(11.4) ai(p) = X*.4(p)jur', 

we find that r, r*, F have the same expressions as before with :r, ;//, a in pUien 
of X, y, a. Therefore 

(11.5) If the Xi j yi undergo nnwiodular transformations to the .rf , yf , the 
formal relations between r, r*, F remain the same.. 

( 11 . 6 ) Application. Suppose that one of X, Y is lornsion-frea (without torsion 
coefficients) or for that matter that X [YJ has no toi'siou <*.(>efficients If foi* (he 
dimensions p of the elements of X [7]. If we ‘apply the argument of (().!()) to 
Y X X* and F we have then 

r ~ Z l'p(.r), iVr) = Bf X 4 + X y], , 

whore Bf , Ci' arc linear integral ooinbinationH of the /j}' , <tf . 'I’lnwii cyclc.s 
may be identified with elements of tlui integral homology group .'^'’(A'), and 
hence rj,(r) with a cocyolo of V over .'p''(A'). U'lms thor (5 Is assooiated with t 
a set {rp(r)}, where rj,(r) is a cocyde of the type jiwt inoutioued. 

(11.7) Ex.\mple. X is simplidal, Y = >S"‘ = liter" * *, n > 0, and r is .siinplieial. 
If 7 o, 7 n are the fundamental eoeydes of ,S'", theti rii(r) = ft" X 70 , !’«(+) = 
ft” X 7n , where ft", ft" are homology classes of X. 

12. Complements. 

(12.1) If Ti, Ti are diain-mappings A' -+ I' we will denote by n rt ts (he 
chain-mapping X -+ Y defined by .n -+ ti;c d= ra.):, and by 0 the chain-mapping 
defined by a: —» 0 . 

We mil write n ~ n over 0 if + 17 " ray" f«)r every cycle 7 ’' over G. We 
say: n is homologous Zo tz over G, also for (7 = i|3 or (Jm: n is integrally ho- 
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7no[ogouf^ to r 2 , or n is homalogom to ro mod 1 , mod ru (n ro mod 1 , mod m). 
If ri To over ovory G thou we write ri ro , mid say ti is homologous to . 

(12.2) A 11 , a. s, c. for n ra or equivalently for r — n — ro 0, is that if 
7 ^' is any cycle of X then ry^' bounds. 

The eoTulition is nuinifesily sufficient. It is also noct‘ssary. For a cycle y^ 
over a topolof^ical group G is also a cyck* over tlu' isomorph (7i> of G in the alge¬ 
braic senses with the tlis(;reto toj^ology. Siiic(^ for Giu 0 ^ boiiiidirig, ry^' must 
hound a chain ovei* 60 . Since is also a chain over fr, ry^' bounds in 
tlio asserted way. 

(12.3) Definition. It is clear that r / is a relation of eqwivalefnce. We 
say therefore that two chain-mappmgs which are hoinologous arc in the same, chain- 
mappmg class. If t ^ r' are in fixed classes so are r zh r'. If 0 denotes the 
class of r = 0, the classes generate by addition the group of the chain-mapping 
classes II {X, Y). The classes of the chain-mappings X give rise to a similar 
group //(A, A). 

(12.4) Definition. 7'wo complexes A", are said to he homologous, written 
X Y, whenever there e.visi chain-mappings t:X —> Y, 6:Y X such that 
Ot 1, tO ^ 1. 

This is again a relation of eciuivalencc and so we have classes of homologous 
complexes. 

(12.5) A ^Y^ A* y* (obvious). 

(12.6) If X ^ Y then the homology and cohomology groups of X are isomorphic 
milh the corresponding groups of Y. 

For B, T of (12.4) induce honiomorpliisms 6, f of the homology groujis and 
we have: Or = 1, = 1. Hence f is an isomorphism, which is (12.6) for 

th(^ homology groups. The same result for the cohomolog 3 '’ groups is then 
a consequence of (12.5). 

(12.7) Let X Yy Xi Yi with r, 6 as in (12.4) and n, Oi the analogues for 
Xi, Yi. The chain-mappings (r:A —> Ai, f:y Fi are said to be congruent 
if ^ ^ ricrO and hence cr ^ r. 7Vic relation f — > <r defines an isomorphism of 
//(A, Ai) ivith II{Yy Fi) (proof elementary). 

(12.8) Weak chain-mapping. Let ro be a chain-mapping A —> Fo , and n a 
W(^ak isomorphism Fo F. Then r = nro is known as a loeak chain-mapping 
A —> F. Its basic equations arc: 

(12.9) rxf = Uiip + n)yp'‘*' 

where n is the increase in dimensions caused by rx . Wc merely note that for 
the weak chain-mapping (9.1, 10,1) read as before except that for r the homo- 
morphisms are ^{X, 0) (^"^^(F, (?),•••, while for r* they are 6p(F, (?) —> 

(Sp^n(A, 0). 
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(12.10) Example. Let Jv =* [<rl be a siraplicial complex. Then <r Atr defines a weak 
chain-mapping r:K AK, since tFo-p — — 

13. Carriers of cham-mappings. In this capacity set-transformations appear 
in their true role as regards the present work. A carrier of a chain-mapping 
t:X —^ F is a set-transformation t:X —> Y such that rx is a chain of Cl tx, 

(13.1) Example. X, Y are simplicial and £, r arc simpiicial and related as in (0.12). 
Then t is a carrier of t. 

(13.2) If r, r' arc cham^mappings X I", Y Z with carriers t, then t't 
is a chain-mapping X ^ Z with carrier H. 

§5. CHAIN-HOMOTOPY 

14. As a natural parallel with set-homotopy we shall introduce (following 
essentially Lefschetz [e]) a chain-homotopy, audits value will rapidly justify ii.sclf. 

Let first { = af> be a closed one-simplex. For convenience we also designate 
by I the integral chain ^ whose boundary is 

F({) = h ^ a. 


Given any complex X consider the product f X X. By (5.G) w(^ havt^ for 
every chain C of X: 

(14.1) F(f X C) = 6 X C ^ a X C ~ $ X FC. 

(14.2) Definition. Two chain-mappings ri, 72: X •—> Y arc called chain- 
homotopic whenever there exists a chain-mapping r:$ X Y such that 

T(a X x) = TiX, t(6 X x) = 720;. 'The cham-?napping n 'f-s' called a chain- 
deformation whenever n = 1. 

Let us set: S5C = 7(^ X C). Since r commutes with F wo have from (14.1) 
by apptying t to both sides: 

(14.3) F3)C = 72 C - riC - ®FC, 
or in equivalent operator form 

(14.4) FS) + ®F « TO - r:, 

it being understood that the operators arc all applied to the chains of X. Wo 
call !iD the homotopy operator for 7 {diformaiion operator when t is a deformation). 
We will refer sometime to (14,4) as the fundanKintal chain-homotopy relation. 

(14.5) A n. a, s, c. for n , 72 to he chain-komoiopic is the existence of a simulta¬ 
neous collection !5) of homomorphisms ^\X) S''“'"^(F) smih that (14.4) holds. 

Necessity has just been proved. Suppose that h exists as stated. Dtdine 
the chain-transfoimation r:^ X Z F by 


T(a X 0 ;) == no;, tQ) X O’) = r 2 a;, 


7(g X x) = © 0 ;. 
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To prove that t is a chain-mapping we merely have to show that it commutes 
with F. Since n , are chain-mappings we have: 

(rF — Fr)(a X a;) = (nF — Fri)a: = 0, 

(rF — FT)(b X x) = (t 2 F — Fr 2 )a? = 0. 

Regarding the elements $ X x we find: 

(tF — Fr)(g X a;) = t( 5 X a; — a X ^ X Fa;) — Fr(J X a;) 

= (r 2 — n — IsDF — F‘ID)a; = 0, 

and so (14.5) holds. 

15. (15.1) Cliam-homotopy is symrnetricy rcjlcxive and transitive. 

We may therefore introduce chain-homotopy equivalence and classes in the 
usual way. We prove 

symmetry by interchanging n and , and replacing S) by ~‘® in (14.4); 
rejlexivity by taking S = 0, n = t 2 in the same relation, and observing that 

(14.4) continues to hold. 

As for transitivily if ri is chain-hoinotopic; to and t 2 to ra with operators 
3)i, SDh we have: 

FjDi 4“ 3)lF = T2 — Ti , FT)2 ~h T)2F = T3 — T2 . 

Hence if we set 3) = 5)i + ©«, tlien 

SF + F® = T3 - T1 . 

''J'horefore ri and ra ar(^ chain-'honiot<)i)i(^. 

(15.2) If n , t 2 are cliain~ho?H()iopic mappings X —> Y then ri rg. Hence 
if T is a cham-dvformation X —-> X then r 1, that is to .sa/y, r does not change 
Ihe. homology groups. 

For if y is a eyv\o (14.3) yi(4ds F3)7 = (to — r})y 0, and so rj r^. 

(15.3) Dualization. Supposing ri, ra c.hain-hoinotopic mappings X —> Y, 
tlie relations delining 35 are: 

(15.4) Sxi’ = Ai{p)yr'\ 

Now the relations 

(15.5) 5D*j/p+i = Ai{p)Xp 

deline siniultaneous homoniorphisms (£,,)..i(r) —> %i{X)y and it is readily seen 
that the matrices of ®F and F5D*, likowisc thos(^ of FS) and 35*F, arc the trans- 
verses of one another. Therefore 

(15.0) SD*F + m* = rt - n . 

The operator 5D* is known as the dital of 3). lividently (®*)* = 3)** = 35. 
In view of (15.6) we have: 

(15,7) When ti , ra are chain-homoiopic so arc their duals n , r* ami their 
homotopy-operators 35, 3)* are dual to one another. When r is a chain-deformation 
so is r*. 
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(16.8) Definition. TJw two chain-mappmgs n, niX Y loith a common 
weakly closed carrier t arc said to be conMgmns in t, whenever they arc chain- 
homotopic and with an operator 3) such that SD.i^ C Cl ix for every :i:. Other wise 
statedj for evo'y x the homotopy takes place over Cl tx (Tucker [c]). 

Under the same conditions if t is closed so is (8.4). In the iiokitious of 
(15.3) if is an element of , by avssumption yf^^ < yl e txi . Hence 
x], C Cl t*yq C Cl which proves finally: Cl (U 

Therefore 

(15.9) If the Ti are contiguous in a closed carrier t then their duals arc cour- 
tiguous in the dual t* {which is also closed ). 

(15.10) Chain-reLraciion, This concept is carried over from retraction 
(I, 47.6). Explicitly: 

(15.11) Definition. The closed subcomplex Y of X is said to ha a cham- 
retract of X if there exists a chain-mapping p:X Y such that p ] F = 1 . We 
call p a chain-retraction. If p is a chaiiv-deformation then Y is known as a chain- 
deformation retract of X and p as a chain-deformation retroaction. 

(15.12) If p is a chain-deformation rotraclion X —> Y then p induces an iso¬ 
morphism of the homology groups of X with the corresponding groups of 

Let ri be the injection Y X. If is a cycle of X then py^' y^* in X and 
Tipy^ ^ P 7 ^ 7 ^' in X. Similarly if yf is a cycle of Y tlieii 7771 = priyi == y\ . 
Hence ijp ~ 1 , pi? = 1 1 , and (15.12) follows. 

16. A noteworthy chain-homotopy in simplicial complexes, Tluj situation 
to be considered below is essentially the one from which the (^oiKu^pl, of chain- 
homotopy arose (see [L, 78]). It is also in close relation with a partic-ularly 
simple decomposition of prisms into simploxoa discussed later (VIH, 22 . 1 ). 

(16.1) Let K = {<r), L — {f} be simplicial complexes, n and ra simplicial 
chain-mappings KL, h and h their simplicial carriers ( 9 . 12 , 13.1). We 
say that n , t 2 are primatically related whenever there c^xists a simpU' ordering 
{At} of the vertices of K such that if hAi = Bi , kAi = Ci , and 

(16.la) cr = Aig * • • At^ j in ^ i^ , 

is a simplex of K then every simplex 

ae.ib) 

is a simplex of L. Clearly: 

(16.2) A sufficient condition for n , ra to he prismatically related {independcMly 
of the ordering of the vertices of K) is that if <reK then the join {ti<r) {h<r) e L. We 
v)ill then say that ri , r 2 are prismatically related the strong sense. 

We will now prove: 

(16.3) If Ti, t 2 are prismatically related then they arc chain-liomotojnc ami with 
homotopy operator SD given by 

(16.3a) S<r = = E (“ ■•■Ci,. 
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Tim implies in. partimlar that: (a) the vertices of the simplexes of 'Do- (ire among 
those of tia and (1)) if t\ , arc prismatiralljj related in the strofuj sense then 
Do- is a chain of C\(kcr){kc). 

(l(). l) A rhain-h()iu(>t()i)y such as doscribod in (Uh^) will ho calhul pnstnatn\ 

PuooK 01 '^ (1().3). SuppcKsi^ first that. /i, /•» arc isomorpliisins of l\ with dis¬ 
joint siihc.omploxes /\i, /va of L, Thus f in (Hi.lb) will always be (/> b D- 
diiuonsional, and tho siinploxos in the expression ( l().3a) of Do- will all b(‘ non- 
degeiKU’ato. Under the eiiTumstanetss an elementary ealeulation yu'lds l^'Do = 
(ro Ti — DlOo- for (U^ciy o-€/v. Thus tlu^ fundaiu(‘ntal (rhain-hoinotopy 
relation (14.1) holds and (l().3) is ])roved for the pnwuit (*ase. 

Passing; to the fi;eneral case, iiitrodiu^c for (uu4i v(M*t.(‘X .1 i of K two n<*w v(ui.ie(\s 
Bi , (!i and for each f as in (Ki.li)) the simjdex J*' = Bi^^ • • • • • • (U,, • 

If M is the simplicial complex made up of tln^ f' and all their faces, th(»u Ai—> Bi , 
d; —> Ci d(4ine sinipli(nal ehain-mappiiifzis rl , ral/v M which are manih'st.ly 
prisinatically chain-homotopie, and this with nss])(‘<'t l.o ihe adopt<Ml onhu’inij: 
of th(^ vertie.es of K, W(‘ nvo clearly in t.he situation already e<msid(‘r(‘d, jind 
so if D' is tho hoinotopy operator wo hav(' 


Cl().5) 


FD' + D'F - t2 


t 

7-1 


Now B\ —> Bi , (fi —> Ci deline a simplicial chain-ma])pinp; 0\M L such that 
r„ - On, (h = 1, 2), D = OT)'. Since OFD' = F<?D' = FD, applyin^z; 0 to 
both sides of (1().5) W(^ obtain (M.4) an<l {1().3) follows. 

17. Comparison of homologous and chain-homotopic chain-mappings, 
(17.1) L(d. th(» d(\signatioas of , ♦ ♦ * , for the canonical bas(\s of X b(* as in ((>), 
and 1(4; A[* , ••• , d('signat.(‘ int(»gral chains of Y. Wo will first (Uideavor to 
<*haract(M*iz(^ inon* coinpkdely th(' chain-map))ings: -V —> Y. 

A chain-transformation t:.V Y is uniquely dc'flm'd by ndjitions 


TOi 


dr, ,rcr - B? , 


In order that r bo a cliain-mapping we must have rk' — Ft. This yi(4ds ln‘n‘: 
(I7.1a) PY;? = 0 (C? is a eyedo); 

(17.lb) = ifBi iH a c,vclc3 mod l^); 

(17.1e) FAT'*' = d? . 


Tim C\ D, IS thus detenmine tho d, B and heiuu^ r. We tnay tln^ndon*. state: 

(17.2) Back chainr-maj)ping defines muquclij and is unUfuely defined hy ihe 
following elements: (a) a set of integral cycles K/?}; (b) a set |/)f''l, “ a 

cycle mod li ; (c) a set of chmns {Ei '^'^l. The range of p is that of the. dimensions 
of the elements of X. 


(17.3) Theorem. A 7i, a. s. c. in order that two chain-mappings n , ra: A” - > Y 
be chain-homotopic is that they be homologous. In other words cliain-homolopy and 
homology arc equivalent properties of chain-mappings. 
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Necessity is implicit in (15.2). Suppose n ^ t 2 or r — n rs ~ 0. To 
prove sufficiency we must show that t is chain-homotopic to zero, i.e., exhibit 
an operator 2) such that 

(17.4) ©F -i- FS) = T. 

The notations being as before r 0 = FAf.^S Bf = FBu'*'* where 

, are suitable integral chains of Y, and so (17.1bc) become 

(17.5) , FS?+' = FAtt, FDf+^ = tfFBft'- 

Furthermore 

(17.6) , C'f = FC?r. 

To prove the existence of r we merely have to find chains ©af , • • • , such 
that (17.4) is satisfied when both sides arc applied to af , • • • . We choose 

(17.7) ©a? = Afr + 3)c? = C?t\ 

where are cycles to be specified in a momexrt. The relation for 

determining ©df reduces to: 

trWi'^ + F©df = , 


or by (17.7) to: 

F©d? = D? - iVmi + 

From the basic relations fox- tlux canonical bases (111, 14.4) wo infer that d? is a 
cycle mod /f“\ Hence r ~ 0 implies that rd? Iwunds mod tT'' or: 

(17.8) B? = FDfi^' -h iVDii . 

Therefore 

FSrff = + ir\Dii - Bii - Bh), 

From (17.8) and the second relation of (17.5);,-i w(^ find Fi)?^ = FBu . Hence 
Dli — Bu is a cycle and so wo may chooso 

Bli = Dli - Bfi , ©df = 

Similarly the relation for ©ef reduces to: 

F©cf = B? - {Ai\ + ASi), 

where FB? = F.4i< . Thus, Bf — Au being a cycle, wo may choose 

©e? = 0, A^i = Bf - Afi . 

Therefore the required operator t exists and (17.3) is proved. 

(17.9) Observe that in proving tlie existence of © wo have merely utilized the 
following properties: 

(17.9a) T ~ 0 integrally; 

(17.9b) rdf = Bf ~ 0 mod <f~\ 
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Coupling this with (17.2) we obtain then: 

(17.10) The classes of chain-honiotopic {or equivalently of homologous) chain- 

7na.ppmgs X Y are in one-one co^rcspofid^mcc with the following sets of siviul- 
iancous homomorphisms: (a) a simultaneous hmnomorphmn of the integral hoviology 
groups (b) a smuUaneous hmiornorpliism 

The range of p is that of the dmensmis of the elements of X, 

If A” is torsioii-frce (ii) alono remtiins. Coupling this with (15.7) we find: 

(17.11) If X [V] is (ursion-free then a 7i.a,sx, for n , to he cham-lumiotopic 
is that they [that n , r* ] be integrally homologous, 

(17.12) Application, Let 1" = 5" == 33<r"’*X n > 0, and let A’’, ri , be 

siinplicial. Api)lyiug the designations a? , ♦ • • , of ( 0 ) to Y, there are no (1? , 
8i and only two {\v(ilcs 7 ". Moreover since n, t 2 are simplieial we 

readily find: 7 ^ 7(1 ^ 7 * 70 . Hence n 72 if and only if rfTn r^jn • In 
other words corresponding to each chain-niap])ing r:A'^ —> Y there is a r.liar- 
acteristic /i-cocyclc 7 «(r) of A". Referring to (17.2) one may show that- the 
chain-homoioi^y class(‘s A^ —> aS'* are in one-one correspondence with Uu^ /tth 
integral cohomology classes of A', i.e., with tlu* (^kmients of tlu^ group .S>„(A"). 

18. Uniqueness of certain chain-mappings. To what (»xtent docs a <uu-rier 
determine* a chain-mapping? This (piestion was raiscul recently by '‘ru(*k(‘i’ 
[c] and answ(*rcd in part in an important tlicon'in of which w(^ give th(^ following 
special case, more* lhan ample however for th(^ seciiiel. 

(18.1) Thkohkm. JjcI X, V be two complrses, wilh Y simple, and lef .Vo 
he a closed subcomphw of X stieh that all the elements of X — A"o arc of posUicc 
dimetmon. Consider also chain-mappings r, ti , 70 : A > Y wilh a common 
weakly closed carrier t such that (CU , x e A" — A\) , is acyclic. Then: 

(a) if To — r I A'u is assigned and is suck that JvI(T«F:r’) — 0 , e X — -Vo , 
7(1 has an extension t:X and t is unique to within contiguity in /. Moreover 
when dim tx ^ dim .r, a: € A' -- A"!), then t is unique] 

(b) if Ti I Ao, 72 I A"o arc contiguous in I \ An then ti , ra are oonliguous in t. 

Noteworthy for it.s ink*rest is the following six^cial (^aso ol)tained from (I)) 

by taking for Ao the z(*r(KS(x*,tion of A: 

(18.2) Thiaoiusm. If A, Y arc simplicial and ti , n are swiplicial chain- 
mappings X —> Y with the same generalized simplicial carrier I (sec 7.10) Ihc/t. 
n , 72 are contiguous in t. 

Proof of (18.1a). Suppose that the elements of A — Ao have diiucuiHioim 
not less than 3 > 0, and take € A — A^o • Since IV € Ao, ro is 
defined and is a cycle 7 ®“^ of (Cl V)a. If g > 1, 7 ®”*^ bounds in (Cl V)„ . 
If g = 1 , by hypothesis KI( 7 °) =* KI(ToFa;^) — 0, and again 7 ^ bounds in (CR V)« . 
Therefore in any case the latter contains a chain ^ such that ^ 

We define rrr® =« J®, add rr® to Ao and proceed likewise for all . 13 ® € A — Ao . The 
situation is then as before, with a new Ao and with q replaced by g + 1, and so 
step by step r is extended to the whole of A. By assumption tF =» Fr holds 
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on Xq , and tx,x eX — Xq , in defined at each step so as to preserve this relation. 
Therefore r commutes with F throughout. It is also chosen so as to have the 
carrier t. It follows that r fulfills all the required conditions under (IS.la). 
Its uniqueness to within contiguity in t will be a consequence of (18.1b). 

Suppose that dim tx ^ x throughout. To show uniqueness it is sufficient 
to prove unique. Assume the existence of a second say . Siuc(^ 

— ^'®) = 0, is a cycle of (Cl Lv)a and of the dimension of that complex. 

Therefore 0 and hence Is ociual to 0, or ^ Thus all that i.s 

left to complete the proof of (18.1a), the uniqueness to witliin contiguity in 
is reduced to (18.1b), whose proof now follows. 

Proof of (18.1b). Let again dim x q, x € X — Xo . By (14.5, 15.8) 
we require an operator 5D such that 
(a) ^x^ C Cl tx^] 

(^) FSx^ = (ra ~ n ~ my. 

By the assumption of the coniigiiity of n , n in I on Xu , 3) is already suitably 
defined (i.e., to satisfy (a), (/?)) for x^' e Xq , and in particular for p < q. Suppose 
now p q, and assume that wo have obtained all the 35./, q ^ r < p^ such that 
(a), (jS) hold for dimensions less than p. Setting 

(18.3) r = (r, ~ n ~ m)x^, 
we find 

(18.4) Fr = F(r2 - 71 - ©F);/ = (72 - 71 - FS))IV. 

Since by assumption (jS) holds for dimensions less than p, we find from (18.4): 

= mFx^ = 0, so is a cycle. Clearly (72 - 71 );/ C Cl Also l)y t-lu' 
hypothesis of the induction: 3)F./ C Cl l{S!ix^') C Cl t Ch/ = C.^1 txJ\ sinc.e t 
is weakly closed. Therefore in view of (18.3), C CU./, Since (CU.r^')« 
is acyclic and p > 0, bounds in Cl U\f. There exists tlien in CA tx^\ a (4iain 
3)/ such that F3)a;'' = Thus wc liave found a 35.r'' which satisfies (a), 
(i 8 ), and (18.1b) is proved. 

Noteworthy complements are: 

(18.5) The results of {18.1) aho hold und&t'the following conditio'm; Xj K, 7, 71, 
70, t are simple^ dim Xo = 0 , and t a weakly doited carrioi' of 7, ri , 70. 

For the Kronccker indices of finite zero-chains exist and arc pres(u*v(Ml l)y 
T, 71, 72 . Since X, 7 are simple KI(F.^^) = 0 = Kl( 7 Fa:^); so (18.la) follows. 
For similar rcasoxis KI( 7 i./) = KI( 72 :/), and so 71 / - bounds in (Cl ]{;/)„ , 
This means that the latter contains a c‘hain 35./’ such that F 35 ;/ = 7 i/’ — 72 ./. 
Since in the present instance Xo = X*’, the zero-section of X, 71 1 .Yo and 72 1 -Yo 
are contiguous in i51 Xo, so (18.1b) holds also. 

(18.6) If 71, 72 binder (18.1b) coincide on -Yo we may choose 35 = 0 as the 
definition of 35 09^ Xo. 

Since Xo is closed in X this is implicit in the proof of reflexivity in (15.1). 
Explicitly also (14.4) is manifestly satisfied for the elements of Xo alone, wfficn 
SD = 0 on Xo. 
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(18.7) Gii'vn X, Y, t an in (18.1) and A'o = X", (X'' = tlte q-seclim of X), 
;/Kr(ri.i:'*) = Kl(r,/),llien n , 72 arr? contiguous in t, 

Sineo the dinuaisions in iiro j^roator than or equal to 0, both n and t 2 map 
the elennuits of into zero, ho we may (‘lioowe ® = 0 on X^\ Under the 
stilted (‘onditions wo can liiid a^ain ' such that FS);t” == nx^ ~ 72 / and S5 
will satisfy (1-1.4) for all of A'‘^ This mak(\s n | 72 | -Y” contiguous in 1 1 

and so (18.7) follows from (18.1b) with A'li == 

§0. COMPLEAIENTS 
19. Transformations of infinite complexes. 

(19.1) Locally fimte coni 2 )lcxcs. Ijct Y, Y Ije locall^y linito complexes and let 
lU^i(Z>) II, P == 9, =bl, ±2, ••• be matrices of integers. Let 

7 .^f = al(p)yj . 

When for a givcm p and i there is only a finite number of /s such that aiip) 7 ^ 0 
then 7.rf is a finit.e cliaiii of Y and therefore 7 (I(4ines simultaneous honiomor- 
])hisms of the Jinilr iiik'gral chain-groups 

Tiisfix)-^ (s;(y). 

Wh(*n 7 commuU's with F: 7 F = F 7 , wo shall sav that r im f-c/iavn-rnapping 
X 1\ 

WIk'ii for a given p and j there is only a finii-e numbcM* of Ps such that aKp) 7 ^ 0 
tlien for (‘V(*ry infinit.(^ inU'gral chain 

r = 

th(^ (expression 

hP J * p 

rf = aig I/} 

i.s ail inlinit.(^ chain of Y aiul ilicrcfort' t ilcfines .sininltanoous liomomorplii.sm.s 
of th(‘ injinilc intcisnil chain-groups (II, 8.-1): 

r:(£''(X) (S'XJO- 

When T commutx's with h' wc shall say that t is an i-chaitMnapping X —» Y. 
When T is both an /-mapping and an i-mapping wc shall say that t is an 
fi-chain-mapping. 

With T there is associated a dual mapping t*:Y* X* defined by 

T*y’ = ala:’. 

As in (9, 10) wc have 

(19.2) T is an f-chainr [i-cJiain- or fi-cliain-] mapping if and only if r* is an 
i-chainr If-cliairir- or fi-chairtr] mapping, 

(19.3) An f-chairir [irchain- or fi-chaiiv-] mapping r'.X —> Y induces homo- 

morphisms of the groups (S", of the finite [infinite or both] chains of X over 

any 0 into the corresponding groups for Y. The dual t*:F* —> X* induces then 
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homomorphisms of the groups (Sp , • • • , of the infinite [finite or both] cochains 
of Y into the corresponding groups of X. 

(19.4) The product of txoo chain-mappings of a given type (J, i or Ji) is a chain- 
mapping of the same type. 

The modifications required in (9, 10) (all but (10.10) which is left out of 
consideration) are clear enough. Wo notice explicitly that £” in KI(j“), ami 
one of f, vjp in rjp) must I)e finite. 

The graph T is still the zero-chain of X* X 1" given l)y (11.1). If r is an 
/- [or ^-] chain-mapping then evc'ry factor or yf occurs in at most a finilt' 
number of terms of F. If we bear in mind this restriction concerning F (11.2) 
still holds. 

The remarks of (13) may ])e repeated throughout with the sole restritdion 
that a carrier of an/-mapping r:A’’ —^ Y must be a finite: valm^cl set-transforma¬ 
tion t:X Y. If r is an ^-mapping must be finite-valued. 

(19.5) Star- or closure-finite complexes. Let X, Y be star-finite and lot 
the meaning of/-, • • ■ transformations be as before. In that sense the boundary 
operator F is an ^-transformation from the groups of p-chains to those of (p — 1 )- 
chains. Therefore if r is an ^-transformation in the same sense as before (from 
groups of p-chains to groups of p-chains) Fr — tF will have a nu^aning aii<l 
so T may be defined as an i-chain-mapping in the samc^ way as pr(‘\dous]y. 
Similarly for an j^-chain-ma]}ping. Likewise for closure-finite X, Y and /- 
and ^-chain-mappings. And naturally also (19.2, 19,3, 19.4) eontimie to hold. 

20. Chain-homotopy in infinite complexes. Let X, Y be both star-finite' oi* 
both closure-finite. Two/-chain- f^-chain- or jft-chain-] mappings n , rorA” —> V 
are called f-cham [i-chain or fi-chai?i-] homotopic whenever in the terminology 
of (14) there exists an/-chain-[i-cluiin- or/t-chaiii-] mapping r:? X A' —> 
such that T(a X X) = nX, r{h X A") = r 2 X. If n ~ 1, ra is called an f-chain- 
[i-chain- or fi-chain-] deformation. It Is understood throughout that tlie/-tyi)e 
[i-type] are considered only when A", Y are closure- [star-] finite, while the fi- 
type may be considered in both cases. 

As in (14) it may be provo>d that the existence of an/-, i- or/fc-ehain-homotopy 
is equivalent to the existence of a simultaneous homomorphism 

such that 


F® + ®F ~ To — Tl 

given by formulas 

where the matrices of integera || yl?(p) || are subject to the same type of restric¬ 
tions as the matrices 11 a<(p) |j defining n and n ■ 

As in (14) we may define the dual of 5D and prove that 
^(20.1) Tl, T 2 are f-homotopic [i-)wmotopic or fi-homoiopic] if and only if t* , 
t 2 are i^hoinotopic [f-homotopic or fi-hamolopi<i\. 
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(20.2) If Ti, t 2 are f-homntopic [i-homotopir] then nf'* for every Jimto 

[infuiilc] cycle of X. 

(20.3) Similarly wo have three Ivpe.^ of homolofiious complexes (12.4). It, 
is r<‘aclily seen that: 

(20.4) X, )' arc /- [i- or //-] homologoai^ when and only when A'*, arc /- 
[/- or y/-] homolocjoHH. 

(20.15) If X\ y arc. f~ |v^l homologous then Ihc finite [infiniic] homology growpa 
and the injinitc fy///f/c| cohomology groupie of X arc immorphic with Ihc conwpomi’- 
ing groHp,s of 1'. 

(20.()) The consi(l(U'aUons of (17) hold for A" Ihiite, Y closur(‘-linit(' aiul 
r, T*, !D of/-typ(‘. It is understood that all th(‘ chains and cycl('S undc^r cou- 
sidcratioii are finite and wherever hom<)lo.i»;()US or chaiu-hoinotopic (4iain- 
mappiiifrs oc(‘iir tlu'y are /-homoloft’ous or /-chuin-homotopic. 

(20.7) In th(* remain(l(*r of (§5) tlu' naiuinnl modifications Jin' (iuit(‘ straifj;ht- 
forward and may saf(4y lu^ left to tlu' read('r. In particular, ev('rylhin^’ may 
be carricul out for transformations of tlu' yt-typt'. 

For tlu' sak(‘ of simplicity wt* sluill assume throughout (-he resl. of Ihi' <‘hapt(*r 
tliat all complexes arc locally finite and all chain-mappings arc of the fi-fypc, 

21. Transformations of products. Let /, r he a set-transformation and a 
chain-mapping A’’ and t the same: A”' —> V'. Define t X /' and t X r' 
by the relations 

(i X t%v X x') = {tx) X (/'.r'), 

(r X t')(t X .t') = (r.r) X (rV). 

Fjvideiitly / X is a s(4,-transformation X X A'' —> Y X ) l^'rom t-lu' com¬ 
mutation propc'rty of t, r' with F w(' find also (t X t')F = F(t X r'), so that 
r X r' is a chain-mapping A" X A"' —^ X Y\ We proven rc'adily 

(21.2) If both /, i' arc npen,^ closed, weakly or otherwise, so is t X /'• 

(21.3) If t is the carrier of r and // the carrier of r' then I X d is ihc carrier of 
T X r'. 

(21.4) The chain-graph of r X r' is the product of the chain-graphs of r and r'. 

(21.5) Let n , ra be chain-homolopic chain-mappings X —> V, and t[ , ra the 
^sainc: X' —> 7'. Then n X r( and ro X n arc cliain-lwrnotopic chain-mappings 
X X X' -^Y X Y'. 

It is manifestly sufficient to prove that the two product chain-mappings 
considered are both cliain-homotopic to ri X t 2 . We liavo an operator !© 
on X^ such that 

(21.0) ®F + FS = - n . 

If we set 

(21.7) A(a: X »') = (-l)’’(na;) X (SD.'cO, V = dim a:, 
we find directly 

(21.8) (AF + FA)^!: X x') = (n X ri — n X r[){x X x'), 


♦ 
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which is, in fact, (14.4) for A relative to n X A and nX A , We prove similarly 
the chain-homotopy of the latter with to X Az and with operator A'. Hen(*e 

(15.1) Ti X Ai and X are chain-homotopic and with opci’ator A + A'. 

(21.9) The situaiion being as in (21.5) if n , ro are contiguous in and A , 
A are contiguous in t' then n X n aiid to x to are contiguous in t X t\ 

For A(.'u X x') C Cl (i X ^')0^ X :r'), and likewise for A', h(me.e also for 
A + A'. 

(21.10) The 'preceding properties hold for any finite product. 

22. Induced chain-mappings. Let (Xo, Xi), (Fo, Fi) be dissections of 
X, 1^ (III, 23) and let tt, a? bo the projections X —> Xo, F Fu and r/, the 
injections Xi X, Fi —^ F. Suppose now that we have a chain-mapping 
T and a set-transformation ^:X F, such that tXi C Yi , tXi C Fi. Let 
TO = COT I Xo, and define k: Xq Fo as the set-transformation such that = 
tx (\ Yq ^ X e Xo. Set also n = t | Xi, i | Xi. We say that , n are 
induced by t, t. 

(22.1) (a) Ti is a chain-mapping Xi —> F, ; (1)) if t is a closed carrier of t 
then ti is a closed carrier of Ti . 

Only (a) for to requires proof. We must prove cotttF = cuFojt. Sinc(^ co“ = w 
and F commutes with w and t we have coFcot = coFt. Clearly also cot( 1 — x) 
= 0, and hence cot = cotx. From this follows cotxF = cotF = coFt = coFcot, 
proving the assertion regarding tq . 

Let t' analogous to t induce n- , and sui)pose t, t' chain-homotopic with 
operator 2) such that 2)Ah C Fi, If 2)o = co3), S?! = S | Xi , w(^ liiid as abov(‘ 
2)o7r == co2)x = co2), and so, using 2)F -f- F2) = t — t', we verify that 'Dil' + 

= Ti — Ti. Thus Ti, Ti are chain-homotopic with oi)orator 2)* said to 1 m^ 
induced by 2). If t, t' arc contiguous in i, and if Ch designates closures iu Ih , 
then 2)iJ3 C Chitix), x e Xi , and so t* , Ai are contiguous iu U . Thus: 

(22.2) If T, t': X F arc chain-hmnolopic with operator 2) anr/ t, t', 2) send 
Xi into Fi then the induced chain-mappings Ti , Ai : X^i —^ Yi are also ehain-homo- 
topic and their homotopy operators are the operators 2)o — oiS), 2)i = 2) | Ah 
induced by 2). Furthermore if t, t' are contiguous in t such that tXi C Yi , 
then Ti , Ai are contiguous in the set-transformation til Xi —» Fi induml by L 

§7. SUBDIVISION. DERIVATION. PARTITION 

23. Subdivision may be viewed as a method for cari'yiug over to compkws 
the geometric process of partitioning a polyhedron 11 into arbitrarily snmll 
pieces. 

We continue to adhere to locally finite complexes, and to take all (jhain- 
mappings of the jfi-type. In particular homologous complexes are also to bo 
understood in the fi- sense throughout. 

The basic definition, due essentially to Tucker [a, c] is; 

(23.1) Definitions. The complex Y is said to he a subdivision of X whenever 
there exists a setrtransformation S:X F, and chain-mappings <r:X —F, r: 
Y X with the following properties ; 
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Sell. N is Jlnilc-valuad and closed] 

S(12. is single-valued] 

Sd3. cr has the carrier N, t Ihc carrier tc = J, and ct is conlignous In the 
identiiy in SS~\ 

We call S set-subdivision or also subdivision] a chain-subdivision] r a recip¬ 
rocal of 0 -. 

(23.2) == 1. However = 1 only when is one-one, 

(23.3) is weakly closed, 

Tliis is eqiiiviilont to tho rolaiioii: 

(23.4) Cl S'" Cl y = Cl *//. 

At all events from y e CA y follows Cl y S' *// or Cl S' ^ CU y ID Cl S ’yy. 
l.et now .r = N" ami a:' e Cl S'^ (U y. We liav(^ then .r' € Cl S~^ C^I S,i: = 
Cl S''S,v. == C^l;r = C^IN' 'y and henee Cl S' ' Cl y d Cl S"^!/, Sinee eaeli 
sid(^ of (23.4) cont-ains the other, (23.4) follows. 

(23.5) T(T1, (FT I (15.8, 15.2). 

2*1. (2-4.1) Thkoukm. When is a- siibdivisio)i of X then X and are homol¬ 
ogous (12.4, 23.5). 

(24.2) Tiikoukm. When Y is a subdivision of X then X and have the ,same 
homology and cohomology groups. More preeisety <r |«7« dual (t*| induces iso- 
7 norphisms of the homology [coho 7 nology] groups of X \of Y] with the corresponding 
groups of Y [o/A ] (I2.(), 24.1). Similarly for t wdh X, interchanged. 

(2*1.3) Let (A'o, A"i) he a disseciion ofX and Y == SX a subdivision of X\ with 
cr, T a.s in (23.1). Then 

(a) ( 1 ^ 0 , l^), Yi = SXi, is a disseciion of 

(b) Si = S I A"t is a sei-subdivision of Xi ] 

(c) the corresponding cr, r are (TiiXi —> Yi induced by c and ri\Yi —> Xi 
induced by r. Explicitly and with x, o as in (22) we have: cro = coo* | A'o, ro = 
TTT \Yo , 0*1 = 0* I Xl , n == r\Yl, 

J.et Sx ~ Z, By Sd 1: S Cl x = Cl Z, Since Xi is closed: x e A"i (U x C 
Xl Cl Z d Yi. On the other hand an clement y of Yi is in some Z and 
hoiu^o Cl y d Cl Z d Fi. Thns Fi is closed and tIun*eforc Yo is open, and so 
(Fo, Fi) is a dissection of F, which is (a). Since^ SXi == Fi wo also hav(^ 
crXi d Fi, S^^Yi = ST'^SXi = Xl (23.2), and rFi C A^i. Couplmg* thes(». 
properties with (22.1, 22.2) it is but a step to (b, c). 

(24.4) Sx and /S Cl a; are subdivisions of X and Cl x (24.3). 

(24.5) Let S be a subdivision of X into F, and /S' a subdivision of Y into Z^ 
with O', r related as before to S^ and o*', r' the analogues for S\ Then S'S is a 
subdivision of X into Z with o-'o* and rr' as the related cr, r, 

(24.6) Let S, <r, r, X, F he as in (23.1), and let S', o*', r', X', F' he a second 
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mnilar set. Then S X S' is a subdivision of X X X' into Y X Y' with cr X o*', 
r X r' as.the related <r, r (21). 

(24.7) The situation being as in (24.()) if d is a cham-mapping X X' then 
0 ' = (f^Or is a chain-mapping V Y\ Furthermore if a is the isomorphism of 
the homology groups of X with those of Y induced by er and a' the same for <t\ and 
if d, are the homornorphisms in the. homology groups of X, X' induced by 
6, 6' then 0' == 

(24.8) Let X, Y he simple, arid S a finite-valued closed set-transformation X •-> Y 
such that: (a) S'"^ is single-valued] (b) SV is a vertex] (c) (Cl Su;)a is anjcUc, 
Then S is a seirsuhdivision of X into Y and the related <t, t may he chosen simple. 

Conditions Sdl2 of (23.1) heiup] already satisfied there remains to exhibit 
suitable <t, r satisfying Sd3. 

Define cr on X“, the zero-section of X, a*s = Sx^. This mak(3s the ivro- 
necker index of zei'o-chains invariant under <r. As a eonseqiicnco KI(F(r;c^) = 
KI(Fa:^) == 0, since X, Y ar(^ simple. By (18.1a) cr may be extended to tlu^ 
whole of X with S as carrier, and it is clearly simple. 

We proceed in similar manner as regards r and S"*h Define r on tlu^ 
zero-section of Y, as follows. Take any vertex of and choose rrf = x. 
This makes the Kroneckor index of zero-chains invariant under r. Hen(*t^ 
KT(Ft?/^) = Kl(Fy^) = 0. Moreover (G1 (Cl a;)a, and hence it is 

acyclic since X is simple. Therefore by (18,1a) r may be extended to Y with 
the carrier and it is clearly simple. 

Consider now rcriX —>• X. We have rcr 1 X*^ = 1 and since cr, r leave KI(f‘’) 
invariant, this holds also for ra, from which we conclude as above that 
KT(Fro-rc^) = 0. Since ro-has the carrier which contains the chain-mapping 
1, and (Cl S~^Sx) = (Cl a::)a is acyclic, rcr is contiguous to 1 in Since 

ST^S = 1 (23.2), and so does not raise dimensions, by (18.1a) to* = 1. 

The same argument holds for err and We have (Cl SS^\j)a == (Cl Sx)a , 

and so it is acyclic. As before KI(F(tt 2 /^) == 0, and since is the carrier 
of both (TT and the chain-mapping 1, Ihey are contiguous in SS~\ 

Thus Sdl23 are satisfied and (24.8) is proved, 

25. Derived complexes. There is a noteworthy process for constructing new 
complexes out of given complexes and which applied to simple and simplicual 
complexes, or polyhedra yields subdivisions. It is described in the 

(25.1) Definitions. Let X be any complex and choose as simplexes the ordered 
collections of distinct elements 

(25.2) or (a;,), • • • , Xp], xq < Xi < • • • < Xp . 

Every face of cr is a collection of this nature^ hence X' = {cr} fs a simplicial 
complex. It is known as the first derived of X, Similarly the second derived X” 
of X is the first derived (X')' of X\ • • • , the (n + l)st derived of X is 

(X^”V* X^^^ is called a derived of X, In general however ^Hhe derived^^ 

shall refer to X'. 
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Foi* tlio sake <3f clarity it is coiivi'iiieiit to designate x as a vortex of -V' by 
a new symbol 'a*. Or if wc prefc'r we may eousider tlu^ '.r’s as now v(U’ti<*es 
in oiie-oiK^ (Uirrespondcncc^ with the elements x of A". Th(» gcMun'al simplex 
a- of A"' is then described by 


(25.3) (T = |':r.- ;r, < ••• < .rj. 

For evejy a e A' the representation (25.3) is nniepu* and in ibis form '.r,-, V; 
arc^ called tb(^ fmt and last vc'rtox of cr. 

(25.4) Wcaldj/ isomorphic complexes hare monorpliic derived complexes, 

(25.5) A' ^ A*', Ihc isomorphism being such that the orienluHon-s of A’^' are 

those of aflcr applying the orientation function = /^(— '/?). 

Let '.r* d(mo1.(' .r* as a verk'x of A*L Then to <r € A' given by (25.3) there 
corresponds o-d e A"'*'' given by 


cru 


* 






Xi 


anti clearly \r ~> ':r* deiint's an isomor|)hism of A' with A""^' which (conforms 
with (25.5). 

2(). Derived of simplicial complexes. Let A = {a} beour customary siinplicial 
complex and let V be the new vert(*x of its dtM’ivtvl /v' associat(^d with a. 4'lnis 
the elements of /v', now written assumt^ tiu^ form 


(21).1) s' == 'cry, (Ti < • ' • < (Tj 

We will now introduce the following <>peraib)ns: 

(2G.2a) Derwaiion D, This is a set-transformation K /v' tleiiiied retmr- 
sively by 

D/ = , p > 0. 


If K is augmented to Ka with the ( —1)-Himplex €, we add the t^onvcMition 

De = €. 


(2().2b) Chain-derivation. This is a chain-transformation d(din(»d rcsc.ur- 
sively by: 


= a-®; p > 0. 

If we set = X?y, then 

p > 0: 5<r? = V? 23 

and so step by step: 

P > 0: 5<rf =23 'o’ir'' ■ ‘ ' 

= 23 * • • '^^Ip-l.kpO'lp ••• '(Ti , 

the summation being extended to all fci, • • • , kp such that o-Jj, ■< -< • • • 

V JP-l V 
“S <Xki -S (Tf . 



166 


COMPLEXES 


IIVJ 


(26.2c) A reciprocal r of cham-dcrivation. Assign to each V a v(4'tox r V 
of the simplex cr. It follows then from tlie expression (26.1) for tlie simplex f 
of 7 il', that r Vi, • • • , r Vj are all vertices of cj . Hence V —r V defines a 
simplicial chain-mapping /v' K wliicli we continue to call r. This r is pre¬ 
cisely our reciprocal of cr (see 26.8). 

(26.3) (a) D is a closed sei-iransformaHoiv, (b) Dcr^ = {Vi • • • V; V^' | o-* < 
-< o-j < cr^l; (c) D“^ zs single-valued. 

Proof of (a). Evidently Cl Da = D Cl o*^. For p > 0, we have then 

Cl Dc^ - Dcr^ u = D Cl <r^ 

Proof of (b). It is trivial for p = 0, so we may assume p > 0. We line! 
then from (26.2a) that Dcf^ consists of V^' together with all the joins f V'', 
f € D33(r^. Under the hypothesis of the induction if <ry e 3Jcr^' then Daj consists 
of those and only those f e Zi' which terminate with Vy. Therefore 
{fife D^a^} = {Vi • • • Vy I (T-i -< ■ • • •< (Ty •< <r^}, and from Ihi.s to (b) is 
but a step. 

Proof of (c). From (b) follows that f = Vi • • • VyV^ can occur only in 
Da^, and so i)'”Y — which proves (c). 

(26.4) 8 is a chain-mapping K —> K' with the carrier D and r a chain-mapping 
K' K with the carrier 

The carrier properties are immediate and it is already known that r is a 
simplicial chain-mapping. There remains to show that 8 is a chain-mapping, 
or that F8a‘' = $Fcr^*. For p = 0 this property is trivial and so we assinm^ it 
for p - 1 and prove it for p. Now FStr" = 8W' ~ V^TSFcr" = 8Fa^' - V''(^KIV0 
= 8Fa^\ which is the asserted property, and so (26.4) is proved. 

(26.5) r5 = 1. 

We miLst show that rSa^' = a^' for every p. This is obvious for p = 0; so 
we as.sume it again for p — 1, p > 0, and prove it for p. vSuppose r V^’ = .4 
and a^ = €Aa^^^\ e = d=l. Then 

rda^ = eT^a^8{a^* ^ — -4lV^ ^). 

By hypothesis = a^'~\ r8AFa^'^^ = AIV”*. Since tV'" = A, and A, 

is a vertex of every element of the chain AFcr^''”\ we have rS'a^'AFa^ "^ = 0. 
Hence r8a^ = eAa^^^ = a^y and (26.5) is proved. 

(26.6) Theorem. Evei'y derived of a simplicial complex is a subdivision. 

From this and (24.2) there will follow 

(26.7) Theorem, Derivation alters neither the homology nor the cohomology 
groups. 
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PitooF OF (2G.()). It is suffieicuit to show that /v' is a subdivision. To this 
effect wo will show by moans of (24.8) that D is a set-subdivision K —> /v'. 
In view of (2().3) all that is loft to do is to show that (D (U a)a is aoyc.li<‘. 

At all ovoiits (D Cl = (<r‘’)a is acyclic. Moroovea* if is tlu^ siinplt^x 
AB then Di'\a consists of two oiu'-simpU^xes AC, ('B (C = 'a) with their 
end points. An oleincntary (aikailation shows that it has no on(^-(wcl(\s. It 
is coiuK^cted and horau^ ^soro-cyclic, and so {D (U a)a is also acy<‘lic. 

Consider now (D Cl flr^‘)a , }) > I. W(^ may assume ii- prov(‘d a(?ycli(i for 
dimensions l(‘ss than p. As a consecpuuice (2().()) and (2().7) will liold for those 
dimensions. Hence like 4V', is (0, p — l)-cycli(^ (111, 21.1), (7>)4V)a 

is (p — l)-(\v(*lic, and linally (D C4 cr^')„ = is acyclic. We (u>u(‘lu<le 

then from (24.8) that J) in a Hubdirision. This proves (2().(>). 

We will complete (2G.G) by: 

(2G.8) 5 is a cham-siiJfdivisiou and t is <i reciprocal of 6. 

The carrier properties have bec'ii provc'd in (2().4). R,ef(‘rrinf>; also to (2l.tS) 
we find that- 5, r assiinn’ on the zcu’o-scctions of /v, /v' tin* valiums s])<Mnfi(Ml then^ 
for a chain-sii])divisiun and its r(Tii)ro(*al. Then the arj 2 ;um(‘nt of (21.S) yi(‘l(ls 
(2G.8). 

(2G.9) If K is an n-circuil, a simple n-eirewit, or an oricnlahle n-rirenit, so are 
all its rcsperlirc derwed (proof ('h'UK'iitary). 

(2G.1()) Derival ion docs twi modify Ike dimension of a simpliei<d eomplex 
(proof ehunentary). 

27. Derived of simple complexes. Even-ything that, has just beem said u]) 
to (2G.9), and which docs not. involve tlu^ description of (2t).2c) (’arri<\s oven- to 
sim])le complexes. In particular D, 8 still have' tlu^ forms (2G.2al)), and sinc(‘ 
the proof of (2G.G) does not utilize (2().2(0 it continiu's to bold, M.nd so do<*s 
(2G.7). IJy (24.8) 5 and r arc both simple. W(^ state explicnt.ly for r<'f<‘r(‘nce: 

(27.1) Derivation of a simple complex is a subdivision and so it alters neither 
the hoinology nor the cohomology (jroups. 

It is a direct consequence of the definition of the (hn-ivcul (25.1) that 
dim D:d' ^ p. (4n the other hand = x^' ^ 8xi' 9 ^ 0, aii<l so I)x^* c.ontains 
the nonzero p-chain 8x^. It follows that dim J)x^* ^ p, and so dim Dx^* == p. 
Thus as for simplicial complexes (2G.10): 

(27.2) Dcrimtion does not alter (he dimemion of a swiple complex. 

Finally we have the following complcimmtary result: 

(27.3) If X is finite, dim x ^ 0 and (Cl x)a is acyclic then (27.1) still holds. 

For no otlun’ i^voportios than those* stated arc needed in the ])r<)of. 

28. Partitions of polyhedral complexes. Let IT — {ItJ}, IIi = \Jii] be poly¬ 
hedral (‘.omplexes. We say that Ih is a pariilion of 11 wh<uiev<n' (wtuy Hi is 
eontainecl in some E and every E is the union of a finite s(^t of ecdls Ah . If 
III is an Euclidean complex the partition is said to l)e simpUciaL 

(28.1) Theorem. A partition IIi of a polyhedral complex is a nVihdmsion 
of n and hence IT, IIi have the same homology and cohomology groups. 
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To prove (28.1) it will also be necessaiy to derive the following result which 
is interesting for its own sake: 

(28.2) A polyhedral complex is simple. 

Let the partition operation >S be defined as the replacement of each cell E 
by the set of cells Ex whose union is E, To prove (28.1) it is sufficient to show 
that is a set-subdivision. 

Referring to (III, 6.1, 6.14) 11 may be in an Euclidean space or in the Hilbert 
parallelotope P“. In any case, however, it is identified with a subset of a 
linear variety L in a real vector space 25. Each S” will then span a definite^ 
subspace 25' and 25' n L will be a unique linear ?i-dimensional variety ffi" detcu*- 
mined by E*\ We refer to S'" as the space of E\ When IT is in an Eiujlidean 
space then is a subspace of that space. 

Let then be the space of a given cell E"" of IT. If d is a subspacH^ 
meeting it decomposes the latter into two convex n-cells J?'”, and an 
(n — l)-cell It decomposes also similarly 33®” into a polyhedral comph'x 

The replacement of Cl by u {®'” , is a partition aSo of 

n. Suppose is such that 33®'* = Then So consists merely in r(‘- 

placing ®” by {®'”, ®"'*, ®'*”^}. Such a partition operation will bo callt^cl 
elementary. 

(28.3) Every partition IIi of IT may he further partitioned to Ha which may he 
obtained from U or Hi by a succession of elementary partition operations. 

In the space of ®'* take the intersection of Cl ®'* with all the subspacc's 
of all the ®® C ®”, and repeat the process for all ® e 11. Let aS' b(^ the com¬ 
bined operation which is a partition operation and let Ha = STI. If U" isiTi(» 
g-section of 11, and Hi = aS'II"', it is clear that we can pass from ll‘^ to 11.” by a 
succession of elementary partition operations. Suppose this also provcul r('- 
garding the passage from 11““^ to IT 2 "“h It is evident from the construcl.ion 
that we can then pass from IT” to n 2 , by a siiccossioii of elementary partition 
operations applied to the a-cells of II” one at a time. The resulting operation 
on n is S'. 

At the same time as Cl ®” is being i)artitionod by the subspacos of tb(» Ei C ® ”, 
these El themselves are also partitioned and so the combined op(u*ati()U on lli 
is likewise a partition operation :IJi —> ITo. As above IL is shown to I)e 
obtainable by a succession of elementary partition operations from IIi and so 

(28.3) follows. 

(28.4) An elementary partition T is a sel-suhdivision. 

The proof is by means of (24.8). We notice that: 

(28.5) n is augmentable and with a zero-cocycle jq = ^ A\ where {Ai} are (he 
vertices. 

For these properties depend solely upon the one-section, whicii poss(\ss('s 
them since it is an Euclidean complex and hence isomorphic with a simplicial 
complex. 

Among the conditions which (24.8) requires, (24.8ab) arc clearly fulfilled 
and the rest will follow if we can prove (28.2) and 

(28.6) (TCI ®)o is acyclic. 
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Let (28.2)rt denote (28.2) for dim 11 = 7b, and (28.6)« denote (28.0) for E = 
Since (28.2)„ , (28. 6)^ are trivial for — 0 we may assume them for n — 1 
and prove them for n. 

In order to prove (28.2)« all that is lacking, in view of (28.5), is to show that 
(Cl E'')a is acyclic. Since this is obvious for Ai = 0, I we may assume n > 1. 
Then th(\ asserted i)roperty is equivalent to: Cl E'' is zero-cycJic (HI, 47.5). 
It will also follow from; 

(28.7) n > \, in (0, n - l)Hyi/cUc. 

For if (28.7) holds ^E'' has an integral {n — I)"Cycle 7“'‘ such that every 
other is a multiple of 7''“■^ In parti(5ular F7i''‘ = Let {/i?? ‘j be tiui 

(n - 1 )-faces of E\ By definition : Er'\ = e' - =fc I, hence F/i/" = 

0 since Wi’' is (0, n — l)-cyclic and so must have (/i — l)-face.s. We also 
have7“'“^ = ri'Ei ' \ Hence say €* = ^17* = d=l, and so t = ±1. It follows that 
7”^^ = dzVE'\ and so the (n *- l)-cycles of C\ E'\ which are th<5 same as th()H(‘, 
of arc^ all ^ 0. Since = ±£7"^^ 0, tE'' cannot be a cycle. For 

dimensions less than n — 1 the homology groups of C-I E^ and iBA?" are the 
same and so Cl ft/" is zcs'o-cyclic. Thus (28.2) is nuluced to (28.7). 

Take a i)oint A e E" and clioose an Kuclidean simplex (r" (III, (i.D) sue.h that 
.1 € a: d E\ J.et (S" be tlie space of E\ Fach face of o-; or of /i’" defines l,o- 
gether with A a cerl.ain siibspace of iB'\ Tlu^ seti of subspa(u\s thus obtained, 
wh()S(' number is finite^, is readily shown to cause isomorphic f)artitions of 
ilV,? and Then^fcm^ the two partitions have the sauK^ liomology groups. 

Under tlu^ liypotlu\sis of tlu* induction ihc'se groups ai’c the sam(> as Ihosc^ of 
iBcr/,‘ and of Hence tlu^ latter is (0, a — l)-cy(dic Iik(^ ®o-". This provc^s 

(28.7) and hence (28.2). 

Then’S remains to prov(‘ (28.())n . W(^ assume t.iien /(/'* i‘e[)lac(id by A" ‘ 

toget.luu* with t.wo other conve^x cells AT , AT and so we havc^ to show that if 
/vj = ((U AT)a , Tva = (Cl AT),I, A" — Ki u K 2 , then K is acyclic^. Winces K is a 
finite (^om])lex it is siifiici(*nt to show that all th<*. inU^gral homology groups 
of K ar(^ z(M*(), i.(^, that, (wcjiy integral cyc.h^ 7^' bounds. Now we may wrii.(^ 
7" - ('1 + ('S , fT C Ki . W(^ have tlien 7'' ' = FCf - - VCS C AT n K 2 = 
(C.U E'" ^)„ . Since tlu^ latter is mjyclic. 7'* ' == I’TT, (f d AT n AT . Ihmc.c^ 
/ = yl + yl , yl = ^ y^ == + (V\ 7? a cycIc of AT* . SiiKic. AT- is 

acyclic 7? - FCr''\ (/?“'* C AT- Hence 7" - ‘Thus A 

is acyclic, and (28.());i follows. This c()ni})l(‘.t(^s the proof of (28.0) and also 
of (28.4). 

(28.8) Tluirc nmiains to show that any partitit)ti operation S is a subdivision. 
We apply again (24.8). All that it recpiires is to prove: 

(28.9) (aS Cl E)a is acyclic. 

By (28.3) there are two products of elementary partitions such that 

2\S Cl E = T 2 Cl E. By (28.4) and (24.5) both 7\ , 2\ are sot-subdivisions 
and so they do not modify the homology groups. Therefore those of (Cl 
and (S Cl E)a are the same. Since (Cl E)a has just been proved acyclic (28.9) 
follows and (28.1) is proved. 

29 . Barycentric subdivision. Let Kc — {o-*,} be a finite Euclidean complex 
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and let Vg be the centroid of ore- Define an operation D on Ke formally as 
follows: 

(29.1) Del = VS = el ; De^ = 'efiDBef)a, p > 0. 

Thus D is essentially the analogue of derivation applied to Ke- 

(29.2) D is a simpUcial partition of Ke • 

Let Ke denote the p-section of Ke . Clearly (29,2) holds for Kl ; so wo 
assume it for /vfand prove it for Ke • Since the simplexes of Dcrf arc^ dis- 
joint from those of DKe~\ all that is required is to show that: 

(a) each x e o*? is in a simplex of Dcrl ; 

(b) the simplexes of Dorf are disjoint. 

Since (a) holds for V? we may assume x 9 ^ 'ore- Since o-f is convex the 
segment Vfa: meets | So-? \ in a point x'- Under the hypothesis of the induction 
x' € I DSBorf I and so x' e <tU C | DSSerJ \ , x € \ Vg jD58o-g |, which is (a). 

Since D induces a partition of So-f , the simplexes aU of DSio-? arc disjoint 
and hence this holds also for the set {V? , which proves (b) and tliere- 

fore (29.2), 

(29.3) The analogy of D with the operation of (26,2a) is obvious, and so wo 
call it harycentric mbdivision. If K is a simplicial antecedent of Ke (III, 6.12) 
then K' is an antecedent of DKe . Owing to this DKe is called a harycentric 
derived of Ke , and denoted by K^ . The nth barycentric derived is deliiu'd 
as D^Ke . As a partition D is a subdivision and the related chain-subdivision 
and reciprocal are 5 given by (26,2b) with <Te in place of a*, and r defined in (26.2c). 

(29.4) The fact that Ve has been chosen as the centroid of Ce played no rol(» 
whatever, and it could equally be any other point of o-g . The partition then 
obtained is merely called a derived of Ke- However, unless otherwise st.at(‘d 
“derived” will be understood to refer to the barycentric deriv(^d, 

(29.5) Choose the points ('o-f) such that V? e o-? and also that e!, < aj! 

'ce = V? . Then D defined hy (29.1) is still a simplicial partition of Ke . 

The proof is the same as before and need not be repeated. 

Finally the same proof yields: 

(29.6) LetU = {E] be a polyhedral complex and 'E the centroid of E. 'Then D 
defiried by (29.1) with E in place of a, defines a simplicial partition of U ^ II' 
(= the derived of IT), mid called the harycentric derived of 11. 

For convenience DII is identified henceforth with 11'. 

30. Application to the duals of simplicial complexes. 

(30.1) Let first = Ao • ■ • An+i, n > 1, and let .S'* = So-” ' ^ = |,r(, 
where we suppose that in .S" the incidence numbers arc as in (III, 5.7) 
([crAro-] = 1). For convenience if A, o-” are opposite one anotlrcr thou W(! 
suppose <r" so oriented tliat or” A = 

If af «.S” we denote by f?"'’ the face opposite trf so oriented that <r< f*= 
By the convention just made this merely yields as the the vortices A<. 
Let So = {f? '} with the incidence numbers defined in the usual way 
([Af If] = 1), Thus So is simply S" reoriented in a definite way. 
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(30.2) Th(^ (hull of *S" is dowigiiak'd as usual by (N")'" aud its (dements by 

(cr),}. Now it is an ehumuitary nuitku’ to show that (Xp —» pres(n‘veH the 

in(*idon(u\s in (N")* and iiKUxdy raises dimensions n units. Therefore it dehnos 
a wvak iHoni()r])hisni ^:(aS")* —» Sl{ with dinumsious rais('(l n units. Thus aS''* 
in weakly isornorpliic with its awn dual, the dimensions being raised n units, 

(30.3) Let now K l)(^ any fiiiik^ simplicial complex and let its vertices be 
auftineided by at h^ast two thus producing a scdi \Ai\, i = 0, • • • , + 1, 
when’o the first r g n — 1 are tlu^ verti(‘.es of /v. W(^ (^()nsl.riict a' == 
A\) • • • yl „.|4 , tlum as before and so we have K imm(U’S(Kl as a subeomplex 
in aS". Wo adopt in K the iucidenetvs of aS'\ i.(*., it is to be a subeomplex of aS” 
itself. Tlum again 0/v** = /v,> is a subcompl(‘x of aSo (i.e., with the imddcncc 
numbers of aS?) which is a weak isoniorph of Zv* with dimensions raised n units. 
Thus: 

(30.-1) Given any finite simplicial cojnplex K, and an integer n above a certain 
value, then aS" contains an isomorph of K and also a weak isoftiorph Ko of /v* with 
dimensions raised n units, 

(30.5) We shall adopt naturally enough the sauu' iiundeiK^e immb()rs of 
(III, 5.7) for the derived of aS'", and also for tIio.se of K, as in aS'" and Zv. The 
only (duinge re(|uir(Hl in (20) is in the replac('m(mt of (2().2b) as the definition 
of 5 by: 

(3(),5a) h(f = a', = (5lV0V^ p > 0. 

It is (ni.sily s(u>n that this affects no ulterior argiinumt in (20). 

(30.0) Take now the first (leriv(Hl (aS'")' of aS". Tlu' v(^rt(»x map])iug 
—> ',<*? d(din(\s an i.somorphism t of (aS'")' with (aSV/)' uiuUm* whi(^h '<r,‘ • • ■ V/, 
<Ti < • • * < (Tj, of {H*y go{\s into 'f / • • * 'fe, f J < * • ’ < f,-, of (aSYO'* In other 
words th(^ s(di of simpbx(»s b('ginning with '<r» g()<‘s into the s(d, of th(),se (uiding 
with 'ft. Under I there e()rr<\sp()nds to tlu^ s(d‘. of siin])l(‘X{*s of t,li<^ (l(M-iv('d 
(ft- y of fi (i-e., wiili 'f“ as last V(n*(»ex) the s(d. '' of th<^ sinipl(^x(w 

Ix^ginning with Vi' . Since t is an isomorphism, if w(‘ introduee in )??" ''j the 
dimensions and incidence relations of aS"o , iXmv. is o))taiiUHl an isomorph Si of 
aSJ sikJi that (aSY*)' “ By (30.4) aS 7 is a weak isomoridi of (aS'")**^ with 

dimensions raised n nnits and in aSJ the image of cr], has for deriv(Kl, tlu^ s<'t of 
simpltmis of (aS'V bt^ginning with VJ' . 

Notic.e that (o'?)' vi,nd have common siinplexes wlieii and only when 
tlion' are simplexos whose first vortex is V/ aud last vortc^x V? , i.(^, wlnui and 
only when o*/ •< o-? , and all such simplexos arc common to both. Thus we liavo: 

(30.7) (crfY and have comnwn simplexos {elements of (asS”)') when and only 
when <r® ■< O'? , and their cMmmon simplexes cofisist then of all those beginning with 
V; and ending with V? . 

(30.8) Suppose now K immersed as a subcomplex in aS"”. Then Ki = 

I O'? € if} is a weak isomorph of Zf* with dimensions raised n units and 
(30.7) continues to hold as between the o*? 6 K and the corresponding e ifi. 
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Since r)i consists of all the simplexes of (S”)' which begin with the vertex 
'erf € K' we have: 

K'l = StK\ (star in (>S”)'). 

31. Let us take now an Euclidean (n + l)*-simplex, and to siin})lify inatt(u\s 
let us preserve the notations of (30). Thus the Euclidean simplex will bo 
written and we write throughout <r^, * • • instead of erf , * * • for Eu¬ 
clidean elements. It is then an elementary matter to verify: 

(31.1) Let be the space of and if af < p i n, lei g? " bo the 

subspace of defined by af and Then (S”)' is the parliiion of cdused 

by its intersections with the gf 

(31.2) consists of all the simplexes of (S^Y with the vertex 'trf and otherwise 
exterior to tyf . The set is in the space defined by V? and ike coinpUmiont 

f n^p V H+1 

» of a i vn <T 

Owing to this property one may also describe 77 ?”"^ as a cell Iransoorso t/O o*''. 
Notice that if is regular (in the sense of elementary geometry) thou rff ''* 
is in the orthogonal to the space of af in g"”^^ at From (30.7, 30.8) 

we deduce also: 

(31.3) <rf n 5 *^ 0 when and only when o-j' < af and the intersection is the 
union of the Euclidean simplexes of (S'y whose extreme vertices are 'aj and 'erf . 
The same property holds for a subcomplex K of S'* as regards the af e K and the 
related elements eKi {related to K as in 30). 

This property will provide valuable indications regarding (*haiu-iut.(u*s<‘c.- 
tions (V, 4). 



CHAPTER V 



C0MP1.EXES: MUI/ITPLICATIONS AND INTERSECTIONS. 
FIXED EIJiMENTS. MANIFOLDS 

The present, chapter l)rinp;s to a close the g;eiu^ral (.lu'ory of complexes. Multi- 
pli(‘ati(>ns for finite complexes are introduceil in a f»;(nu*ral form and then spe¬ 
cialized to intersections. The con\plem('nts recpiirc'd hy infhiit.(' (^omplcxc^s will 
be found in (3,18). The algebraic ti-eatnnuit. of fixcul (^hnnentsof (^hain-inappings 
and thc^ related (|uestion of c,oincidenees follow and tJie (^liapt<n- concludes with 
ail extensive treatment of combinatorial manifolds. 

General references: Alexander [c, d, e], Ah'xandroff [f|, Ctu^h [f], Kohnogoroff 
[b, c], Lefs(^hetz [a; L, IlI'-VI], Newman [b], Pontrjagiu [d], Tucker [a], Veblen 
[V], Whitehead [a], AVhitney fcl). 

§ 1 . MULTIPLICbVriONS 

1. (1.1) We shall Ix^ dt‘aliiig for the t.ime being with three basic complexes A', 
Y, which are a.ssumed finite unless otherwise stated. In addition W(' sliall 
have t-wo groujis G, II (‘ommutat.ivtdy paired to a third group Occasionally 
also we may hav(' G ^ II = J — p, a c.omnuit.ativc* ring. 

(1.2) L(‘t ju be a chain-map])ing A X Y Z givcMi by pi-i'i X j/j) = 
<l)^h , r == p + v- If w(* hav(' chains = <j\vi‘ , V' = AVi <>1 A\ 1' o\'('r f/, 
II tii(m 

(1.3) X if) = dWiAv. (i)zl = r. 

is a chain of Z ov<‘r also (hmoted by 

(LI) .r = 

Tlu^ ojieration X/i thus defined is known as a umltipliention of A", Y to Z, or 
mendy a inuliiplieation whenever X, Y, Z are clear from th(^ (iontoxt. 

Let the notations b(‘ those of (IV, 5). From tlu^ fa(d, that fx is a (diain-mapinng 
togetlnn* with (IV, 5.3, • • • , 5.9) we deduccu 
(1.5) fx is a mulUplicalion pairing (£^'(X, <r), tS"(r, II) to J), 

(1.0) F(r X, V) - (Ff) X, V' + (-l)T X, 

(1.7) 7^' X^iSf is a (p -f q)-c,yclc. 

(1.8) 7^' or 6^ 0 7^^ Xu 5® 0. 

(1.9) 7/7^* € r^' and 3^ € iX then 7^ Xm fixed homology class written 

Xm <^'^d this operation is a multiplication pairing f/), t)y(F, II) to 

J). 

(1.10) MultiplicaHon ring. Consider the special ciiso JV = 1’ = 5/ and 
G = II = J — p. Then we only have cycles y over p and their classes 1\ Let 
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§(Z, p) = p). The group .'p(Z, p) may be identified with the additive 

group generated by all the homology classes over p. Between the generating 
elements |r^} we have relations of the form X;i F® = They may bo 

considered as defining a distributive but not necessarily associative operation of 
multiplication between the elements of §(Z, p), thus turning the group into a 
ring R{X, p, p). Such a ring was introduced (in connection with intersections, 
(8.8c) by J. W. Alexander [d] and Gordon [a]. See also the Pontrjagin ring of 
(VIII, 53.1). 

(1.11) Suppose that there is merely given a chain-transformation p,:X X Y —^Z 
and we wish to find if it is a multiplication. This requires that we show that 
pF = Fp, or by (IV, 5.5) that: 

Fp(f X rD = pF(r X v") = ym”) Xv'‘+ (-l)T X F,,'}. 

If we write p as a product Xm this reduces to (1.6). Therefore: 

(1.12) A n. a. s. c. that a chain-transformation piX X Y —* Z he a jnultiplica- 
tion is that it satisfy the boundary relation (1.6). 

(1.13) An example. The following noteworthy example Ls duo to W. W. 
Flexner [c]. It will,be of interest in another connection later. We choose A" 
locally fini te but otherwise arbitrary and define a multiplication <p of X, X* 
to X', the derived of X (IV, 25) as follows. Set 

= K' = Wp-i-Al 


and let the designations for the simplexes of X' be tho.se of (IV, 25). Then the 
relations defining (p are: 


(1.14) 

(1.14a) 

(1.16) 

(1.16) 


X x’p) = ^{'p)iVxi ; 

V <q‘- <p(a;!’ X xD = 0; 

(pip — whore «/“* -< xl, 

p{xf X x^p-i) = ] . 

[0 otherwise; 

r < p - U<pix^ X xi) = • 


• where r — p — q — 1 and the .summation is over all ki, • • ■ , kr such that 
Xi > Xkf^ >••'•> Xj-. We must verify (1.6). It is trivial for (1.14) and 
immediate for (1.15). The relation FF = 0 yields: 

E s p—s+1 -V p—a _ rt 

^’8 . 

From this follows for g < 2^ — 1: 

+ (-1)"-" E /3(7)X?*. • • • X?/ 'a-f • • ■ Vr. 

The term in the first sum is at once reduced to (Fa:<) X^ a;i . The term in the 
second sum is 
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i-riimui + + l)Xf*, • • • • • • '.cirl''} = X, Fxi . 

Substituting in (1.17) wo obtain (l.b) for ip, anti so is a intiltiplication. 

2. L(‘t again fi bo as in (l.l). Since it is a oliain-inapinng A' X Y Z, ix has 
a chain-grai)h I' which is a zero-cycle of A"* X Y* X Z (IV, 11). We propose to 
utilize r to show that there are in gtnieral cert.ain nt'w multiiJlications related to /x. 
Keferring to (IV, II) wo have: 

(2.1) I’ = £ q)x], X yi,X z'k, r = p + q. 

By porniiitin#>;, if p().ssil}l(‘, the faetors A"*, F*, Z w(' .shall obtain new oxpms.sion.s 
for r and hon(‘(' the lunv inultiplications. "riu\s(‘ ])(M’inutal.ion.s live, only po.s.sil)lo 
when the fatdors to loo ixunnited are disjoint and so w(^ hav(^ to exaniiin^ several 
cases. 

(a) A", Y are disjoint. Then A'* n F* = 0 and peiinutation of the two faetors 
A"*, }"* is the sanu' as applying; to A’'*’’ X F* X Z an orientation function 

X t/i X zl) = (-1)"" (IV, 1.4). Theivfon* by (III, 10.1) V as a cycle of 
]"* X A'* X Z is to be written: 

(2.2) r = E {-ir^iryhip, q)yi X 4 X zl. 

P,(J 

(Vmseqnently (IV, 11) V determines a chain-mappinfi; Y X A" —> Z, written 
lik('WLse as a ju-nniltiplication, and ^iven by: 

(2.3) i/j X,xf - {^lYVlj{p,<f)z[. 

That is to say, 

1/1 x,xv = x.i/u 

and therefon^ for a j[)ro<luct of chains 

(2.4) v^x,r = {-^yrx,ri\ 

(b) F*, Z are disjoint. We may then writer F as a (^y(do of -V* X Z X )'*: 

(2.5) r = E /3(“9) (i8(p)m<j(P, V)X z'k X ?/j . 

From this (expression of V we infer that there exists a chain-niapping 
A X Z* —» Y*, which writtcni as a ju-mnltiijlication, is giyon by: 

(2.6) ;c? Xm 4 = 0ip)Pii(p, q)yi • 

(c) Z disjoint from X*, F*. Ih’occcding as under (a) wo obtain a multiplica¬ 
tion fr Xp f given by: 

(2.7) f. X,r = (-irr X,fr, 

which may be viewed as giving the commutation rule for the operation (2.6). 

(d) X and Y v Z* are disjoint. Then T may be wiitton as a cycle of 
Y*XZ X X*: 


I 


I 
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(2.8) r = q)}yi X zl X . 

This yields the chain-mapping Y X Z* X* which written as a multijdica- 
tion reads: 

(2.9) yl X^ Zr = |8(p)^(r)/iJ,-(p, g).r’p . 

If in addition Y, 2^* are disjoint there is obtained for this last multiplication 
the commutation rule 

(2.10) X,v^ = (-l)V 

(2.11) To sum up then, in addition to the initial multiplication ju tli(U’o may 
exist two more with possible commutation of the factors under the cinniiu- 
stances which have just been described. 

(2.12) In similar manner we may introduce a multiplication of n — 1 com¬ 
plexes Xi, • •• , Xn-i to yield chains of an nth complex Xn . It will be a chain¬ 
mapping Xi X • • • X Xn-i —^ Xn with a graph which is a zc^'o-cycle in 
xt X ■■■ X Xt -1 X x „. 

3. (3.1) The situation is particularly interesting when the throes fiict<>r.s A', 
Y, Z coincide or else are one of X, X*. The complexes which are g(^oln(^(.ri(•ally 
significant ai-e the simple complexes or their duals, and for thc.se dim j- > 0 or 
else g 0. Hence on dimensional grounds wo may exclude chain-mai)i)iugs of 
type A'^ —» X* as of little significance. This loaves the typo.s A'' —>• A and 

A*" —> A*. They are really the same with A, A* interchanged and .so wi* will 

describe them as dual to one another. The re,suits obtained for tlu! one may l)e 
applied to the other provided that all the elements are replaced by their duals. 
It will be sufficient therefore to concentrate upon the second type. This is ( Ik; 
one which interests us primarily .since it includes intersections. 

It may be observed that A n A'* = 0, and so the disjunediou i)rop(M-tie.s 
required in (2) are easily verified lieiv. 

(3.2) We shall then discuss principally tlu! multi[)lication of A'"', A* lo A'*. 
The associated graph is a zero-cycle T of A“ X A*. Tlic elements of the complex 
are the triples (a:® , xl, x'„), written xf X .'Ca X , and orchuvd with resp(>cl, t,o 

x'j, Xu . To be precise the element just written is diaHncl fi-om .r* X x'j X .f), . 

On the other hand if we write the comidcx as A X A'* X A we arc supposed to 
replace a:? X xl X Xp by xj X x], X xl , the effect being the same! as applying an 
orientation function who.se value, on the clement under consideration is (—1)'"^ 
Thus 

(3.3) X? X a!i, X xl = (-1)'‘^'C? X 4 X :r.^ . 

Similarly as regards replacing A X A* X A by A* X A“. Thus tlu! (iommuta- 
tion rules of (2) will only be applicable to the admissible commutations, namely 
of A* with one of the other factoi's. As a consequence we have only two basic 
distinct equivalent foims for T. In the firet form it appears as a cvelo of 
A* X A^ 
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(3.4) r = Z r)xi X xf X 4, q + r = p. 

*hr 

In tho Roc^oml form V appears as a eyelc of X 

(3.5) r = z ( 3 , X ;iv: X.^. 

n,r 

The oxpr(\ssion ol T as a (yclo ol -Y X A"^* X A" is not uoodi^d sitioe it merely 
yields a eoiumutatiou ni\c. that may bo writbMi down direotly. 

As in (2) w'e read off the multiplicaitious from tlu» (*xpn*ssious of l\ Siiieo 
A"" X A'^“ = (A" X A"*)* X A, (3.4) yu'lds th(‘ ehaiiwnappius A" X A* —> A 
deiiiuMl by: 

(3.b) X xO = r)4 • 

Sinoe A, A* etiu b(‘ eomnuitod, if jjli is written as an op<‘ration X^i^ we have 
(3.7) X., = (-1)^^^' X,,f,. 


Similarly from (3.5) there eoinos tlu^ ehain-mappinjz; juo‘: A"*“ 
(3.8) X .rii) == (d[-^r)x^, . 


A* dehned by: 


This time tlu'n* is no commutation ruh^ siuOi as (3.7). 

(3.0) The graph V (Ichrmines Iwn vndfipliraUons fjL]:X X A’**' A' and 
/xo :A''*'“ —^ A'*, and rack of jui, /x* , V drlvrnnnr.s the other two nniquelf/. 

(3.10) A pair of miilliplieations p — (jui , /x?) sueli as just considiMHMl, d(‘t(M-- 
min(‘d by th(» sanu' ^>;rai)Ii l\ will b(‘ call(‘d ii malfiptiealwn in A', and pi , pt 
will be r(‘ferred to as the Jird and murnd <^om|)oneii( of p. 

(3.11) Side l)y side with /x* we shall also eonsi(l(M- on oe<*asion its dual p-* 
which is a ehain-mai)pinf 2 ; A" —> A'“. 

(3.12) Multiplication's in infinite cofnpleA'e.s, (loin^* i)a(‘k to ihv situation of 
(1) we may consider mult-iplh'atious of A', V to Z of i-, or j(E-types in the 
sens(‘ of (TV, 19) and there is no diflnmlty in (*xt(*ndiuf>; to tlaun th(‘ results of (1,2). 
Wo may also r(‘strict tlu' (chains of A" or Y or both to Ixhifj; linit(‘ with appro- 
priat.(». modifications of tlu^ t)aired fijroiips. 

(3.13) A more interesting situation concerns multiplications in a (M)mi>lex X, 
Sup])ose first A dosurc-fmife. Only finite (chains are a<lmissil>lo and so mi must 
be of typt‘ /. Wo learn from (3,(5) that wlum q, r, 7, j are given then 

^ 0 for at most a finite niiml)er of values of II Sui)pos(» that we have a 
Pi with the property just asserted. In order to have a pt which is an /-chain- 
mapping we find from (3.8) that given % r them Pi\qj r) ^ 0 for at most a 
finite numl)er of values of y, h, therefore in order that wo have a multiplica¬ 
tion p ^ (pi, P2) in A" the matrices || Pi*(q, r) || (/, r fixed) must have at 
most a finite numl)er of terms different from 0 in ea<4i row or (column. 

Thci treatment of a star-finite A is the same with chains and cochains inter¬ 
changed and otherwise obvious modifications. The locally finite' type partakes 
of the properties of both and its discussion is safely omitted. 
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§2. INTERSECTIONS 

4. We shall now assume that the basic complex X is finite and siinijle and, 
by specializing the multiplication n, obtain intersections in X. The coiuu'ntra- 
tion upon simple complexes is amply justified on geometric grouiuls simie (hey 
include simplicial and polyhedral complexes. The exteasion (.o inlinik^ com¬ 
plexes will be taken up later (18). 

From our earlier intersection theory (see notably [L, IV]) wo. are already 
led to associating intei’sections of chains with certain biliiufar func.tions of 
chains, i.e., with multiplications. On the other hand returning to Uu! situalion 
and notations of (IV, 31) we have seen tliat c? and the traasveme " of aj 
intersect when and only when aj < af . If we. think of 7}J~^ as an image of the 
dual trj then we may expect an intersection of vf with (rj only when <r® ■< af , 
and its dimension will be less than or equal to p — q (IV, 31.3). 

On the strength of the preceding remarks we introduce for the finite simphi 
complex X a multiplication n = ini, M*), written as a dof.-produ(it: 

Xp'X,, Xp-x*, and satisfying the following two conditions: 

(4.1) 7?’Xf = a {p — q)-chain of Cl j:" which is zero whenever x' -K .i;''; 

(4.2) 3^'Xp = i3(p)a:“, x" a vertex of a:". 

(4.3) The important condition is (4.1), and it is patterned aften- a “local” 
condition due to Whitney [dj. Condition (4.2) has an interesting conseciuence 
as regards the Kronecker index. We have already defined in (III, 28): 
KI(x’’, a:,) = (S(p). On the other hand as a zero-chain x'’-Xp has lik(>wis(^ a 
Kronecker index which is 


KI(/3(p)a:") = ^(p) = KI(x", .r,,). 
Hence from (4.2) for any pair f, i}p : 

(4.4) Ki(r,i?.) = Ki(r->7.). 


(4.5) It is to be noted that x^-Xp is not completely detennineil by ( 1 . 2 ) wlnm 
p > (), since a;" is an unspecified vertex of x". A similar nnnark will apply 
regarding the vertices present in certain expressions below. 

(4.6) Conditions (4.1, 4.2) refer to the component aloiui. Suppose (hat 
there has been found a m satisfying (4.1, 4.2). Writing this operation pi as a 
dot-product we will have ( 3 . 6 ): 

(^•7) xhxi=^ i-lYKrWiq, r)x^ , ^ = p. 

For the particular value 3 = p condition (4.2) yields explicitly 

-4 = 0ip)Sixl , xl < xf , 

and is equivalent to: 


(4.9) 


(p, 0) = 


(—1)'’ ^(p) for one h such that xl<Xi ; 
, 0 otherwise. 
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The ojjcratiion fit written as a dol-produet is: 

(4.10) xi,-Xr = Pi—p)tii‘{<i, r).Cp , p == q r, 

mild (4.1, 4.2) JU'o ('ciuivaloiit to the following c.ondiiion.s on jjl^ : 

(4.11) d (r/ + rycochain «/St. n Ht x\ 

(4.12) == Xpfor a certain Xn > Xp , and = Ofor all other .I'o. 

Wo n^ciill that tlu^ fundamontal oocy(4t^ of A' is 70 = ^ . A conscciUoiKio 

of (4.12) is t.lu^ noknvodihy rolation: 

( 4 . 13 ) Xp’^Yo Xp • 

5. SiiKH' (4.1, 4.2) and (4.11, 4.12) aro ociuivalent wo introduce the 

(5.1) Definition. liy a ckain-^mtcrHection or merely inlcrsecLiori in aawiplc 

complex X is meant a muUiplicalion /x = (mi 1 M 2 ) written as a dot-product^ which 
satisfies any one of the two seLs of condiiions (4.1, 4.2) or (4.11,4.12), and therefore 
both sets. More explicitly^ an intersection in X is a pair of chain-mappings 
Mi: A" X A'* A", M*: X* related as in (3) by their common graph and which 

satisfyf respectively, the eqidvalent pairs of comiilions (4.1, 4.2) and (4.11, 4.12). 

(5.2) In ovea-ything that precedes, tlu^ basic (^onv(Ulti()n prevails that A"'* is 

.so oruuitod that [.r?:u:f' ‘] = [xi-d.'CpI. Wo shall find it (^onvonieut at timos i.o 
ad()])t a different orientation for the dual (xnnplox. If it is .subjected to an 
orientation fmietion a(a‘5,) then A" X X* will bo .subj(H*.t.ed to the ori(uitation 
function a^{xi X xij) = a(:ci) and .so we will have to rc^placi^ and ,r,; by 

a{x,j)x^'‘x,j, a{x,f)x,j. Incidc^ntally we recall that K\{x^\ Xp) will then also go 
into o:(.r/,)KI(a:'', .iv) (III, 28,4). 

f). Before' proc-eediiig wc recpiire .suitable^ earrieu’s for tlu' ('.oniponents mi y M 2 
of iiit(U‘S(^ction. 

(0.1) X x,j •—> defines a sct-lransformation TilX X A'* X which is a 

dosed carrier for mi • 

The c.arriiT property is obvioius. To prove*. 7'j <4e)se'.d, obsoi've that X x,j < 
/ X X /) 7\ OKa:"* X Xh) C (4 T}{x X Xti). On the other hand 

Cl Tiix" X Xs) = Cl / == 1:1*^' I < ;/j C X x„ | xf < af, Xt, > = 

Ti Cl(;/ X X,). Hence ?\ Cl - Cl 7\ , or Ti is c.l().sed. 

(0.2) X Cl(x X x) defines a scMransformalion T^-X X** which is a closed 
carrier for M 2 . Ilencc (IV, 8.4) 7'? is a closed carrier for m? * 

The proof e)f 7\ (3 = Cl in olcjmentary. By (4.11) M 2 maps Xr X Xa into 
a cochain of elements Xp such that nf < x^\ TluTcfore m 2 maps into a 
chain of Cl(a;'' X x^') and so it has the cari*ieu‘ T 2 . 

7. (7.1) Existence AND uniqueness theoi^em. A chaiv^iniersecLion maybe 
introduced in every simple complex and is unique to within contiguity in the carriers 
of the components (Whitney [d]). 
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Wc first observe that jui is to be a cliaiii-mappiiig A'' X A'* A" which 
vanishes on the negative-dimensional elements and also on the sot l"i = 
{rr'" X .T« I < a;’'}. Now X a-^ X a^'' X av- < ;r''. Then'fon^ 

a’* < x^ -► a® ■< x'' x^ < or }"i is a (dosed subcomplox of A* X X*. Sin(‘i‘ 

the zero-section 7^^ of X X X* is likewise a closed siibcoinplox, the same holds 
for Y = r® u 7i. Thus the requirements on m may be forniulatc^d as: (a) it- is 
to liave the carrier Ti ; (b) it is to be zero on all but the zoro-ok^nc'nts of V, 
and on the zero-elements it is to receive* values in accordance with (4.1, 4.2). 
Since (Cl X a‘^)a = (Cl i« acyclic, and the elements of X X X*^' — 7 
are positive-dimensional, and X is simple, by (IV, 18.1a) there will exista 
suitable ah provided that the values on the zero-dimensional clem(*nts sal-isfy 

(7.2) KI(/xiF(xf X xi^O) = 0. 

This relation reduces at once to 

(7.3) KI(jui((F:rf) X x^)) + (-l)"KI(m(:i;f X Fa^^O) == b- 

By (4.1) the indices in (7.3) have the respective values fi(p — l)[.rf:.rf ^I, 
and (—l)^'/3(2>)[i*'’5i-i-^';j], and as they arc equal and opposite in signs (7,2) holds. 
Thus /xi, and hence a chain-intersection ju == (mi 7 does exist in A^ 
Suppose that there are two chain-intersections ju = (mi 7 M *)7 m' = (mi 7 M*!*)- 
We have to prove that mi and mi are contiguous in Ti and g* 7 M 2 * are contiguous 
in r* - Since the contiguity of g* 7 M 2 * in 7’* is cfiuivalent to that of g.j, g.^ 
in T 2 , in the last analysis it is to be sliown that g,-, g*- (/ = 1 , 2 ) are conl-iguous 
in Ti . Since (Cl 7 Vt^* X Xq)a , (Cl V'oir)*, arc acyclic aiul g,-, g/ map the iu*gat.i\'(*- 
dimensional elements into zero, the ixHiuired result will follow by (IV, 18.7), 
if given any finite zero-chain of th (3 complex upon vdiich g,- oi}erat(*s we have 

(7.4) Klit^if) = KI(g;f"). 

Take first gi, gi . By (4.2) tlu^ value of KI(gi(,T? X Xp)) is the same for all 
intersections, hence also the same for gi, gj. Therefore (7,4) holds and so 
gi, fi[ are contiguous in Ti . 

Referring to (4.11, 4,12) the transforms of the z(‘ro-cochains uiuha* g* are 
defined by: 

(7.5) fxt{4 X xi) = 0, i 9^ j; utixi X ;rj) = xl. 

Hence the transforms of the zero-c.haius under jua are defined by 

(7.6) /laiC? = Xi X x'i . 

Once more KI(jU 2 a:S) = 1 and so it is independent of /na. Thus (7.4) hold-s 
for i = 2 also. It follows that ms , Mi contiguous in 2'. and the proof of (7.1) 
is completed. 

8. Multiplicative properties of intersections. They are fix-st of all thasc of 
intersections as multiplications. In addition, however, there jxre important 
complementary properties which will require separate, treatment. 
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(S.L) Notationis\ We will (‘ousider group.s G, //, J and the ring p tin in ( 1 ). 
Wo wriU*: 

$ = a chain or (H)(*hain over G] 
r = a cycle or eocyele over G; 
r = the class of 7 ; 

77, 5, A the same as 7 , F ovc'v //; 

if fr == // =r ,/ = p the only d(\signaih)ns will he 7 , F. 

L(‘t th(‘n p = (pi, Pa) h(* an intersection in X, Since' pi and p* tin', respe'c- 
tively nuiltiplications of .V, to X and -V*, -V* to A'*, we have from ( 1 . 5 , • ■ ■ , 
1.9, 3.7): 

(8.2) Intemrtions pair {S^\X, G), K,,(A\ H) io ‘^(X, J), and (Sp(A^ 0)» 
C^,(A^ II) to CS;,+,(X, J). 

(-S. 3 ) 77,.r = (-l)"r*^.. 

( 8 .-I) F(f-77) = m’V+ 

( 8 . 5 ) 7 ^'-5,^, 7 p- 5 '^ arc (p — q)'cyclcii orcr J amlyjrd,^ is a (p + <j)-corijrlc over J. 

(8.0) 7 or 5 0 7*6 ^ 0. 

(8.7) The class of yd depends solely upon Ihc classes F, A of 7 , 5. It is wrillen 
J'-A and called, the class intersection of F, A. 

With class intersection.s at onr disposal we* are* in pe)sitie>ii to give the* following 
e^ompre*he*nsive^ the'e>rein: 

( 8 . 8 ) 'riuoOHKM. The class intersection F^'-A,, pairs G), »s>,/(A', //) io 

SX '^{Xy J) and the class iidcrsectinn. I^rA,/ pairs .S>,,(A', (/), tS>,/(A', II) to 
iOpniX, J). Furthermore: 

(a) {(Urnimutalion ryle) A-F - (_ | I*. A. 

(Ij) If the classes are over a rinq p then their intersections are a.ssoehdive. 

(e*) If the coeyeles are over a ring p then I’^rF,/ consid<‘re.d as a formal product 
generates an associative hut not necessarily commutative ring R(Xy p). 

We,* e*all H{X, p) the cohomology rimj ovm' p, e)r nu*rely the* cohomology ring, 
writteai Ii{X), when p is the* ring e)f the inte'gers. (Uegareling this ring, seer Alex¬ 
ander [ej, d, ej, Goreleiii [aj, alse) Freudemtlial [a].) 

(8.0) An KXAMi»ni3. Oonsklor ilus spheres <S'« = S5fl-"“‘ h o*” = A 0 • • • /t„+i . Itoforring to 
(III, 22.4, 27.5) iS" is (0, 70“COcycli« iiiiel if 70 =* S A*, == /t» A’‘ then evewy zero- 
cocyclci is of the form gy ^, and every ?i-c(»cyele j 77 „ (III, 27.7), 'Pho only iutorseoUons 
of the elomeniiSYo, 7 » which are rf^ 0 arc 70*70 iUKl 7 o* 7 n = 7 u- 7 o, and wo shall calculate 
these. Wc* have^ from (4.11): « AS » 0 fory i, Ilenico 

70*70 A*»A^ — 70 . 

We also liavc^ *=» jS(--n)A< and 7 o* 7 » ^ Xo-n . Hence 

70’7»*7rt X 7 o*(o’«*flr«) « Xi3(--7^)7o* Ai « XjSC—?7)A* ; 

7o*7n*7** 2 A^*(7«’7") ^(—7l)Ai . 
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Hence XiS(—?i)^£ = /3(—n)^i , and so X ~ 1. Therefore 7 o‘T» ^ Jn • Tims if To , IV nre 
the classes of 7 o , 7 » the class intersections arc fully clctorminod Ijy tho rehiUons: To* To = To , 
Po'Pn ** Tn'To “ Pft . 

(8.10) Outline of the proof of ( 8 . 8 ). The pairing properties are a eoiiscupK'nct' 
of (8.7) and the ring properties follow from (1.10) and (8.81)), TIkmx^ nMuain 
( 8 . 8 ab) which we will prove separately by means of certain auxiliary <*liain- 
mappings. 

9. Proof of ( 8 . 8 a). For r^-Ag, that is to say for /xi, it is a {M)ns(Hiu(m(*(^ of 

(8.3), so we only have to consider Pp-A^, i.e., pt • This ojxu’ation lias Ixuui 
defined as a chain-mapping —> X* which satisfies (4.11, 4.12). The condi¬ 

tion that pt be a chain-mapping is /i*F = F/x? . If the resulting Halations an^ 
written down for the relations ( 3 . 8 ) they are still found to Ix' verified wIkui 
Pi\q, r) is replaced by (“1)%?^(5', r) and X a*? by .4 X :ri. It follows that 

atU X x^) = (-l)«'/3(_p)pcf(r, 

is a chain-mapping X*. The conditions (4.11, 4.12) uic! n>ii(lily 

verified for /z* and so it is a second component of an intersec^tion in A'. Ihuua* 
by (7.1) pt as a chain-mapping X*® X*. Therefore if , 7 ,. an^ (x)c.yel(‘s, 

we have pt{yq X jr) ^ /x* (t<z X 7 r), or finally 

TrrTr ~ (-lyyr-yq , 

and this is ( 8 . 8 a). 

10. Proof of ( 8 . 8 b) (associativity). This property, so it must be kept in min<I, 
applies only to cycles and cocycles, and to within homology. It reciuiiws tJiat 
we prove the four relations: 


( 10 . 1 ) 

(7'’-78)-7r ~ 7''-(7<r7r); 

f 

( 10 . 2 ) 

(7«-7’’)-7r ~ 7«-(7"-7r); 


(10.3) 

(7p-7«)-7r ~7j.-(78-7r): 


(10.4) 

( 7 ®-70-7'’ ~ 7«-(7r-7''). 



The last reduces immediately to the first l)y permutation of the ehuueuts. I^’or 
by ( 10 . 1 ) and ( 8 . 1 a) we have: 

{y,-yr)V = ~ 

y-riyr-y”) = ~ (7,-7r)-7”. 

Thus we need only to prove (10.1), ( 10 . 2 ), ( 10 . 3 ). 

11. To prove (10.1) introduce the two chain-xnapiuugH n , t-iA' XA'*'"* —> A' 
defined by n(x’> Xx,X Xr) = (x^-x,)-Xr , Mx” X x„ X Xr) = ;»>• (a;,-;c.). 'rh(«y 
have the common carrier t:X X X*"' X such that «(;i:'‘ X X ;tv) = x‘\ Wo 
prove^as for Ti in ( 6 . 1 ) that t is closed and we notice that (Cl t(x’‘ X x,, X Jv))«=® 
(Cl is acychc. Since both n, xa map the ncgativc-dimonHional tikun(*ntH 
mto zero, by (IV, 18.7) they are contiguous in i provided that: 
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(11.1) KI(rl(.^? X 4 X xt)) = KlMxf X4X 4)), 

or that 

(11.2) Kr(0rf ..rj), .cj) = Kl{x?, (xl-xt)). 

Rofcrring to (4.7, 4.8, 4.10) the two .siclo.s of (11.2) are found to be 

KI((-l)"^(r)Mf(?.r);rI.,.-rt‘) = (^ !)>{'•((?, r), 
KHxf,p(-p)^}!'(q,r)x%) = (-])Vf(?, r). 

This proves (11.2) and hence (10.1). 

The .same argument reduces (10.2) to: 

(11.3) KI(.r' , (.rf’.jrJ)) = KT((4..r?), 4). 

Hero af?ain tlio two Hides an* found to bo 

KlOri , (-l)'’^(r/)Mf(r, q)x'l^ = (-1)V?V, q), 

m{(-\r'^'Whnq,r)xl,4) = (-l)Vt'(r,<7), 

which proves (11.3), and liene(' (10.2). 

12. A slightly different argument is i-equired for (10.3). I’lie ehain-mai)ping.s 
6* , 6* to be irroved (contiguous will he A*'' —» A'*, and ai'(c delined by: 

X Xg X ;>v) = (Xp-Xg)-Xr = Vmi'ip, q, Ox” , 

Vm\ - fi{-p — q)^{ — H)llh\p, q)tdv + 7. 

etixi Xxix :cj) = x‘p.(x'.;4) = vJi{p, q, r)x7 , 

v'mi = ff(-s)0(-q - r)MA*((Z, r)iC{p, q + r), 

where « = p + (/ +’ r, and v = 0 unlcw x ),, Xg , xt < x7 ■ Tlierefonc tluc duals 
are chain-mappings 0, :A' —> A"* with the common carrier T such that Tx = x^. 
It is immediately seen that T is simpltc. If \v<c can .show that Of {p = 1, 2) are 
contiguous in T, the 8* will be proved contiguous in T* (IV, 15.9) and (10.3) 
will follow. As before, everything reduce.s to showing that the transforms of 
any .t” by the Of have equal Kroneclaw iudic(cs. Now we have: 

= £ vii\p, q, r)x? X xj Xxl, 

and hence 

eA = vZ\0, 0, 0)a:J X X xl. 

From the (oepression of the ic’s and since, in (4.9) as applied here we have h 
there comes 

OfXi — x'i Xx\X x\. 

Hence KI(&pa:i), is the same for p = 1 and p — 2. Therefore the Bf are con- 
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tiguous in T and (10.3) follows. This completes the proof of associativity and 
also of Theorem (8.8). 

13. Induced intersections. The notations being as in (4, 6), let Xi be a 

closed subeomplex of X and Xo = X — . The product Xi X X* = Fits 

closed in X X X* and we set Fo = X X X* - Fi = Xo X X*. We verify 
immediately that mi , Ti send Fi into Xi. In fact TiFi = Xi. To indicate 
explicitly the complex in which mi > • • • operate we shall designate these opera¬ 
tions by Mi(X) • • • . The operations mi(X), Ti induce mi(X, Xi), Tu'.Yi —> Xi 
(IV, 22) and in particular mi(X, Xi) is a suitable mi(Xi) for Xi , and Tu is the 
analogue of Ti for Xi. ... * 

A slightly different argument is required for the second multiplication ms • 
Here also it is more convenient to pass to , T^’-X —> X“. We define separately 
M 20 , M 21 • Since Xi, Xl are closed in X, X* and both m 2 , Ta transform the first 
into the second, there are corresponding induced elements M 2 (X, Xi), T 21 . Since 
X* is open in X^, its complement Zi = X~ — Xo is closed and it contains X* . 
It follows that Ma, Ti transform Xi into Zi and so we may define induced trans- 
foimations Tao, M 2 o(X, Xo):Xo Xl . The duals arc then taken, thus loading 
to Tti , M*(X, Xi). The couples 

m(X,X 0 = |Mi(X,XO,/ia(X,X.O} 

are called the chain-intei’sections induced in the Xi by the intersection m(X). 
We notice the following properties: 

(13.1) The induced intersections possess properties (4.1, 4.11) it being under¬ 
stood that Cl, St are lateen relative to Xi in each case. 

(13.2) Mi(X, X,) = Mi(X) on Xl; 

(13.3) Mi(X, Xo) = Mi(X) mod Xi on Xo; 

(13.4) M 2 (X, Xl) = M 2 *(X) mod X* on Xi ; 

(13.5) M 2 (X, Xo) = M 2 *(X) on Xo. 

From these relations follow immediately: 

(13.6) Property (4.2) is unchanged for Xi , hid for Xo it is to he replaced by 

mod .Yi, / ■< .d*. 

(13.7) Properly (4.12) is unchanged for Xo , hut for Xi it is replaced by 

XjrXo = Xp mod A"* for somt^ .v’ ■< 

Observe that since Xi is closed in X it is simple. In view of (13.1, 13.6) 
fii{X, Xl) possesses the properties (4.1, 4.2), and so l^y (7.1): 

(13.8) pi{X, Xl) is the component piiXi) of an intersection p{Xi) in Xi . 

14. Chain-mappings and intersections. Let A", Y be simple complexes and 
let there be adopted a chain-intersection for each, denoted by a dot-prodnet. 
Let r, A designate the classes in A, Y. We prove: 
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(14.1) Tjikorem. Let t he a simple cham-mapping X y with a simple 
carrier t and let t* be the dual of t. Denote also for simplicity hy r, r* the induced 
homomorphisms in the homology and cohomology groups. Then: 

(a) r(r^r*A,) = (rn-Aa. 

(b) = r*(A^-A,). 

(c) T* /,s both an additive and inuUipUcatwe homomorphism, of the eohamology 
ring R(Y, p) into the cohomology ring Ii(X, p). 

(d) The preceding properties hold ^vhen X, Y, r are simplicial. 

(e) Let (-Yo, A'l) and (l"o, Yi) he dissections of X and Y. Then if r both 
send Xi into l"i the relations (a, b) still hold for the induced intcrscctiom provided 
of course that r, r* are replaced by the induced cliain-niappings Ti , rf (IV, 22). 

Jb’opcrt-y (c) is implicit in (b); (d) is obvious; (e) is a <H)nscquence of (a, b) 
and (13). There remains then to proven (a, b). 

(.'onsidcM* the (‘luiin-mappinp;s A" X Y defined by: 

Tiu:'' X T2.r" X y^ = (r.r^')-//v 

with the conimon carrier (h4in(ul by: s(.v'' X i/q) == It is a,n eltMiumtary 

matter t-o show that, .s* is closed and simple. We first prove: 

(1*1.2) The chain-mappings ti , t 2 arc contiguous in the carrier ,s‘. 

Sinc(' th(^ dim(‘nsions in A" ar(‘ gr(‘ai.er t.lian or eciual to 0, by (IV, 18.7) w(^ 
ni(M'(‘ly lux'd to show that: 

(bb3) KI(r(.rf,ry,)) - Kl(rxl\yi). 

Since t is sim])le, tlu' first iiuh'X is e(iual to KI(x£', r^); so (14.3) may he 
reduced t.o: 

(14.4) KI(.ri’,TV;,) = K\(rx?,yi). 

1.(4. th(» ('xplieit ocpiat.ions (^f t, t* be; 

(1-1.5) TX? = aiip)yf , 7*y'p = aj(p)a;p . 

By an elonumtary comput.ati()n there e,omes: 

KKa:?, tVp) = ^(p)«i(p) = Klirx‘-,yi)} 

.so (14-.-1) is i)r()ve<l, hence also (14.2). Then (14.1a) is a direct consc(ni(!neo 
of (14.2). 

15. (Consider now the two chaiu-niappings y*** —» X* defined by 

(16.1) etii/i X l/f) “ r*yi-T*yr ; dtyl X y’i = t*(j;J- 2 /J), 

and let u be the simple set-transformation A"* —> defined by ux ^ ix X tx. 

Wo prove: 

fl5,2) $1 , 6* have the carrier w* arul arc contiguous in this carrier. 
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It is clear that (14.1b) will be a consequence of (15.2). To prove (15.2) it is 
sufficient (IV, 15.9) to show that the dual chain-mappings diiX F^'liave the 
simple carrier u and arc contiguous in u. 

Let chain-intersection in Y be denoted by the same notations as in X, but 
with p in plaee of ju throughout. The defining relations of 6 i , are found to bo: 

(15.3) di xf = ai(q)at(r)tJ.i”'(q, r)y^j X yl 

= r)(ra?) X {txI); 

(15.4) 02 *? = af(p)/z(*(ff, r) 2 /f X yl • 


Since rx \, tx^ C Cl ixf , di has the asserted carrier property. Regarding , 
r) 9 ^ Q only when t//, yl < Vi , so the coefficient of aJiip) is a chain of 
Cl yi X Cl 2/f . Since Cl 2 /f C t Cl Xi c: CU Cl xf = Cltxf, 02 Xi is a chain 
of Cl {tyf X tyf) so 62 has likewise the carrier u. Since u is simi^le the con¬ 
tiguity of Oi , 02 in w and hence the proof of (14.3), is reduced again to showing 
that 01 , 02 transform the indices of zero-chains in the same way, or in the last 
analysis to proving: 


(15.5) 

Now p = 0 


0 . 


KI(0ia:S) = KI(02a;S). 
~ r — 0, and 


M^"(0, 0) 


f 1 when I — m = % 
\o otlierwise; 


/zf (0,0) = 


1 when j h Z, 
0 otherwise. 


Furthermore since r is simple it preserves the Kronecker index and heiK^o 
1 = KI(*?) = KI(r.*S) = KI(aj(0)p5) = E o5(0). 

i 

If we calculate the indices in (15.5) we find then 

KI(0xa;5) = 1 = KT(02a:?); 

so (14.1b) is proved. 

16. Application to subdivisions. Let X, Y be simple, with Y a subdivision 
of X. Then chain-subdivision a and its reciprocal r arc likewise? simple and so 

(14.1) is applicable to the chain-mapping c. By (IV, 24.2) if T, A denote the 
classes in X, Y then o-r” = A" and o-*Aa = r„ are uniqtie classes of F*, X*, 
and {A"}, f F,} include all the elements of the pth homology and gth cohomology 
groups. If we choose a as the t of (14.1) wo obtain; 

(16.1) <r(r'’ • r,) = A" • A,, r„ • r« = (r*(A„ • A,). 

If we combine this with (8.8) we find: 

(16.2) Let X, Y he aimyle and Y a snbdmsion of X, with a as the chairirsvb^ 
division. Then a, o* set up isomorphisms between the doss intesections in X, 
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Y and furlhermore <r* mays the ring R-iVy p) isomorphically on R{Xy p). In 
particular these, properties are. (rue when X is simplicial and I' is any derived of X. 
Furthermore they hold equally for the induced intersections in open or closed S 2 d)- 
compleA'es of X and the (induced) subdivisions. 

17. Intersections in a product. Lot A", bo Hiini)l(^ with intersections (denoted 
l>y dot-|)r()(hi('.ts), whic^h are multiplications jn = (jui, ju*) in A" and v = (pi ^ v*) 
in r. Wo will sot Z — X X Y. Wo assuiiK' A”, A'* disjoint from }", F*. 

Since pi , vi are clmiii~mappinjj;s A' X A* —> A", Y X Y'^ —> 1', by (IV, 21.1) 
Pi X Vi = Pi is a chain-mapping* A' X A* X F X > A X Y defined by: 

(17.1) piix^ X X / X Vs) = X 

The off(ud. of permuting A* and Y in A" X A* X F X F* (a i)ermissible opera¬ 
tion siric(* A"* and F arc' disjoint) is the same as applying the orientation function 
X Xq X if X yf) == (—1)‘^^ Thon'forc', by (IV, 9.17), (17.1) yields the 
chain-mapping pi :Z X Z* Z dofiiiod by 

(17.2) pi(.d' X / X Xq X y.,) = i-'iy"{x^‘ ^Xq) X (?/•?/«). 

Since .v^-Xq = 0 whe^n -1C and //•//..• = 0 wlu'u jf < y\ we have pi(.c^’ X y X 
Xq X '//«) == 0 whencwc'r X //' < X //. Moreover dim (x^-Xq) X = 

p — q + r — « == p + r — (q + ,s). Thus p\ satisfies (-1.1) relative to Z. We 
also hav(‘ from (1.2) for A', and and (17.2): 

(17.3) p(y' X X .r, X //.) = (-l)^"/?(3?)/3(r)/ X if 

== !:^(p + X if 

wli(*r(^ X if is a vcu'tc^x of .r^' X if. Therefore gi sat.islic's also (4,2). Thus 
it is the first, compoiumt of a chaiii-intc'rsc'ction in X X 1". b(‘t. this intc'r- 
s(‘(‘tion in A' X V' be also dc'signatcMl by a dot-product. Wc* will then have 
from (17.2): 

(17.4) X lf)'{xq X Vs) == (“l)^"(;c^''a;g) X (/’Z/s). 

Tlu^ relation (17.4) (^.xpimsc^s the idemtity of two chain-mappings Z X Z* Z. 
Tlun’(4orc tlu^ indiiccul mappings on the liomology classes are the same. Let 
r, A demotes the (‘Jassos in A", 1'. It is to be understocid t.hroughout that the 
co(‘fficient groups are to be such that th<^ indicated cJuiin-inultipIicatious have 
a nu'aning. For instaiu^e this will Ix^ tlu^ eano. if all the coefficicuit- groups are 
th(^ same (x)mmutativo ring p. From (17.4) tlmre comes tlum: 

(17.5) (r^ X A,)-(r, X A,) = (-]/"(r.r,) x (a^a,). 

A wholly similar argument yicilds 

(17.0) (r^ X A,)-(r, X A.) « (-inr^-r,) x (a,‘A,). 

We may also combine (17.5), (17.6) as: 

(17.7) (r X A)-(r' X A') = x (a-a'). 
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The importance of these formulas lies in the fact that they express intersections 
in a product in terms of those in the factors, 

(17.8) Kronecker indices in a 'product By means of (III, 28.1), first applied 
to products of elements then to products of chains and cochains, with g CZ T, 
7 ) CL Y, we find in X X Y: 

(17.9) X X ri,) - ^.)KI(^^ Va), 

(17.10) KUe X Jr X 17 a) = 0, p r, p + g = r + s. 

Both results are valid for any pair of complexes X, Y (not necessarily simple) 
provided only that in any index of a chain and cochain in (17.9) or (17.10) one 
of the two is finite. 

18. Intersections in infinite complexes. The extension of the results ob¬ 
tained so far offers no serious difficulty and few novel features. 

Suppose first that X is an arbitrary simple complex and hence merely closure- 
finite, Then the groups of chains and cycles must be finite and hence discrete 
and everything said so far may be preserved provided that we add to (4.12) 
the condition that x,j-Xr is to be finite. 

Suppose now X locally finite. If a multiplication jui of X, X* to X satisfies 
(4.1) it will then be of ji-type, and if a ju* satisfies (4.11) it will l>e likewise of 
^-type. In view of this it is an elementary matter to show that the situation 
of (4) carries over without modifications and all the results obtained arc direc^tly 
applicable to locally finite complexes. It is merely to be observed that wlienwer 
in (8) there are paired groups, if one of them is a group of finite chains or cyck*s, 
the intersections are finite also. As a consequence there are two kinds of rings 
over p: the hng i2(X, p) of the infinite cocyclcs, and the ring R/{X, p) of tlu^ 
finite cocycles. 

19. A second method for intersections. The imiltiplication of W. W. Flexner 
considered in Example (1.13) may be utilized to advantage for defining inter¬ 
sections. For if X is simple then wc have a simple chain-mapping t:X' 

the reciprocal of chain-derivation (IV, 27). As a consequence gi = r is 
a chain-mapping X X X* X. Referring to the relations (1.14, 1.16, l.lfi)) 
defining <p, the simplexes of (p{x^ X have as their extreme vertices '.r''. 
Therefore X xf) == 0 when HC xf, and whm X x^^) 9 ^ 0 it (sonsists 
of simplexes of (Cl since these include all ihe simplexes of X' with 'a:'" 
as their last vertex. Let, on the other hand, 7) bo set-derivation in X (IV, 
26,2a, 27). The chain-mapping t has the carrier and from the relations 
defining D we verify that D“^(C1 x)' = Cl x. Honc^e r(Cl xY C Cl .'r, and so 
Tip{x^ X xf) is zero whenever -< x^\ and T<p(a;*' X x^f) is a chain of Cl other¬ 
wise. In other words, gi satisfies (4.1). 

Regarding (4.2), we have rV’ = .t;", a vertex of and so from (1.14): 
Mi(a;? X x^Y) = Piv)^iX^, < xf . Thus (4,2) holds likewise and so: 

(19.1) Ml == T<p is a first component of a chain-intersection in X. 

As we know (3.9) mi will determine the second component m? , and hence 
Ml determines an intersection in X. It is not difficult to recognize in this type of 
intersection the analogue of those developed for a manifold in [L, IV]. 
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20. Special method for intersections in simplicial complexes (third method). 

In recent years Coch ff] and Whitney [d], pei’fecting a scheme due to Alexander 
and Kolmogoroff have introduced a special type of intersections for sim[)licial 
complexes which is parti(ailarly convenient for computations. 

Let then K = j<rt be any simplicial complex whatever and let {/!«} be its 
vertices ranged in some simi)lc order. The simpk^xes of K are oriented by 
naming their vertices in the increasing order of the indiees and they will bo so 
designated throughout. Tlie duals of the vertieos are written A " and the duals 
of tlie simplexes are likewise named in the inci'easiug order of the indices. We 
will introduce the two components m , ju* of an intersection in K. However 
following essentially Whitney wc will denote jui > by ^ and by w (^'cap*' 
and ‘kuip’^ products). 

( 20 . 1 ) Th(^ operation w is defined as follows; 

(a) if O’p O’p~\A j O’a'l O ’then 

(Tp w O’q = (Tp^lA CTf /—1 y 

(h) in all ot.h<‘r cases Op ^ o-,; = 0 ; 

(c) if (ify II ar(* commutaiively pained to J and ip = gio^ , = /lyo-J then 

ip w 77^ = • 

Similarly is deliiK^d as follows: 

(d) if ( 7 , = o,-uV\ (t"’ = tlien 

o,f ^ 0 ^ = 

(e) in all otJuu* cases <t,j ^ o-'' = 0 ; 

(f) analogous to (c). 

(Notice tluit. our /-s differs from Whii.ncy\s liy tlu' pH'seiiee of the factor 
ti{ — q) = dzl, but this is immaterial.) 

We shall now show that v^, ^ are cliain-multiplications. (Uveii a let 
ho. the verti(‘es such t.hat (S < a and {Ay\ those such that y > a. Wo have 
then under (a) (III, 10.4): 

yi<rp w (Ty) == A^ + Xv A'^)o*;,-iA“£ry-.i 

= (E-4ViA“)cr«-i + 

- i¥op) V. (Ty + E 

= Vop v^cr«+ (-- 1 )V 
Thus in the present instance; 

(20.2) ^ H” ( yf ^p • 

Consider now (b) and let op = op^iA^y Cq — A'^o-y-i. If jS > 7 then all the terms 
in (20.2) are zero and so it holds identically. 
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Suppose /3 < 7 . Then 

(F,rp) ^ V. AV,_i = (-l)'’-^Vp-iA^AV^i; 

(-ir<rp wF<r, = (-l)Vp-iA'’ ^ A^AV,_i = (-DV^-iA^AV,-!, 

andWce ¥(<rp ^ ff,} - 0 , ( 20 . 2 ) holds here also. 

Thus by (1.12) ^ is a multiplication of X*, X* to X*. In other words w 
is an operation ju* in the sense of (3). Wc verify immediately that it satisfies 
( 4 . 11 , 4 , 12 ), and so w is the second component of an intersection ju = (/xi, ju*) 
in K. To find the corresponding fii it is best to write down the graph (3.5). 
In a^convenient form for our present purpose it is with p = q + r: 

~ X O-g-lAVr-l X 

Hence the operation jui is given by: 

X iT^~^Aa(r~^ = /3(—g)^4«<r'''“^; 

Mio'g X cr*’ = 0 in all other cases. 

Written as ^ it satisfies (d, c, f). This proves: 

(20.3) w are respectively the components jui, /x* of an intersection in K. 

(20.4) In view of (20.3) one may introduce the products w for the classics. 
Since the results arc the same for all intersections they are the same for 

as for the dot-product. In particular the same rings are obtained and 
generally the basic theorem ( 8 . 8 ) is applicable. An important conse(nienc(' 
is that the class products arc independent of the ordering of the vertices. 

To be precise if are a similar system corresponding to a different ordering 

of the vertices {Aa] then 

Jp Jq ^yp 

tv V 

yq ^ y ^ yq ^y - 

(20.6) Example, Consider again the sphere of (8,9) and let the notations remain 
those of (8.9). We have at once 

Yo w 70 = ^2 A' w jU « 21 ) -4*’ = 70 ; 

To 7n = (aO A" • • • A" = w A" • • • A" = 7„ . 

Hence as loc. cit.: 

ro*ro = To, ro'Tn » r,»*ro — r«. 

(20.6) Remark. Strictly speaking Whitney\s operations w, /-s arc applied 
to the simplexes themselves: where wc write <rp crq, Cp ^ o-®, Whitney writes 
^ O’®, 0 -^ ^ or®, and applies on the other hand his two boundary and coboimdary 
operators 9, 6 . Thus in his notation 

( 20 . 6 a) 6 (o'^ w O’®) ~ b<T^ w O’® + (*“* 1 )^^ So’®, 
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(20.Gb) ^ (7^) = 5<7" ^ (7^ + (-l)V d<y\ 

Soe tigain in this connection the remarks of (III, 20). 

§3. COrN(UD10NCr08 ANJ) FIXED EiJ^MENTS 

21, To simplify matUu’s we will sa])pt)se again all complexes finite, although 
a much more general situation coultl w(‘ll l)e (*()nsi(ler(^cL 

Jjot lirst (7 bo a chain-transformation A" —+ A' giv(‘n by 

(21.1) crxf = ai{p)x^‘ . 

We say that .ri* is ii fixed vlimcM of o* if it mutually oc(*urs in cr:r? , i.e., if a^iy) 9 ^ 0 
(i unsummed). More generally, consichu’ two chain-inai)pings riX 
X given by 

(21.2) Txl' = ai(j))yf , Oyf = ?'Kp)W’ - 

If i/j occurs in TXi and at ih(^ same time* .r-' occurs in 6y^ , i.e., if ai(p)h){p) 5^ 0 

{iyj unsummed) tium th(^ ])a.ir (:ri' , ifij) is said to be a coincidence of t , 6, If wo 
introduce th(‘ dual r:A* 

(21,8) = />;(?;)//;, 

then wo may also (h'liiu'. a coincidence (.rf , //;,) of t, 0* by tiu' condition that 

!/j C TA'i at th(‘ sam(‘ time as ij], C . Th(‘ eondiiion for its (x^currence 

is still that ai{p)b){p) 9 ^ 0 (/, j unsumnuxl). (1(‘arly the coimudences of t, 0 
and r, 0* are thus in one-one corr(\spond(mc(‘. 

W<^ propose to derives (^xpn'ssions which yi(’I(l import ant information j-egarding 
the coincuhmecNS and fix(‘d ('l(‘m(‘nt.s, Not-ic{» first that the search for coin¬ 
cidences and fixed ehunents ai’c (Xjuivahait proldcuns, I’or if wc choos(‘ )' = A'', 
and = 1, th(^ coincithuKUvs of <7, 1 are tlu^ fix(‘d (‘IcMiKuits of c. And on t.lu^ other 
hand tlu^ coincidences of r, 6 are (in many-one) (a)iTespond(mce with the lixed 
ehanents of OriX —> X. 

22. First method, lleferring to (IV, 11) the graphs of r, 6 are: 


(22.1) 

T:r = p(p)di{j>)xi, X yf, 

P 

in .Y* X Y; 

(22.2) 

6:1'' = 'E,KpV>Kv)vi X 

in Y* X X 


p 


Observe now that F* X A" is imu’cly (A* X F)* reoriented by the orientation 
function a{xll X vl) = (-1)^®. Therefore 

KI(4 X yf, yl X xi) = (-lydis), 

and consequently: 

(22.3) ia(a|(p)4 X yf, hl{v)y), X xt) = (-l)*’o^(p)6ft(p)5fc«;, 

(no summation on /, Ji, k). 
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It follows that the crossings of P, F' (III, 28) correspond to h = v, h = 
and alip), h){p) not both zero, that is to say, the crossings are in onv-(»ic cor¬ 
respondence with the coincidences. Thus KI(r, F') is the weighted luuubor of 
crossings in the sense of (III, 28). It is natural to take this nunilnu* as a nu*asur(' 
for what may be termed the weighted number of coincidences. Its valiu? is 
then by (22.3): 

(22.4) p(r, fl) = Z {-iraUp)bi(p)Bis) = E (-l)'’akp)?4(p). 

P p 

The weight of the coincidence (.rf , yf): 

(-irai(p)b^M = KI(akp)4 X yf, h)(p)yi X xf), (i, j unsumnicd) 

is also called the algebraic multiplicity or merely multiplicity of the coiiiei<k‘iic(^ 
If we introduce the matrices 

(22.5) 0 "= ||akp)i|, 6 ” = l|l,;:(p)||, 

we have from (22.4) 

( 22 . 6 ) <p{t, (?) = E ( — 1 )” trace (aV). 

This expression is known as the algebraic number of coitMidcnces of t and 0 . 

Since 6 * has the same graph as d, if we define the coincidences of r, 0 (.hrougli 
the intermediary of 0 *, wc are led again to KI(r, r') as an onunieration for 
them. As a function of t, 0 * it is to be designated by <pi{t, 6 *), but clearly 
¥>i(t, 0 *) = ^(t, e). 

We may inti-oduce — (p{a, 1) to measure the number of fixcsl olenusils. 
Denote by r the graph of <r and by To the graph of 1 . Then iA((r) = KI(r, r„). 
Since 6 ® = 1 , the algebraic multiplicity of the “coincidence’' (af , xj’) for o-, 
1 is (—l)’’ai(p) and we define it as the algebraic multiplicity or m('rcl.y mul¬ 
tiplicity of x? as a fixed element. The algebraic number of fix('d eleimnils 
is then obtained from ( 22 . 6 ) with V‘ = 1, and it yields: 

(22.7) = E ("1)” trace o*’. 

(22.8) (a) If tp{r, 0 ) 5 ^ 0 then r, 6 have at least one coincidence. 

(b) Similarly if ^i(t, 6 *) 7 ^ 0 then r, 0 * have at least one anmidenee. 

(c) If i^(o-) 7 ^ 0 then a has at least one fixed element. 

Clearly if in (a) ip{r, 0 ) 7 ^ 0 then not every product ai{p)h}(p) (i, j unsummtMl) 
may be zero and hence there must be a coincidence. Similarly in (!>). In 
(c), i^(ff) 7 ^ 0 implies that not every aj.(p) (i unsummed) is z(>ro and so there 
must be a fixed element. 

(22.9) <p(t, 0 ) = i/'(5t) = 4^{t0). 

(22.10) Let us change the bases for the chains of X, Y to the now .sot l;?f| 
{yf } related to the old set by 

Sf = ■iriip)xf , yf = ui(p)yf . 
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The (Hiuaiioiis of r, 6 in tormw of tlio new bases have the same form with new 
niati'ioes (expressed in obvious notations in the form; 

dip) = v(v)a{p)iir\p), b(p) = oi(p)t)ij))r~'ip). 

H(uiee d( 2 ))b(p) = triiee tr(p)n(p)b(p)ir~'( 7 )) = traee aV. Similarly 

f(»r cr iiiul tin* (‘luuiR’n of l)as('s in A" ulouo. Thoroforo: 

( 22 , 11 ) The numbers trace a^\ trace aV, <p(t, 6), <^(r, ^(o*) depend solely 

upon T, 0, 61*, cr but not upon the choice of bases for the eomplexes. 

23. Second method. C-ousulor again or: A' —> X givon ( 21 . 1 ). Wc havo 

d('fiiu*(l Xi as {I iixod (^IniiKait wheiu'vor a\{p) 0 . Thorofore wc may choose 

(— l)^'a 5 (p) as a mc^asuro of the weight or miiltiidieity of as a fixed element. 
The factoi’ (““0^* which came naturally before is now justified on grounds of 
expedieiu^v. Th(^ sum of all tlu' multiplicities is (‘hoseii as an algebraic 
nu'asun^ of tlu' fixf'd (Yemenis and it is directly found to be (22.7). 

If we havt‘ r, d and consider tluur coincidences, we use the prop<u*ty of (22), 
that th(» alg(‘braic. multiplicity of iho coincidcanu's (‘orrc'spouds to that of the 
iixed el(MU(‘nts of Or. Since aV ar(' the transformation matrices of the hitter, 
we o])tain an algt'braic estimate of the coincidences by m<^ans of i/'( 0 r), and if 
this is (lenoted by (^(t, 0) it yields (22.4). As for <px(t^ 0*) its coincidences an^ 
tlu' same' as those of r, 0, lu'n<*(‘ (22.4) is again its exi)ression. 

24. Application to chain-mappings. Wlu'ii r, 0 , cr arc' eluiin-mai)pings we 

will hnd that ^ may be (expressed in terms of the inducc'd homomorphisms 

on the rational homology groii|)s. The reduction will be by means of the 
canonical bast's. ( Vrtain preliminary observations are first necessary. 

(24.1) Chmerally speaking an iutc'gral cycle or t^ocytit' 7 in a compk'x X is 

said to bt^ a torsion cycle or torsion cocycle if a multiple my 0, i.e., if the class 
of 7 is of liniti' order. We will also write in that casc^ 7 ~ fb <h‘ y ^ h wlien 

7 — 6 = 0 . We notices that if 7 ^' — 0 so that my*' 0, then KI( 7 ^b = 

(l/m)lvl(m 7 '', 8p) = 0 wliatevei* the cocyclo 5;,, and similarly with 7 , 5 inter¬ 
changed. 

(24.2) Acccnxling to (IIf, 33.11) wo may apply uiiimodular transformations 

on the bas(\s in A", F, X*, 1"*, reducing them simultaneously to the canonical 
form. By (IV, 11,5) the relation between the cliaiu-ma])pings and their graphs 
continue to remain th(3 same after the transformations. Let then af , - • • , cf 
and 05 ? , * * • , €? be the canonical bases for X and F, and let the corresponding 
dual bases be • and at , • *' ‘ One must bear in mind that the torsion 

cycles in the basew are the />? , 0? ami the torsion eocycles the (III, 

14.2, 33*8), It follows tiiat the reduced zcro-eycles of X* X F (IV, 6.1) are 

the products Cp X 7 ^, Cp X 0^ dp X 7 '', dp X 0'\ and of these all but Cp X y'' 
are torsion cycles (IV, (5.10). Hence Y expressed in terms of the canonical 
bases is of the form; 

(24.3) r = 2 Kp)rkp)cl X 7 ? + A, 

where A is a torsion cycle. Thus 
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(24.4) r = 2 : mr\{p)(^p X T? . 

We have: 

A = X tii + Ai , 

where Ai contains no term in Cj, X 7^*- From the relation between a chain- 
mapping and its graph there results: 

ref ^ ri(:p)yf d. rjf , 

where rji is the difference of two cycles and hence a cycle; moreover it contains 
no 7 ^ and so it is a torsion cycle. Therefore 

(24.5) ref - rii^yf . 

Similarly regarding F' and 6 we will have: 

(21-6) r'-2:^(p)«Kp)7i Xcf. 

(24.7) ey^ = e)(p)cf . 

If we set 

(24.8) / = II rj'(p) II, 0'’ = II e)(p) II, 
the same calculation as in (22) yields now: 

(24.9) <p{r, 0) = £ (-1)" trace 
If (t:.Y —» X is as before, then we will have: 

(24.10) <rci' = 4(p)cf , 

and hence as in (22) we derive from (24.9) with r = < 7 , (9 = 1 and o-” = || (ri(p) ||: 

(24.11) = 22 (—1)'' trace cr". 

(24.12) The {cf}, { 7 ?} are bases for the rational p-cyclcs of X, Y ( 111 , 17). 
By the same alignment as in (22.9) one shows now that the traces in (24.9, 
24.11) and the numbers ip, <pi, if/ depend solely upon the chain-mappings and 
not upon the special bases selected for the rational groups. That is to say, 
{c?}) • • • are replaced by other homology bases and the cori"csi)onding rela¬ 
tions (24.5, 24.7, 24.10) written, the expressions (24.9, 24.11) preserve their 
form. 

(24.12a) We shall indicate an alternate tmd more direct way of deriving 

(24.11) , and hence by a previous argument, (24.9). In the canonical bases 
let us lump together the terms af and hi , likewise the terms d? and . The 
basic relations of (III, 14) assume then the form: 

= tfbf, Fcf = 0, Fd?» tr"br\ 

where tire t s are torsion coefficients, or unity. The defining relations of <r 
assume the form: 
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<rhf = ^i(p)h}', 
acf = . .. + yi(p)cf , 
a,if = . . . + di{p)df . 

'riui first, two liavi* tiic form iiuli(!at.od siiioo a- maps a cvolo [bounding oyclol 
into a <*y<dt' [bouudin/' (iycirij. Sinoo ^^(o-) is ind('i3<‘ml(*nt of the clioico of the 
bases, wo luivo: 

= r (-mfiiip)+yi(7>) + Slip)). 

Siii(*(^ cr (!()niiunt(\s witli F wo also luivc^ crKr/f = F<T^/£^ . Idontifyinp; Uu^ c^o- 
effi(*ioiit.s <>r hi ‘ on both sidos w(^ lind I3\{p — 1) = 5j(p). Hence th(^ terms 
in fi, 8 cancel in the sum and so in view of = crKp): 

H<r) = Z (-DMCf) = J: (-I)M(f) 

which is (24.11). 

To sum up then we may st.at<^: 

(21.13) Theohkm. (a) Ld X, Y hr jUiiic roniplexcH and let r, 6 he chain- 
mappings X —> Y and Y —> X, with utalricrti of transformat Iona of a sr.l of 

bases for the rational rgrlcSj or of bases for the Bvtli groups. Then if v?(r, 0) given 
hg (24.i)) is not zero, r and 9 have roineidenees. 

(b) The same properties hold as regards the eoineidences of r and O'* relative 
to (px{r, 0*) defined in terms of ip(T, 0) as in (21). 

(c) Let <r he a chain-mapping X X with as the matrices of the transfornni- 
tions of the Inisrs for the rational eijeles or of those for the Betti groups. Then if 
^(cr) given hy (24.11) is not zero cr has fixe<I elements, 

FiVidcaitly also (IV, 12.3): 

(21.14,) The numbers tpir, 6) and ^(o*) depend solely upon the homology classes 
of T, 0 or or, 

(24.15) Let X ^ F, -Yi ^ Fi . If r, n are chain-mappings X —> Xi , Xi —> A" 
and 0, 0i eongrueni chain-mappings Y —> Fi, >"i —> V (IV, 12.7) then (p(r, n) = 

(p{0, Oi), 

(24.16) If X ^ Y and t, 6 are eongrueni chain-mappings X —> X, Y —> Y 
then ^(r) == ^(0) (proof ci(mientary). 

Properties (24.15, 24.16) may bo summarized in the statement: (p(t, n) 
and ^(r) are C(>ngnionc(^ invariants. 

(24.17) Application (Tucker), hot X, A'l b(^ simple with X\ X'l as their 
derived. If 8, r arc chain-derivation and a reciprocuil in X, and 8i , n analogues 
for then <r:X Xi, cr'iX' Zj, cr' = 8i(rr, arc congruent. If f, f' are 
another congruent pair of this typo then 

^(o*, t) ~ 1*') 

and if Xi = JC then \p(<f) = 
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25. Examples. (25.1) Let r he the identity mapping of the finite complex X into 
itself, and let be the number of p-elomonts. Each p-element has the multiplicity (— l)^^ 
as a fixed clement. Therefore 

’Pa) = S 

On the other hand in (24.11) every = 1, hence trace p'p =* order Therefore 

^^(1) = E (-i)”®” = E 

This is the Euler-Poincard formula (III, 15.2) for which we have thus obtained a new proof. 

(25.2) . Let X be p-cyclic and cr a chain-mapping X —> X. The only matrix p^ is juul 
it consists of a single term, p. It corresponds to the solo equation of ti’aiusformation 

<rcP = vcP. 

The number p is the order of a and wc have iA(<r) — (—1)?^. Therefore a chnin-inapphiff of a 
p-cyclic finite complex into itself whose order is different from 0 always has a fixed element. 

(25.3) Let X be (p, 9)-cyclic and o- again a rational chain-mapping .V .V. Hen^ we 
have two equations 

o-cP = i/cP, <rc« = p^c^ 

and hence 


= (-*1)^'. + (-l)V, 

so that no simple result may be stated in the present instance. 

(25.4) Let X be (0, p)-cyclic and <r a cliain-mapi)ing A" X which prestowes tlie 
Kronecker index of the zero-chains. Tlicn 

ffC® = c®, o*CP ~ PC^ 

are the only equations and hence 


0(0-) = 1 -h (“-l)p|>. 

V is called the degree of tr (Brouwer) and wo see that if p is even and v ^ 0, <r possesses a 
fixed element. 

The results obtained in (25.2, 25.4) are at the root of Brouwer’s HxcmI point theorems 
(see VIII, 30). 


§4. COMBINATORIAL MANIFOLDvS 

26. Combinatoriail manifolds arise out of the search for aualopiiKjH aiuoiig 
complexes of structures with the local smoothness of an Euclidean si)ace. Our 
basic definition will be “in the large,” l)y means of a comparison with tlu; dual. 
A local equivalent frequently more convenient, if less olegent, will also be given 
afterward. 

Special references for this topic: Lefschetz [L], Tucker [a], Whitney [d]. 

(20.1) Definitions. Let X = Y — Z he an open simple complex, where Y 
is closed simple arid Z is a closed subcomplex of Y. We say that X is an orie.ntahk 
combinatorial manifold whenever the following two conditions are fulfilled. 

;il. The dual X* of X has a closed simple weak isomorph X. 

/i2. If X, x! are distinct elements of X then Cl x n St x' is acyclic or void. 
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It Avill h<; noticed Unit if is incn’(is<'d by any (closed simple complex }'i 
disjoint from -Y, A” continiu's to satisfy fxl2. In other words n\2 depend 
strictly upon C-1 A" (closure in )') and nothing; inor(‘. In particular if Cl A" = A, 
or aji;ain if Z may be (chosen null the manifold is said to be absolute; otherwise 
it. is said to b(^ rcUiHvc, or V is called a manifold mod Z. The complex 4LY = 
(1 A — A" is kiiowii as th(‘ honndarj/ of the manifold, and the latter (when 
iLY 7 ^ 0) is also called a manifold 'with boundary, 

The rol(^ of tlie two conditions ^*12 may b(^ descuibed thus: jul is the source 
of the spcM'ial duality ])r()i)crties of manifolds, while ^2 causes invariance under 
subdivision, tluit is to say, it marks out manifolds as geometrically significant. 

(2().2) L(‘t A”, in ^I, l)e obtained by raising the dimensions in A* by n units, 
and let..? ho tin* image in A of .r*, th(» dual of .r. 


W(‘ hav(^ tlu'ii dim .r = dim .r* + n — —dim x + n. Since A is simple, 
dim X ^ 0, iind some dim x = 0. Tluu’efore 0 g dim x ^ n, and some dim x 
= n. In otlu‘r words, n is pr(‘(*is(dy dim A", and in i)arti(uilar A is finite- 
(iimensiomiL W(» (‘all X an n-dimensional manifold, oi’ more simply n-nianifold, 
with tlu^ g(*n<*ri(^ dc^signation il/". 

Supi)os(‘ now that X is an absolute il/". Then likewise dim x g 0 and some 
dim X = 0. Th(‘r('fore 0 g dim x ^ n and both extremes are reacdied. In 
particulai*, A is likewise a simple /^-complex. 

(2().I'5) Rkmakk. Non-ori(*ntable manifolds will be consid(»red in (34). 

27- Digression: Reciprocal complexes. Let A" denote* for th(^ present any 
/i-comi)l(*x. Tlier(* corr(*sponds to A"* a uni(iu<^ w(*ak isomorph A" obtain(*d by 
raising by n units the dimensions in A"*. W(* call A tlu* reciprocal of A". To 

Xi € X tlu'n* corr(*sponds .r*, in A”*, and to x], an (// — 7 ;)-(*lem(‘nt in A”, the re¬ 
ciprocal of Xi , d(*n()ted by Xi 

(27.1) The correspondence xi* <-> is one-ono, incidence reversing and such 
that the sum of the dimensions of any two corresponding elements is n, 

I.et *x, (l(*not(* the vertic(*s of tin* derivc^d A', A' associated with ;r, a*. Then: 

(27.2) ':r —> *x defines an isomorphism with X' of X' reoriented by a(:d*) = 

By (IV, 25.5): 'x —> '.r* deliims an isomorphism with A*' of A"' r(*orientcd by 
a{d*) =s t^i — p), wliile 'x* —> 'a* defines an isomorphism A*' —> A', and fi’om 
tins to (27.2) is hut a step. 

(27.3) If dim x = 0 for some .r, hence if X is an absolute M^,] then X ^ A^. 

For under tha cii‘(!umstauc(*s dim A' = -a, 0 g dim a: ^ 7h, the extreme values 

being n^ached, and tlie asserted isomorphism is obvious. 

Noti(i<^ that when A has no vertices (27.3) need not hold. Thus if A" == cr^‘, 
7 i > 0, them X is a point and so is X. Hence the latter is not isomorphic with A. 

(27.4) Chven two finite-dimensional complexes A, Y with dim A — wo 
H'adily verify that X X Y reoriented by a {x^ X 2/^) = ( — 1)^*'^ is in an orienta¬ 
tion preserving isomorphism with A X Y, which clearly exists under the ci r- 
(Hunstanccs. For convenience the two are henceforth identified, so that X X Y 
s=5 A X ? reoriented as stated. 







198 


COMPLEXES 


[V] 


(27.5) It is clear tliat reciprocation may serve in place of dualizalmi. Its 
mechanism is substantially the same save that instead of passing from the 
dimension p to the dimension —p, we must pass to the dimension n — p. This 
will be more fully developed in connection •with the Kronecker index and inter¬ 
sections. 

(27.6) Referring again to the comparison of -Y and X, when X is an M", 
Ave may say that the absolute orientable ilf" is characterized by the fact that 
the complex X and its reciprocal are both closed simple and n-diincnsional. 

_ (27.7) Rem. 4BK. In vieAV of (27.1), in dealing with a pair of complexes A', 
X, we shall adopt the summation notation relative to repeated lower indices. 
Thus X shall stand for X , etc. 

28. The characterization of X as an M" given in definition (20.1) has the 
disadvantage of not being intrinsic, and also of masking, as it were, the im¬ 
portant local properties of manifolds. We shall now give a characterization 
free from these defects. 

Since X is simple: (a) eveiy Cl x is zero-cyclic; (b) the sum of the duals of 
its zero-faces is a zero-cocycle of X. Since the homology groups of Cl x'‘ are 
the cohomology groups of St x”~’’ by (III, 21.3) (a) is equivalent to the condition 
that eveiy St a; is n-cyclic. Since the system of the p-cochaias of X is in an 
isomorphic boundary preserving correspondence with the system of tlui (n — p)- 
chains of A', (b) is equivalent to the condition that the sura of the H.-elcmcn(.s 
of A' is an Ji-cycle. Coupling this with the fact that X itself is to bo siml)l(^ 
(open or closed), we replace ^il2 liy the equivalent conditions foi' a manifold 
expressed in terms of X alone: 

Mnl. X is an open or a closed simple complex. 

Mn2. Every St x is n-cyclic. 

Mn3. In Cl X every Cl x n St x', ;r x' is acyclic or void. 

Mn4. The sum of the n-faces suikddy oriented is an integral n-cycle. 

The four conditions together characterize X as an orientable M'\ or equiv¬ 
alently F as an orientable M” mod Z. If only the fii-st three hold tlum A' is 
called a non-orientablc ilf", or equivalently Y a mn-orientahle M" mod Z. ( hi- 
less otherwise stated it vnU be understood that the manifoM is orienloblr.. Non- 
orientable manifolds are discussed in (34, 35). 

Conditions Mn24 state that X is simple while Mn3 is p2 of (2().l). We 
notice also that when X is a relative manifold the »i-cyclc in Mn4 is a relative 
cycle (cycle of Y mod Z). 

In the applications one may frequently require a certain regularity of the 
boundary 18X. It is said to be regular whenever the following supplementary 
conditions hold: 

Mn5. When x e SBX then St x is n-cyclic mod Z. 

Mn6. i8X is an absolute 

Some examples. (28.1) X is an n-simplex a", Y — Cl <r". X* has for weak isomorph a 
point so at is fulfilled. Regarding ^2 the sets Afferent from 0 occurring in it are all of 
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the form o-'(Cl <r")« . where <r', <r" have no common vortices. By (IV, 6.18) all such sets 
are acyclic and so ^2 liolds. Therefore* is an mod SBo*”. 

( 28 . 2 ) A = Wo have seen (IV, 30.2) that A'* is weakly isomorphic with A", dimen¬ 

sions being raised by ii, i.e., X ^ A'. 'I'horcfore A^ is an absolute n-manifold. 

(28.3) The ''reciprocal'’ of a regular convex polyhedron in 3-spaco (in the sense of 
elementary g(*omotry) is a regular convex jxdyhedron. Therefore tlio polyhedral com¬ 
plexes do(in<‘d by such convex polyliedra are absolute 2-manirolds, 

(28.4) The decomposition <if a plane into ecpial squares furnishes an example of an 
absolute infinite 

(28.fi) Clearly n > 0, is anil/'* witli regular boundary. Take the boundaries of two 
h‘trahe(lra in 3-spae(* interseeiing in a polygon Z an<l thus giving rise to a polyhedral 2- 
eoinplex } . I lien A = } — j?/ is an ili- with the boundary Z. If Z is an edge with its 
end points neither Miifi nor Mnfi holds, while if Z is th<^ perimeter of a triangh* AInfi will 
luild but not Mnfi. 

2i). Wo shall now (joii.sidor a sc*ri('s of |)roporti(\s of orientablo coinbiiiatorial 
manifolds. 

^ (21).I) N.a.ti.r. Jar X lo hr an absolute orirntahlc manifold is that both X and 
X be simple and that Mn3 holds. Hence if one of A", X is an absolute orieniablv. 
yi/" so is the oilier. 

This follows iinnu‘dia(i(*ly from pi2 of (20). 

Suppose* X siinplicial (opc'ii or closed) and n-diinonsional. Thou Arnl3 
aro fiilfillod. Tliis is ch^ar for Mnl. Hogardiiig; Mn3 it ass(’rts boro that Iho 
stars in a closed simplex are acyclu*, an<l this has l)een shown to hold in (2S.i). 
Th(*r(*ror(' 

(20.2) For a simplicial complex the manifold amdilions MnT234 reduce, to Arn24. 

It is an (deiiKSitary inatb'r to prove: 

(20.3) Eve.nj component of an /!/" \of an absolute il/"] is an il/" \an absolute il/“]. 

From Mn2 follows: 

(20.1) Every element of an il/" is the face of an n-ele.ment. TIence we find once 
more dim A" = n, 

\V(* also liav(^: 

(20.5) Every {n — lydemeni of an AT' is the face of exactly two n-elemeuls. 

For th(^ imddcmc.es between die (w — 1)- and the n-(d(MuentH of A" arc* the 

same* iis betwee^n the 7Am- and one-eUaneiits of A", and sineo A” is simple, (20.5) 
is a consecpienee of (III, -17.4). 

(20,5a) Impout.vnt kkm-auk. Whcsi is simplieial (20.5) is a consciqnencc 
of Mu2 alonc^. I<\)r let <r" ^ bc^ a faecj of cri, • • • , cr". Wo may assume 
the* orientations sucli tliat [or” ro*" ^1 = 1. Thou the iuteg;ral /Miyclos of St. 
arc* thc^ linc^ar comlnnations a‘(>? - o-J), and iSt cam only l)e /cyclic if 
r == 2. 

(20.0) A n orientahle. M" is locally finite. 

For and X are simple and hemee closure-finite. Since X is a sul^c.omplcx 
of y and wcaikly isomorphic with the reciprocal of X it is both closure- and 
stiir-finite, hence locally finite. 

(20.7) The mcidence numbers in Cl X are as follows: then = 

= =fcl; aZJ the other incidence numbers are zero. 

Since the one-section of Cl A" is simplicial the property is true for p ^ I, 
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SO we assume it for p — 1 > 0 and prove it for p. Let e Cl A". By 

(III, 47.4) there is an < x^"^^ and, in view of Mn3, St in Cll :r'' 
is acyclic. As in (29.5a) we show that there are only two (p — l)-(^l<^in(^nt.s 
in the star. Thus in 33a;'’ each is the common face of exactly two olc'nients. 
Hence 33a;'’ is the union of a finite set of simple (p — l)-circuitH A'l, • • * , A",., 
where Xi n Xj is of dimension less than p -* 2. However by (HI, 47.10) 
is (0, p “ l)-cyclic and so consists of a single simple circuit. I<'urUicu‘in<)r(^ 
(loc. cit.) its p-cycles are of the form gFx^ and also, as in a simple (;ircuil., of tht^ 
form g(€Xi~\ where (a;?”^} are all the (p — l)-faccs of a;" and e*" = dbI, Kroni 
this follows dz Fa;'’ = and finally [a;'’:a;?“^] — dbl wliicli suffic(ss U)j)rov(^ 

(29.7). • 

(29.8) If 6 Cl X then S3a;'’ is an absolute orientahlc 

Since Y is simple Mnl holds in 58a;'’. Then Mn3 in X implies Mn23 in 
while Mn4 in 33a;'’ is a consequence of (29.7), the (p — l)-cycle Ixung Fa*". 

(29.9) A connected orientable n^manifold mod Z is a simple ovivutahlc n-c.irvuit 
mod 2. When the manifold is absolute so is the circuit (29.4, 29.5; III, •l().2fi,21). 

(29.10) If Y is an ilfmod Z then {kth derived) is an AV mod Z^^\ 

It is evidently sufficient to prove that F' is an M” mod Z', In vunv of (29.2) 
we merely have to verify Mn24. 

Consider first Mn2. By (IV, 25.2) any simplex of A' is of the form: 

cr = ... , < • * • < 6 A, 

Therefore the star of cr in F' is: 


St (T = 


[cri\(ri 




Consider the following sets of simplexes of St it: 

Fo = I Y, = {V" • • • V'*--}, 








From the expressions just written it is clear that Fo, F,, F< ar(> closcsd simplicial 
complexes and we have the expression of St o- as a join (IV, 4): 


St IT = Foa 


l.yl'r 


Referring to (IV, 6.17) we readily verify that if wc can show that wliciu’vcr 
the complexes under consideration below are different from 0 tlum: 

(a) Fo. is (pi — l)-cyclic; 

(b) F,a, 0 < i < r, is (pq.i — pi — 2)-cyclic; 

(c) Fra is (n — Pr — l)-cyclic, 

thei’e will follow that St a is n-cyclic, which will prove Mn2, 

Proof op (a). Fo consists of all the simplexes 'xi • ■ • 'xj ,Xi < • • • ■< x; -<. 1 ;''', 
Xj 7 ^ a:’’*, or Fo. = • Hence Fo# has the homology groups of (!!8 j:'’‘)« 

(IV, 26.7) and so it is (pi — l)-cyclic (III, 47.10). 

Proof op (b). By Mn3, St in Cl is acyclic. Since St n (U x"*' 
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contains a single Pt+i-element a paraphrase of the proof of (III, 2L4) will show 
that St n Cl is (pi^i — l)-cyclic. That is to say, the star of 

y'* in which wo will denote by Sti is ■— l)-cyclic. If we lower 

all dimensions in Sti by units it becomes a complex Zi such that Zia is 
(pi^A — Pi — 2)-cyclic. The closures of the elements of Zi are obtained by the 
same process from sets Cl x n St and so they are acyclic (Mn3). Hence (IV, 
27.3) Z'ia is likewise (p,+i — pi — 2)-cyclic. It is easily seen however that 
Via = Zia , and so (b) follows. 

PiiooF OF (c). This time Zr is St in X with dimensions lowered + I 
units. Hence by Mn2, Zr is (n — pr — l)-(;yclic, and the rest is as in the proof 
of (b). 

We have thus shown that Mn2 is fulKlled by Y* — Z\ 

C'Onsider now the operation 8 (chain-derivation) of (IV, 26.2b, 27). By means 
of (IV, 2{).2b) and (29.7) we may show that 8x^' is the sum of the p-clcmcnts 
of (.r^y each tak(‘n with a coefficient dzl. Since == P ' n-cyele of X, 

X] 5.r" will he an /i-cyck^ of A"'. Therefore^ tlu^ sum of the /i-elcmcnts of X' 
suital)ly orieiibHl is an ?i-cycle. '^riiis proves Mn4 for Y' — Z' and hence 

(29.10). 

(29.11) (^H(ivr the mmv condiliouH an in (2i).8) if Y in an A/" mod Z willi regular 
boundary then is likeunse an mod Z^^^ with regular boundary. 

We may Ium'c^ also merely eonsidcu- thc^ cas(^ k = \. Furthermore w(^ may 
iissiinu' y = C\ X and them Z is the boundary. It is to be shown this time 
that Mn5() ari^ pr(*s(M-ved under (IcM'ivation. R(^gar<ling Mn() this is a cons(^- 
(luenee of (29.10) and for Mn5 the proof is esscmtially like the proof just given 
that ]Mn2 is pr(‘S(u*vcd, and so we omit it. 

(29.12) // Xj X] are both open s\ibcomple.res of Y with X\ CZ Xy and X is an 
A/" so is Xi (obvious). 

(29.13) The product of an M’' by an Ar is an 71/^' and if the factors arcal>solule 
so is the product. 

].et A' = AV\ Xi = AP. Since A", -Yi tiro sirnph) so is X X Xi and hence 
also A X A'l (27.4). If A’', A"! are simple so is ,V X Xi . Hence by (29,1) all 
that, is r('<iuired is to V(n*ify Mn3 (or p2) for A' X Xi . And this follows from 
Mn3 for A", A'l together with: (CU x X Xi) n (St< x' X :ri) = (Cl x n St ;r') X 
(Cl ;ri n St ;r0. 

30. Elementary manifolds. Wo refer thereby to tlie well known finito absolute aim- 
plieial nianifolds. The following conHiderations ar<5 valid for both orientablo and non- 
orientable manifolds (see 34). Since it is salliciont i.o charaotorize the components, by 
(29.3) we may suppose the manifolds connected. Consider first a connected ilfL By 
(29.4, 29,6) we find readily that it has the structure of a partition of the circumference. 

Take now an iH*. By (29.6) every edge of M® is a face of two triangles. From this 
follows that about every vertex the triangles and edges fall into circular systems consisting 
of alternating edges and triangles. Then by moans of Mii2 wc may show that about each 
vortex there is just one circular system. With this preliminary characterization as a 
basis, one may proceed to a complete classification of the absolute M® into types by means 
of the homology characters (Betti numbers and torsion coefficients). Each typo oorro- 
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spends to a unique topological class of polyhedra, and the polyhedra of distinct types are 
topologically distinct. For details see Veblen [V, II]. 

31. Kronecker index. For the proper formulation of the duality relations 
wc I’equire an extension of the Kroncckcr index. '^L'his is done chiefly by re¬ 
placing eveiyndiere dual elements by reciprocal elements. 

For the dimensions p, ?i — p automatically: 

(31.1) Kl(f, = Kl(f, vp), 

whore ijp is the (—p)-chain of X* (p-cochain of X) corresponding to in 
the weak isomorphism X* <-> X. From (III, 28.2) we have explicitly, 

(31.2) KI(®? , = /3(p)So 

where = 5/. 

If we consider X as the basic complex we have from (31.2) 

K[(xf-^,xn = fi(n- p)d,j, 

and therefore 

KI(.^^x”“'’) = ^(«)(-l)’’<"~’”KI(r■'^a:’’). 

The commutation rule is thus 

(31.3) KI(f, fj"-”) =|8('/i)(-l)’’'"'^’KI(^""'’, f). 

We observe now that under the weak isomorphism X* —» X, rip and Fry,, 
go over into and Hence from (111,29.1) and under the assumption 

that me of is finite we have [L, 169]: 

(31.4) KI(Ff+S jf"-^), = (-l)'’KI(f+S Fij""0- 

It is a consequence of our definitions that the new Kroncckcr index may 
serve as a gi’oup multiplication under the same conditions as the earlier index 
(III, 29, 40). Moreover with (31.4) at our disposal we may introduce whenwer 
need be a class index Kllr”, r""") and rclat((d multiplication of the corresponding 
groups. This is the multiplication implicit in the statements of the duality 
theorems given below. 

(31.5) Linking coefficients. Wlionever M” is (p - 1, p)-acyclic a linking coeffi¬ 
cient Lk (t"”', and related chiss linking coefficient Lk (r'’~‘, T''"'’) may be 
defined directly by mere paraphrase of (III, 35). They may also bo defined 
indirectly in terms of Lk yp) in the same way as wo have just introduced 
the Kronecker index. 

32. Duality theorems. The duality theoi’ems for manifolds will all be ob¬ 
tained from those for complexes by transfer from pth cohomology groujjs to 
(n — p)th homology group?. The situation being simpler for absolute mani¬ 
folds we will consider them first. 

Suppose then that X is an absolute il/". Since the weak isomorphism of X* 
with X raises dimensions n units, the (—p)th homology groups of X*, or the 
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7 ?th (cohomology groups of X arc isomorphic with the (n — p)th homology 
groups of X of th(^ sa7ne kind. By this we mean that if th(‘ cohomology groups 
iirc^ thos(c of the finite [infinih^l (cocyeles over G, then the homology groups are 
uii(l(‘rstood to l)(c those of the liuito [infinite] cycles over G and vice versa. Since 
X, X are siiupUc and A"' ^ X' reoriented, A" and A have the same homology 
groups and so: 

(32.1) The pth cohomology groups of an absolulc M*' arc isomorphic with the 
(n — p)Lh homology groups of the same kind. 

L(‘t now Y 1)(^ an M'' mod Z with A'’ = F — 2^. Tim best formulation is in 
terms of the derived X', Y\ 7/. Since A"' = X' and X is simple closed, X' is a 
closed simplicial (‘.omph^x. llio open simplicial complex T' — A"' consists of 
all the simplexes • • • 'ajy (a:,- < xf) of Y* such that one of aii, • • • , 

Xj € Z, henc.(j such that Xi e Z. These elements of Y' make up St Z' in F', so 
that A"' = F' — St Z\ Since X is^ closed and simple its homology groups are 
isomorphics with those of its derived X' and hence with those of X' = F' — St Z\ 
On (he other liand, owing to the weak isomorphism l>etw(H^n X* and X", the pth 
cohomology groups of A” are the isomorplis of the corresponding (n — p)th 
homology groups of X. Therefore 

(32.2) If is an yl/” mod Z then the pth ahsolnic cohomology groiq) of X is 
isomorphic with the {n — p)ih homology group of X^ === F' — St Z' vdiich is of the 
same kind. 

Tlu' anal()gu('s of dual cat(‘gori('s (III, 31) arc^ given by: 

(32.3) DkI'UNITION. Two categories *1, B of cycles of yl/" are said to he quasi-- 

dual whenever if (f/, II) is a normal couple, FI) are dually 

paired and with the class Kronecker index for multiplication. 

33. In vicnv of (32.J, 32.2) tlu' duality tlu'orems for compI(\x(‘s (III, 30, 31, 32, 
3S, 3t), 11) yi(hl Imre: 

(33.1) l)Tr.\ruTV tiijooukm ov porisro.vulc. When 71/" is finite the Betti groups 
for the dimensions p and n — p, and likewise the torsion groups for the dimensions 
p and 11 — — 1 are isomorphic. a consequence the Belli nnmhers and torsion 

eMefitcictUs satisfy: 

(33.1a) ' 

(33.J1)) tf = 

(:i3.2) The folbmng are qutm-dunl categories'. 

(a) Finite dtmlute if". The cycles repealed {one category ropeaied). 

(b) Injinite aimlute M”. The. infinite and the finite cydes. 

((!) Finite relative Mn. Y is an ilf" mod Z, X = Y — Z: The eyeXes of Y 
mod Z ami the cdmlute cycles of X'. 

(d) Infinite, relative Jf”. In the same notations the infinite cycles of X' [of 7 
mod Z] and the finite cycles of Y mod Z [of X']. (Lefschetz [L, 142, 314].) 
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(33.3) If A, B are quasi-dual categories in Mn dnd J a field of characteristic t 
then: 

(a) R^(A, ir) = w). 

(b) If {yf } is an independent set of r-cycles of A over J there mmj be selected a 

set of r independent cycles of B over J such that 

KI(yf,8rn = 5 , 7 . 

(c) If the Betti nmnhersfor dimensions p and n — p are finite ami {tH, {5? ^‘) 
are maximal independent sets then: 

I Ki(7f, 1 ^ 0 


[L, 178, 314]. 

(33.4) Alexander duality. The duality theorems of this type liold wlu^n Y is 
simple with a dissection {X, Z) such that Y is an M" mod Z, tlu^ traiishu* being 
always: 

pth cohomology group of X —> (w — p)th homology group of X'. 

We state explicitly the following simple case: 

(33.5) If Y is finite (p — 1, p)-acyclic and ((?, H) is a normal couple, then the 

groups (?) and §"“^(X', H) arc dually paired with the class linking cocjfi- 

dent as the group multiplication (Alexander [a]). 

(33.6) Weak manifolds. The proofs of (33.1, 33.2ab) rest solely upon ihe 
symmetry between X and X and do not depend upon ^2 of (26.1), (or whicli is 
the same, upon Mn3). If we call weak absolute a complex satisfying Mn 
124, we have: 

(33.7) Properties (33.1, 33.2ab) hold for a weak absolute manifold. 

34. Non-orientable manifolds. For simplicity we will only discjuss the 
simplicial types. Thus X is now an open simplicial complex wluch merely 
satisfies Mn2 but not Mn4. In an obvious sense W may be absolute, relative, 
with regular boundary (orientable or otherwise), 

(34.1) All the properties of (29) except (29.9) hold for a 7 ion-orientable 

For they do not involve Mn4. In place of (29.9) wo now have: 

(34.2) A connected non-orientable M" is a simple 7ion-orienlahle n-drcuU. 

(34.3) The duality theorems for groups mod 2 hold also for non-oricnlablc 
manifolds. 

35. In view of (34.3) one could expect to lose in a non-oricutahle ilf" all the 

homology properties except those mod 2. The loss is restored by nxenm of a 
device due to De Rham [cj. Corresponding to the clomonts {.r?} of evt’iry 
Cl a;” introduce two new sets {.Xi*}, where in each set the order and tluj 
incidence numbers not involving .r? , are the same as in Cl .r", and take, 
[xzix^P^] y — Suppose that .x”, a:"' have a common face and 

let Xu ,^X 2 i have the obvious meaning for a;'”. There are then two images 
x^ \ X 2 ^ for as a face of x"^, and similarly for as a face 

of If we identify Cl xr" with Cl (h « 1, 2), 
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otherwise Cl with Cl and Cl with Cl The result is readily 

shown to be a new oriontable (simplicial) n-manifold Mq . It is known as the 
douhly-cmwring manifold of il/”. The same process applied to an orientable ilf” 
yields an M'i which consists merely of two isomorphs of M”. For many pur¬ 
poses il/o may v<*ry well replace its non-oriontablo companion. In particular 
its homology and iiitc'rsec^tion propc'rtics may b(', viewed as properties of ilf” 
itself. 

36. Intersections. Owing to the possible transfer from cochains to chains 
there may be defined intersections of chains by chains in an M'\ We will first 
introduce those for an absolute, orientable w-manifold A", and consider relative 
manifolds afterward. 

(36.1) Several imj^ortant auxiliary operations will be required. Let 5, r be 
chain-derivation and a reciprocal in A^, arfd 6 , f the same for X, We will con¬ 
veniently identify the vertices 'a*, 'x of X', A', so that A' is now X' reoriented 
l)y a:(.T"') = € A'). Let this operation be considered as a chain- 

mapping a:A"' A'. It is clear that = 1 . The operations ri = fa 5 , 

fj = Tad are, respectively, chain-mappings A" —A”, A X. From the known 
relations 6 r ~ I, t 5 1, 5f ~ 1, f5 1 (IV, 23.5) there follows: 

(36.2) rjfj ly fjTj 1. 

We may (»ven states a more* i)recise result. For if D an* derivations in A", 
X (IV, 2().2a), th('n 8t is contiguous to the identity in DD~' (IV, 26.2c, 23.1) 
and similarly for 5f in DD ^. From this follows n^adily that: T/fj is contiguous 
to the idcmt.ity in D^^DD~^D. Furthermore we also verify t hat if A is the* set- 
transformation a; Cl St Cl a; then D~^DD~^r)x a A.r. Hcuicc* t/tJ is con¬ 
tiguous to the identity in A. Thus if A is the analogue of A for A w(» have: 

(36.3) T/fj, fjT? arc contiguous to the identify in A, A. 

(36.4) In addition to the proceeding oi)erati()ns wo shall need an operation f 
whose (‘fTe(‘t on any complex incercely consists in low(M‘ing all dimensions by n 
units. Thus fA == A"*, tX = A*, etc. Evidently f is a weak Lsomorphism. 

(36.6) Ckmsider the multiplication 9 ? of (1.13), of A", X* to A''. We recall 
that by (19.1), if t is a reciprocal of chain-derivation in X then rtp = m is the 
first component of an intersection in A'. We may thus freely assume that we 
have an intersection /x = (gi, yt) in A^ whi<^h wc^ will also denote by a dot- 
product. Thus 

X *Xfj ~ t(»t ^</)* 

Let xis s\ip])ose the a:? so oriented that the basic ?i-(iyclc of whose class F'* 
is the basic class, is: 

(36.G) 7 ” =/3(-n)Ea:” • 

From (1.14, 1.15, 1.16) we have: 

7 " Xf xi = p(-n)^(n)'xi , 
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p < n: 7 " aip = |8(-»)/3(p) • • • 'xf . 

Referring to the expressions of the X’s as incidence numbers we verify by means 
of (IV, 26.2b, 27): 

Hence 

(36.7) T{xi X^T^) == 

The relation just written may also be put in the form 

Hence for any chain f of X: 

(36.8) (f r"'^) -7” = 

If is a chain of X over G then 77 $'’ will be a chain of X over (?, and st) from 

(36.8) : 

(36.9) 

(36.10) Let Since 77 is a chain-mapping and f is a weak iso- 

morphism, if f is a cycle 7 " in a fixed homology class over G then jn-^p = 
is a cocycle in a fixed cohomology class Fn-p over (?. From (36.2, 36.9) then' 
results: 

(36.11) 7«-p‘7" ^ 7^'; = F". 

(36.12) Since 77 is an isomorphism (36.2) and f is a weak isomorphism, P'' —> 
Tn-p defines an isomorphism 03:fp^(X, (?) f^n^piX, G), It follows that o) ^ 
is likewise an isomorphism. Thus 

(36.12a) Given rl„p , there is a U7iique F^ = co"^Fl--p suck that Fn..,,* P'" = P^'. 
For later purposes we also require some information n^garding what may be* 
described as a carrier of fr?. We recall that dx consists of simplox(ss wit;h, 'x as 
last vertex, i.e., of form e = 'r,* • • • \x/x, Xi < • •» X xj < x. When cr is (*on- 
sidered as a simplex of X' its last vertex is 'xi = 'xi . Hcuc(^ rje = fae is an 
element of Cl Xi = St X j C St Cl x (the bar denotes reciprocation). It follows 
that 7]X = fa8x C St Cl ic and hence ^‘tjx d (St Cl rr)*. Tlun-cforcs 

(36.13) ^rjx is a cochain of St Cl .r. 

In an evident sense we could also say that the set-transformation i:X —> X* 
defined by a; St Cl a; is a carrier of f 77 . 

Observe finally that since co is an isomorphism, we have: 

(36.14) r" = 0 rU, = 0. 

37. We are now ready for the chaia-chain-intersections. Two types will bo 
considered, a direct one Avhich operates upon the chains of X alone, and another 
which is more suitable for relative manifolds. We will deal at length with the 



[4] 


(COMBINATORIAL jMANIFOLDS 


207 


finite absolutt^ J\V' anti thou complete the treatment with a few remarks abotit 
the general c^ase. 

Wc assume then that K is a finite, absolute, orientable ilf ” and take G, //, /, p 
as in (1.1). 

A. Inlerscctiom of tlw first type. Given two (‘hains over G, 11 wo define 
as their intersection the (?> + (/ — ?0-chain ovtM* J, denoted by and given by: 

(37.1) fof = 

From (8.2, • • • , 8.7) there rt^sults then: 

(37.2) Tlw. operation o pavro (S"(X, (7), ^\X, II) to J). 

(37.3) F(ror) = (Ff")=r + (-i)'‘'ToFr. 

(37.4) 7 ^’ 07 ^ is a (p + (j — n)-cyclc over J. 

(37.5) The class of depends solely upon the classes F® of y^, 7 ^. It is 
written F'^oF"' and called the class intersection of F^\ F'^ 

We have clearly by (36.8): 




and therefore l)y (36.2): 

f f n p q 

7„--p-77t-(/*7 '^y oy ^ 

or equivalently 

(37.0) 

1 »—7> * I »“-*/* i — 1 . 


In terms of the operation co of (36.12) the last relation may also be written 
(37.Ga) r'’or« = w-’(wr-wr). 

I^y combining (37.6) with (8.8) wo have the comprehensive 

(37.7) Tiieokem. The class intersection F^'oF'^ in the finite absolute orienlddc 
n-numifold X pairs 

G), tffiX, II) to J), 

Furthermore: 

(a) (Commutation rule) r^oP® = 

(b) If the doHsos arc over a ring p then their intersections are associative. 

(«) Ihuhr tlw same, comlitions as in (b), VoV" cortsida'cd as a formal product 
generates an associative hut not necessarily commutative ring li{X, p),the homology 
ring of the, manifold over p. 

(37.8) Wti may dclinc the Kronecker index of f, as 

Kiie,rn = im'n-v,r’‘), 


and we have from (4.4): 



208 


COMPLEXES 


IV] 


KI(f, = KI(fof”") 

whei’e the last index is the index of the zero-chain 

Given two classes F’’, F""^’ over G, there are two possible ways of tlefininp; the 
class index. First in the notations of (36.10) we may set 

(37.9) KI(F”, F"-") = KI(f:,_p-F'‘-''). 

yccond we may choose any 7 ’' e F''. Then riy" is in a fixed class P" of X and we 
define: 

KI(F^ F’'-’') = KI(r'’, F"-^) 

(37 101 

^ = )3(a)(-l)*''""''ia(F''~^, P"), 

where the last two indices are the class indice.s as defined in (31). It is only 
necessary, however, to refer to the definitions of the index in (31) to .show that 
the two values of KI(F'’, F"“0 in fact the same. Furthermore (37.6) yields 

(37.11) KI(F", F"'") = KI(7"o7""''’), y" « 1’". r''“" « F"-". 

(37.12) It is also a consequence of (37.10) that KI(F", F""'’) may Im* cho.sen 
a.s the group multiplication of (33.2a) and KI( 7 ^ y'‘~’‘) in the sen.se of (37.8) 
ass the index of (33.3) (in place of the indices KI( 7 ’', S"”'’) there considered). 

13. Inter sections of the second type. This time we only have the intcr.secti()u.s 
of a chain of X over G with a chain of X over //. It will be once more a 
( 2 ? -f- 3 — w)-chain of X over J, written 1"*^ and given by 

(37.13) = fn-p-r, fn-p = rr. 

This new operation is related to o by: 

(37.14) 

We notice explicitly that: 

(37.16) Properties (37.2, • • •, 37.5) hold for * loith the appropriak {ami obvious) 
modifications. 

We also have with the Ki'onecker index defined as in (31.1): 

(37.10) Kr(f, ?”“'’) = Ki(r*r-")- 

(37.17) Intersections in a product. If X, Y are finite absolute orientable mani- 

I'olcLs of dimensions n, n' then A' X I' is an alwolutc orientable (26.13). 

Let the previous notations: 5, 7 , F apply to X, and lot r/, S, A be the analogues 
for F. To simplify matters all chains are over a ling p. We have* now by 
(37.1, 17.4) 

if X r,yi^ X f) = if»-^ X v:'-r)-if X f) 

= X ivn'-r-f), 


and so 

(37.18) 

(37.19) 


if X f)oif X f) = (-i)*‘’’'-’-’(ror) X ivW), 
iv” X A0o(F* X A”) = (-l)««"'-^’(r’'oF®) X (A'oA*). 
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Assumiiifi;, in piirticnlar, ii = // wo have from (37.10) the following]; relation on 
the Krone(*ker index which is reciuirod below; 

(37.20) Ki(?^' X X v‘") - (-i)''‘"^"‘"“'-^Ki(r, 

38. So niu(0i for the (init(‘ absolute orieutable 217"; for the other cases a few 
eoiupl(Mnc‘nt.ary remarks will suffi(^e. 

(38.1) Injltiilv (thmlulv orivninhlc 21/". For this ease all the considerations of 
(37) nuiy Ix^ rc^pcuiled, with the eoinplemeut that if oiu^ of the iutcrsectins chains 
is finite^ so is the intersection. The rin^* property (37.7c) is only proser\'ed as 
rej>;ards int.ers(‘(*.tions betwei'ii classes of finite' cy<des or between classes of infinite 
(‘.ycles. 

(38.2) HrUUiw oricnlafde iM". Suppose X = Y — Z — an orieutable il/" 
mod Z, Tlu^i w(‘ may only define the operation * of (37.13), it beinj*; und(‘rstood 
that the int(‘rs(*ctions at tlu' rip;ht in (37.14) an* the intersections iudiicc'd in X 
by those in )' in th(^ sense of (13), Properties (37.2, ■ • • ,37.5) hold with the 
obvious modifications. W(' nu'rely notice that, as regards th(' cych's w(^ are 
taking t.h<‘ inters('ction of an absolute p-(*ycle of X with a q-cyv.h' of A" mod Z 
and obtain an absohite {p + r/ — n)-cyv\o of A" as the inters<Ttion. The indc^x 
is as deliiu'd in (33.1) and satisfi(‘s (37.Hi). 

ArPLK.’A'rioNs. ( 3 S.H) Tak(‘ as orii*ni:il)lc Mio complex *V (>i)tain(Ml from the sub¬ 
division of th(‘ n\Ml line L: —«<//< +=0 by the points Ai : u == /, the elements ludiig 
the vertie(*s .1* and the one-aimplexes . T^el fii denotes the midpoint of or 

vertex of .V' in . We may tlmn i<l(*n1ify X with the iinnloKue of A' eorrespondin^j; 

to the subdivision pninLs /?,• . However w(‘ will oric'ut A" so that d, = , which 

correspon<ls to n‘ori(*utinjr it, by means of rt{.r "“^0 = /iJ(r/ — 7^). Tbe opcu'aiion r is delined 
by Hi /I I (I , . 4 1 * dt . 

'riie vertiees Ai are homologous finite inUigral zero-cycles of X and w<^ will dimote by 
A tb(‘ir common elaas ((dement of tin’ homology groii]) of the finite inlt^gral z(‘ro-eluiins). 
Tbe (yeh; ^ d,d,ti is basic for X and its class (ehMiient of tin* homology grouj) of Mu* 
infinit(‘ integral oin'-ebains), which is a basic class, will also lx* written L for convenience, 
r.sing the above* data we find readily fnjin (30, 37) the class intersoeiions in A'; 

(3S.4) A*A ^ 0, A*1j = L»d, = /I, L^L =» L. 

(38.5) Take n<»w w real lines {/»!,/*=» 1, 2, * • • , Li : — co < m < -|-od, jmd turn Li 
into a complex A'; such as just considered. The complex A” = A'l X • • • X A^, is an oriout- 
abl(j il/«. Tjct Li be the basic class of A'l and Ai the class of its vortices. Now r?» = 
Li X - • X Lf, X dp.,., X ■ * - X An and = d, X • • * X d, X X •••XL,* an^ the 
basic classes for the submanifolds: 


= A'l X ••• X -VV X A„+, X ••• X An , 

“ Al X X Ag X -Ag-Hl X *' • X An ■ 

Applying (37.19) wo find if g < p: 

(3S.0) r»or»-« = I'..-® = Al X ••• X A, X /vg+i X ••• X /./J, X A^+I X ••• X An . 
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Therefore: 

(38.7) Theintersectionof the basic homology classes of XiX X Ap XX X-4„ 

and Ai X X Ag X X ••• X A"» is the basis homology class of 

Ai X ••• X X X«+i X ••• X Xp X Aj^^i X • • X An. 

The analogy of this intersection rule with.the initial rules of Lefschetz [a] (for convex 
polyhedral cells) and of [L, IV] is obvious enough. It will become completely obvious in 
the topological applications in (VIII, 27.10, 47). 

If p + $ — w the intersection is ^li X • • • X An and so 

(38.8) Ki(rp, r»-j») « 1. 

It is hardly necessary to point out that the preceding results have obvious extensions 
to the case where the Xi arc arbitrarily scattered among the Aij but as the explicit forms 
are not required we will not derive them here. 

39 . Chain-mappings and their graphs. Let again X, Y be absolute orientable 
manifolds. We will suppose them this time of the same dimension n, A chain¬ 
mapping t:Z —» F will be written 

(39.1) rxf = fflfj-T/? 

with summation on the lower indices. We wish to associate with t a chain- 
gi-aph which will be an n-cycle r" in X X Y. We first write the usual graph 
as a cycle of 7 X .X* 

r = D Pi-P)aiiyj X x],. 

Under the weak isomorphism Y X X* —* Y X X raising dimousioas n units T 
goes into an n-cycle of 7 X .X": 

(39.2) r” = £/3(-p)afyy? X = 'E^(-p)irxf) X xV- 

It is clear that t and r’* detemine one another uni(iucly. 

Consider now a .second chain-mapping 5:1? —» 7 given by 

(39.3) = M)yf , 
with its graph in 7 X X 

(39.4) r"‘ = Z K-p)Mryf X x?'^. 

Written as a cycle of 7 X by (27.4) T'" as.sumes the forni: 

(39.5) P" = Z K-p)f^U- 1)”'""'*!/”"'’ X . 

This foi’m will be utilized in a moment. 

40. Coincidences. 

(40.1) The results of (§3) arc of cour.se applicable to manifolds. However, 
by utilizing the transfer from cocycles to cycles it will be found possible to 
extend them to a pair of chain-mappings t, 0 both proceeding in tire same 
direction (from X to Y). 
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(40.2) Consklor lirst. ilu* two cliain-mai)piiig.s t, 6. By mere transfer from 
( 21 ) (for the t, d* of 21 ), we deline a eoineidcncc of t, 0 as a pair (xi , yf) siicli 
that yf is found in rj-J’ and yf" in The number of signed coincidences 

is then naturally defined as 

(40.3) X(r,5) = K1(I’'‘, r"‘). 

Since Y X ^ is an absolute orientabki M“'‘ (29.13) we have from (31): 

K\iyf X yf X .Er-'-) = nin), 
and wheneven- other j)airs of ehnmmts are involved: 

Kr(;yrx “:rr'^,y2 X ir*) =0. 

Referring to the prop(!rti(i 8 of /3(p) (Introduction to 111) we find then: 

x{r,e) = 

If we .set 

a" =11 a?, II, h" = \\hfj\\, 

there comes: 

x(r, 0) = (- 1 )" trace a'‘~'’(//)'. 

Let [cf}, jef} be bases for thc^ rational hoinolopjy j^roups of -Y, X and |d/'), 
h?n tlio same for Y, 7. The ehain"mai)pings r, 0 induce homomorphisms on 
tlie groups in question rep]*(‘sentcd by: 

(40.4) r" = || W) ||, 

(40.5) Ocf = Qfidf , 0" = II Ofj ||. 

The same argument a.s in (24) yields then: 

(40.0) x(t, 5) = z (-1)" “( oy . 

'rhe expression x(r, 9) is h?/ dcjimlion the numbei- of .sigtjcd c'.oincidenccs of t, 0. 

(40.7) Consid(!r now two chain-mappings t, 6:X —> Y, where we suppo.se t 
as Ix^fore and 0 such that 

(40.8) ec? » efidf , 0 " = II ofj ||. 

Ijct 1 ?, fj 1)0 the same as in (30.1) for X and i?', fj' the analogues for Y. 'Phe 
(ihain-mapping fj induces an iaomorpliism X on the rational homology groups 
given by 

Xcr = xf,-c? , x” = II II, 

and by (36.2), ri induces X”^ Similarly jj' induces g given by 

gdf = y-iidf , m" == 11 yfi II, 


and fj' induces yT^. 
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To > F there corresponds the congruent chain-mapping (in the sense of 

IV, 12.7) F given by 9 == ri'dfj. This chain-mapping induces the homo- 

morphisms on the rational homology groups defined by: 

= W , = 11^*711 = mW. 

In the light of (24.15) it Is rather natural to define directly the iimnhcr of 
signed coincidences of r, Q as co(r, 6) = x(^j ^)- We have at once from (40.(3) 
after replacing the product of matrices by its transverse: 

0) = S (-1)^ trace 

Since have the same Betti numbers, (33.1a) yields ir{X) = 
and similarly for F, F. Hence the c, d may be chosen such that 

KI(c? h: ar^) = 5,7, KI(df * drn = 5,7. 

Now from (37.12, 37.14) and (31) there follow: 

KKcfocr^O = XikKI(c,>crO = - v)^h , 

YHidhdD = == - v)i^h , 

where the indices arc taken, respectively, in X and F. Hence if we set 

= II Ki(e? , c7”") II, /3" = II Kiw , rf;-") II, 

then 

(40.9) co(r, 0) = E (-1)" trace /3"0V(r”"O'. 

This expression is wholly similar to tlu^ coincidence formula (24) of [L, 2()9|. 

(40.10) Fixed elements. If }' = and o* is a chain-mapping A" A" tlu'n 
x((r, 1) = ^((t) where ^ is as in (24). Thus the number of signed fixed elements 
is the same as for any finite complex and this is as might be expected. 
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"Hio from fiiiito coinplexos to iii(iuit(^ c*-()m])l(>x('s or topological wpaces 

u(*(‘('ssitat('s soiiu' liniiting jiroccss, and tlK^ theory of iu‘ts will provide the 
iu*{*(*sHary mechanism, hi its general form it may lie viewed as abstracted from 
th(» Cecil homology tlieoiy for to])<)logieiil spaces (Ceeh [a]), which will be 
atU)i)ted as t]i(‘ basic theory in (VH). An important special type of net, the 
s(‘(pi(mtial spe<*t.riim, was already utilized liy Alexandroff [aj, for compacta, like¬ 
wise for infmit(^ compk’xes and compacta in [L, VI11, 

A close paralh'l will b(‘ found b(‘tween nets and (inite complexes and we shall 
hav(‘ h(‘re also oju^i and (closed subnets, their projections and inj(‘ctions. In the 
g(‘iuM*al iK't, thtu’c' ar(‘ no chains and so the operations bear directly upon the 
cy(*les. How('V(‘r for a spectrum chains may again In^ introduced, tlu' similarity 
with (^(>ini)l(‘X(\s IxMiig greatly iiicrt^ased thereby. 

Hy combining tln^ siibiud-s there will Ik^ obtained a nottnvorihy coin])lem(mtary 
mecluinism, t-lu^ W(‘l), whi(‘h will have important applications in (\’I1). 

The g(m(M*al theory of nets and webs will lie applied to inlinite complexc's, 
and in jiarthmlar to a type which w(‘ have termed niclric, Su(‘h compl(*xes will 
l)(‘ shown to have a s])ccial “metric” homology theory, which includes tlu' wi^ll 
known Vietoris tlu^ory for compacta, but has otluM* applications as well. 

Ovnvral rrfrrrticci^: Alexandroff ja, fj, C(‘ch \ii, 1)|, CMievalley ja], PnMidcmtlud 
[l)|, Lefscln^i-z |Li, XVIlj, Steenrotl ja]. 

§1. DEFINITION OF NETS AND THEIR (5ROUPS 

1. A iK't is a (*oll(»(‘.tion of complex(*s with special ndations. A good point of 
d(‘|)artur(^ is t.hcr(‘for(' a suitable typ(‘ of infinite product of (lomiiloxes, Siu<u> 
thcs(* infinites products have as yet but few ap])li(^ations we will not- dwell upon 
them very long. 

(LI) (kmsider then a system \X\\ of finite complexes indexed hy A — tX| 
and let 3£ = PXx be the product of the complexes as sets of elements. It is 
not our purpose to turn X into a complex in the souse of (I II, 1.)—'Such a comi)lex 
would b(s in fact, irrelevant here. We may, however, introiluce the groups of 
(‘luiins, • ■ • of X over a given coefficient group G in the following way. Write 
ISx , .3x , Kil', for (S'XA'x, 0), • • • , where the groups are as in (III, 7, 8). 
Deline now the groups (S^'(3£, G), (?), G) as 

G) - G) - 'PSi !, 

Gf) = PS? . 
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By (I, 12.5) we have then 

r(3E, G) = FU , 

and we readily show that 

(1.3) G) = (?) = P§r . 

There is an obvious parallel development in the direction of ^Svcak” produc^ts 
whose details are omitted. 

2 . The next step is essentially analogous to the passage from products of 
groups to inverse or direct systems (II, 13, 14). 

(2.1) Definition. A net X is a system of finite complexes {Xx} indexed by a 
directed set k = {X; >-} and with tlic following properties: 

NL When \ > n there exist one or more chain-mappings^ also called ^^projec¬ 
tions,X\ X ft . 

N 2 . When \ > fx > v and , tt? are projections so is . 

N3. Any two projections Trji, \ > fi, are homologous (ttJI y\ y J for 

every cycle 7 ? o/Xx). 

( 2 . 2 ) Let denote Ni with > replaced by <. If X, still indexed l)y 
A = {X; > }, has properties N*i it is known as a conet. In one or the other case 
a convenient designation is X = {X\ ; xjlj. ITnless otherwise stated, in siieli a 
designation X will be understood to be a net. 

(2.3) Let Xx denote as usual the dual of -Yx, and -Y* , the dual 

of 7 rjl. Then if one of Z = {Xx ; ttJ}, X* = (X* ; ttx^} is a not the otJuu* is 
a conet. 

(2.4) Special designations. The net X is called 

simpUcial if the Xx and the Trjl are simplicial; 

simple if the Xx and the Trji are simple and in addition the ir^ hav(^ isim])le 
carriers; 

sequential if A = {1, 2, • • • }; 

a spectrum if the are unique; 

a sequential spectrum if the net is both sequential and a spectnun. 

Evidently a simplicial net is simple. 

The dimension of X, written dim X, is sup dim Xx. 

3. Since there may occur multiple projections irl , it wall b<‘ nec(^ssary 
for the groups S, 55 have recourse to the mechanism of (II, 13,7, 14.8). Not 
so, however, as we shall see, for the groups Since the cycles and cocych's, 
and not their classes, are the elements usually arising in the applications th(‘ir 
properties will be examined in some detail. 

As a consequence of N3 we have: 

(3.1) Any two projections ttJ , tJ" ttx*^], \ > fx, induce the same simulta¬ 
neous homomorphism §p] so that there is a unique di¬ 

verse [direct] system ; rl] ; Tf*^}] in the sense of (II, 13.1) [(II, 14.1)]. 

We have then limit-groups of the two systems and we lay down: 
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(3.2) Dkpinitions. ip" = lim {>'px ; xj)} and — lim {^p ; x*"} are, respec¬ 
tively, tlie pth homology ami pth cohomology groups of the net over G. The elements 
r", I’p of the. two groups arc the ho7nology and cohomology classes over G] the terms 
7inll he. jusHfwd presently. 

An cldincnt of in a collection I'" = {F^ where Px € , and \ > y ~* 

Xpl’x = I'll . 'I’lio Fx are the coordinalos of F". Furthermore referring to 
(I, 38.2) if lix in any ()p<m s{>t in .'px , and U\ = | F'* | Fx « M\1, the aggregate { U^] 

Ls a hanc for 

(3.3) Let now a p-c,ycli‘ 7 '’ of X over G be defined as follows: 7 " = { 7 ni where 
7 x «.Bx and \ >■ y —*• Xp 7 x ~ yj! in Xp . The y\ are the coordinates of 7 **. 
n(*fine 7 " = 0 when every 7 x = 0,and if 7 '" = | 7 (’’}, set 7 ’' + 7 "’ = { 7 x + 7 x’’l. 

As a conseciuence .S'* = l 7 "t Is a group, the group of the p-cycles over G. The 
topology in ,B^’ is as.signed by nw'ans of a subbase as follows: take any open set 
l\ hi .Bx and let Fx = I 7 " Itx « f xl- The collection {Fx} is cho.sen as a sub¬ 
base for 3 ^- 

( 3 .' 4 ) ,B^’ f'l a closed subgroup of G) = P,3x) the group of (1.2) (II, 13.7a). 

Among t.he cy<il('s of the net are found the collections S'* = {5x 1 Sx 0) 
kiu)wn as boutuling cycles. The terminology is justified by (3.5). If 7 '’ — 7 "’ 
i.s a bounding cycle we write the u.sual homology 7 " ^ 7 '". Evidently 5” = 

15 "} = 0) (grou)) of 1 . 2 ) is a subgroup of , 3 '’- 

(3.5) K'* is chsed in .B”- 

For S'" is closed in .B^CX, (?) ID ,3". 

(3.(i) ^ ,37K-'' (II, 13.7e). 

H('nc(iforlih .S'V is identific'd with 3'75’’‘> T*’ being identified with the coset of 
y'" mod y?". It is also called the homology class of 7 '’. 

(3.7) When G is compact so arc .3*’, S'” aiid ip’’. 

For A\{X, G) is then compact and (3.7) is a consequence of (II, 13.7d). 

( 3 . 8 ) Let G be a dwision-closure gro7ip arul Gn a discrete, group isomorphic ivith G 
in the algebraic sense. Then the groups .3”, K”, over 0 are. isomorphic in the 
nlgehraie. sense toilh the eomspomiing groups over Go. In other words, when Gisa • 
dirisum-closure. grmip Us topology may be disregarded without modifying .3”, S”, 
algebraically. 

1 , 01 , / = {y^\ ),)c a cycle over G. (Iwing to the division-closure property 
( 111 , 17.2): (a) X > m - t” = (b) 7 »’ 0 ♦+ 7x” = FC'('’+‘; the 

chains CJ !' *, f'x'"' * arc chains of Xp , A'x over G. Since chains over G are likewise 
chains over (ro, 7 ” is a cycle ovt'r Go and conversely, if 7 ” is a cycle over Go it is 
likewise a cycle over G. If 7 ’’ ^ 0 as a cycle over one of G, (td then also 7 ’’ ~ 0 
as a cycle over the other. Since the identification of 7 ^ as a cycle over G with 
itself as a cycle over Go manifestly defines an isomorphism in the algebraic sense 
of the groups . 3 ", S” ovcr(7with the corresponding groups over Go , (3.8) follows. 

(3.9) 7/ 7 *' = ( 7 ^ ® c 2 /cfe and 7 ? ^ 0/or all elements of {v} cofinal m{X} 

then 7 ’’ 0 . 

Given X there is a v > X and so 7 ? ~ vx 7 ? 0. Hence 7 *^ ~ 0. 
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(3.10) If dim X = n is finite then allthc groups p > n, arc zero (2.4, 3.9) 

(3.11) Essential cycles. Following Cech, is defined as essential for 
whenever X > /i implies the existence in X\ of a such that TrJ-yx ~ y^ in X^ . 
Under these conditions FjS’ is an essential element of in the sense of (FI , 27.11). 

(3.12) If G is a field then for em-y y. there, is a Xo such that if e f^\^tlirn 
’ri“7Xo is an essential cycle for X^ and hence the y coordinate of a crjcle of X (C(>('h 
[a]; II, 27.13). 

By (II, 27.13) tliere exists for given y and every p ^ dim = jt an index 
\p > y such that is essential, and hence such that 7rj|'’7x„ is (wseutial. 

Since n is finite we may choose a Xo >- Xi, • • • , X„ , and then every ir),*7x„ (all p) 
will be essential. 

(3.13) Betti and Alemndroff numbers. If (r is a field the pth Betti number 
of X over G is R^{X, G) = dim §’’(X, G), when the latter is finite, and 
B’‘{X, G) = 00 otherwise. 

Since the X\ are finite so are their Betti numbers. Hence the Alexandroff 
numbei-s of X (i.e., of the ^’’(X, G)) are equal to the corresponding Betti numbers 
of the net. 

4. (4.1) We now pass to the cocycles y^ and their classes T,, over a discrehi 
group G. The gi-oups ©p over G have already been defined. Any r„ is a 
collection of elements Tp , the representatives of Pp , such that if and PJ, 

exist then for some \ > y, v we have 7rx'‘P'|) = jfx'Pj . A p-coq/clc y^ over G 
is now a maximal collection of cocycles 7 p over G, the rcprcsenlnlives of y„ , 
such that if y^ and y^ exist then for some \> y,v we have wt^y^ = t* 7 ', in A'x. 
The cocycles 7 p = 0 are representatives of a unique 7 p deuot((d by 0. If 
ITpI, {TpI are the representatives of 7 p, 7 p choose corresponding to y, v any 
h > y, V. Then one may show that the cocyclcs {^'‘ 7 ^, + nV;,'! arc 
representatives of a unique cocycle written yp -j- 7 p . Under those <u)ndition.s 
3p = l7pl is a group, the group of the cocycilcs ov(u- G, and it is tak(ui dis(!]-(>t(>. 
The cocycles Sp which have a representative S';, such that for some \ > y we. 
have irx'‘8p 0 are known as hounding cocycles. If yp — 7 p Ls a bounding 
cocycle we write the usual homology yp ~ 7 p . Evidently 5^p = 18pl is a sub¬ 
group of 3 p . 

(^•2) = (IF, l-LSa). 

We may now identify .'^p with ,3p/5?p and thus consider Pp as the coset of 
7 p mod 5p . It is also called the cohomology class of 7 p . 

(4.3) If (7 is a field we define the dual Betti numbers as Iip(X, G) - 
dim ^p{X, G), when the latter is finite, and Rp{X, G) = co otherwise. The 
"dual” Alexandroff numbers of X (i.e. those of the .?)p(X, (?)) are, as in (3.13), 
the same as the dual Betti numbers. 

(4.4) If dim X = n is finite then all the groups , p > n, arc zero (2.4). 

(4.5) 7 p or Pp have representatives Jor some jg} cofinal in {X}. 

For if say P^ is a representative of Pp then so i.s every 7 fx''Pp ,X > y. 

(4.6) Conets. All the results obtained for nets cany over to conets with 
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cycles and cocyclcs interchanged. In particular in coneis the discrete growps are 
those of the cycles. 

5. Application to connectedness in simplicial nets. We shall find here again 
the same general relations between connectedness and the zero-dimensional 
groups as in simifiicial and simple complexes (111, 20, 47.7). Tn point of fact 
we could devclo]^ the same considerations for simple nets, but the simplicial case 
is sufficient for the i-opological applications. 

Let then -V = jA'x ; Trjl} be simplicial and let \Xu} be the components of Xx . 
Since each (‘ontains a vc^-tc^x and liomologous vcuticos arc mapped by Trjl into 
homologous vertices T^Xxi is connected and hence in some . We shall say 
that the component Xf^j is essential whenever if X > /i there exists an Xxi such 
that TT^X^i CZ Xfxj . A componarii of X is a collection X' = {Xx}, where Xx is a 
component, of Xx, (om^ of the sets Xx*), and where \ > ir^Xx C X^ . Evi¬ 
dently X' itself is a nc^t, (a subnet of X in the terminology of 32). We shall 
denotes by p the cardinal number of the components of X. 

(5.1) The component X' is ujhiquely determined by its coordinates X[ for {j'} 
cofinal in {X). 

For A'x is uniciuely determined by Xl , v > X. 

(5.2) If • • • , A^"^ are distinct components of X (r finite)^ with X* = {XJ}, 
then for some p the A"* are distinct components of X ^,. 

Take any i)air A^‘, X^, i 9 ^ j. For some index p{i,j) wc must have X^(i,j-) 9 ^ 
Xjxdj) . Therefore wbat(W(U’ v > p{i, j) necessarily XI 9 ^ Xi , for otherwises 
their projections XJ(t,j>, Xj^^ij) in would coincide. Kince the number of 

indices p{i, j) is finite tlu^ni is a p > every p{i, j), and the XJ, will then all be 
distinct. 

(5.3) The Betti nnmhers /^^*(A'', f/), over any field t7, are alt equal to p when p is 
finite, and infinite otherwise. 

Theii’ common valuer is desigiuited by R^{X) or and known as the zero- 
dimensional Betti nuniher of the net. 

The notations nnnaining the same chooser a vertex Ax* on XL . Since TrjlAxf 
is a verte^x of in tlH\ same component as , we have^ tJIAx* Afii. There¬ 
fore 7 i = \Axi] is an integral zero-cycle of X‘ and hence of X. Similarly 
> 9 € (^1 zero-cy(ile of X* over G and it is denoted by gy\ . 

Tlie 7 S are independent. For suppose (7 7 ? ^ 0 and choose p as in (5.2). Wo 
must have g'Aixt 0 in Xft, which implies g' = 0 , since the A^£ arc in distinct 
components of X^ . It follows that R^{G) ^ p, so if p = co likewise R^{G) = co. 
There remains then to dispose of tJho finite case. 

We assume then p finite and r = p, so that {X^} is now a maximal set of dis- 
tin(‘,t components of X. Choose again p as in (5.2), so that now the p compo¬ 
nents X^ of X^ are distinct, and of course essential. Moreover clearly no other 
component of may be essential. It follows that for v > p there arc exactly p 
essential components of X„. For there can be no more, and there arc at least 
that many, else there would be fewer than p in X^*. The p essential components 
of A'’„ must be the XJ and they arc thus distinct. If 5® = { 6 x} is a zcro-cyclc 
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we have then Sj ~ glA,i and irlglApi ~ glA^i ~ . Since the Af,i arc inde¬ 

pendent gl = gl = g' is independent of v. Thus ~ g'Avi. Therefore 
5 ” — g'y\ has its V coordinate ~ 0, and so (3.9), s" ~ gV< • ft follows that 
jR®(G) ^ p, and finally 

= p. 

We have also proved the complementary property: 

(6.4) When 12° is finite { 7 ®}, where yi = {y°x} is a zero-cyde of X, is a hose 
for the zero-cycles over any group G and so 

(6.5) ^\X, (?) = P((?yS). 

More generally: 

( 5 . 6 ) When 12° is finite, 

SfiX, G) = P©^(Z‘', G). 

For if y” = { 7 ^} is any cycle over G we have 7 ? = S "Vw > C Zj, and 
yf ~ 0 "^ 7 ^ ~ 0 in ZJ . From this and the fact that {v\ is cofinal in {X} 
followp readily that 7 ? = { 7 ^ 4 } is a cycle of Z* with 7 ” = X) yf . find also that 
7 " ~ 0 in Z when and only when every 74 ” ~ 0 in Z‘. From this to (5.6) is 
but a step. 

§ 2 . DUALITY AND INTERSECTIONS 

6 . For the duality relations a Kroiiccker index is required. Kce[)ing nets and 
conets together for the present let the groups G, U be commutatively pained 
to J, and let T*", Tg be over G, H. If X > p and Tp in the not, P" in the conet 
have X, p representatives we find from (IV, 10.6) with t = ttJ , the permanmee 
relation for the, index: 

(6.1) Ki(rjC, r^.) = Kur;, t %). 

Their common value is defined as the class index K^r", Tp). One may like¬ 
wise introduce KI(r„ , T") and one finds from the commutation rule (111, 29.3) 
for the index in Zx : 

(6.2) KI(^^ r^) = (-i)’’K[(r„, r'’). 

If 7 *” e r*", 7 j, e Tp we define 

(6.3) KI(7", 7p) = (-1)'’KT(7p , 7 ") = KI(^^ Tp). 

Clearly KI( 7 ’’, 7 ,) = KI( 7 x , 7 p) for the X for which yp has a representative 
when Z is a net, or 7 ” has one when Z is a conet. 

Referring to (II, 16.4, 17.7), and the Icnown pairing of the gi’oups !q^ , 
and ^x” , (in, 29.4, 29.10) we find; 

(6.4) KI(r’’, Tp) is a multiplication pairing §’’(Z, (?), §„(Z, IJ) to J, and 
similarly for KI( 7 ^ 7 p) and 3*’(Z, Q), Sp(X, H). 
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Referring now to (II, 20.7, 33) and (III, 31.1) we have the basic 

(0.5) Duality theorem. The cycles and cocycles of a net [cocycles and cycles 
of a conet] arc dual categories. 

7. Application to the Betti numbers. It follows from (C.5) that for any 
field J wo have the duality relation for the Bt^tti numbers: 

(7.1) W\X,J) = /?,(X,/). 

Wo extend the universal th(?oi*ein for fic^lds (HI, 17.8) to nets and prove: 

(7.2) The BcM numhers depend solely upon the charnctcrislic of the field. 
Owing to (7.1) it is sufficient to consider only one of Rp . We will assume 
that -Y is a md. and consider Rp . For a conet the reasoning would be the same 
with R^ and cycles in place of Rp and cocycles. To prove (7.2) we merely need 
to show that if Ji is an extension of J we have 

(7.3) Jtp{X\ Ji) = Rp{X, J). 

Let tlu^n 1 r*’,) be a base for J) and j F’/} a maximal subset of elements 

of this basc^ with liiu^arly in(lcp(*n(l(nU, rei)i’escntativcs } for a given fixed X. 
Since every F;, e , J) i'<‘pr(‘S(Mits a cohomology class of X linearly de¬ 
pendent upon the iF;/*}, a has(^ may bo obtained for , J) (‘onsisting of 

1F^*^*1 and of a set {'F^l whose' ehunents are repn'sentativc's of the zero of 
t^^p(Xj J). It is now a conseMjuemr of (III, 17.8) that if A;, € iOpiX, ,/i) has the 
rc^presentat.ive^ A^, Ukui 

a), = anr):^ + jd/r)/; « Ji. 

Since t.lu^ 'F^ representative's e)f the zero of .'P/,(A^, J) and finite in number, 
th(‘re exists a j' > X such that- tt^^'f)/ = 0 anel hence (/?yF)/) = is 

in the zero of ts:)p{Xy ./i), or 

Ap = ttAF'/. 

''rims eveny desponds upon the F;, . (.)n the other hand a non-trivial relation 

of the form 

«:kaF5^ = 0, (Xh € Ji , 

uK^aus that for some X we havt' 

«ArV'* = 0- 

Bj’’ (III, 17.8) tlic aro linoady dependont oloraonta of ^p{X\, J). Hence 
the rp** are linearly dependent elements of J), which is ruled out since 

thej'’ are elements of a base for this vector space. This contradiction proves 

(7.3) and hence (7.2). 

Since 72'’(X, J) depends solely upon the characteristic tr we designate hence¬ 
forth by 72'’(X, tt) its value for all fiehls of characteristic ir and similarly for 
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Rp{X, J) and Rp(Xj tt). For the Betti numbers over the rationals (char¬ 
acteristic zero) we write as usual R^{X), Rp(X). 

8. Intersections. The only permanence relations available are those based 
upon (V, 14.1) for simple complexes. We must therefore assume X to be simple, 
or as a special case simpUcial. The groups being as before let = {Px }, 

— {r^} be over G, H. Then (V, 14.1 ab) yield the permanerice relations for 
intersections', 

( 8 . 1 ) 

(8.2) r^-rj = ■ifx*'‘(nT^). ^ ^ 

It is understood of course that X, /z are such that, wherever need be, representa¬ 
tives are available and this may always be assumed to be the case for some 
cofinal subset of {X}. 

Suppose now that X is a net and let H be discrete. By (II, 17.2) and (8.1) 
the set {Px • Pg} defines a class of {p — g)-cycles of X over J which is by defini¬ 
tion the intersection of P^, Pg and is written P^ • Pg. Similarly when G, H, J 
are discrete by (II, 17.4) and (8.2) iPp-Pg} defines a class of (p + ^)-cocyc]es 
of X over J which is the intersection of Tp , Pg and is written Vp • Pg. There 
are obvious modifications for conets which we leave to the reader. From these 
definitions follows immediately: 

(8.3) Theorem (V, 8.8) holds for intersections in simple and a fortiori in sim- 
plicial nets and coneis, 

§3. FURTHER l^ROPERTIES OF NETS 

9. Partial nets. Let X = {A\; irjl) be a net [conot] and let {ju} C |X|. 

Then X' = ; irj/) is likewise a net [conot], said to be a "part of X or a partiat 

net [conet] of X. When [;u} is cofinal in |X) then X' is said to bo cofinal in X. 
In the statement to follow we shall take cycles over G, cocycles over II, wIk'ix! 
G, H are commutatively paired to J. In the not case the groups of cycles arc* 
topologized and those of the cocyclos discrete, while in the conot ciase it is the 
other way around. The classes in X, X' arc, respectively, denotol by P, P'. 

(9.1) If X' is a partial net [eoncl] of X then there are the simultaneous homo~ 
morphistns of (II, 13.3, 14.5): 

(9.2) r:r(A',C?)-^«>XY',G), 

(9.3) r*: .^„(Z', H) fg>^{X, H), 
and there subsists the permanence relation for the index: 

(9.4) Klirr, r;) = Kicr”, r*r;). 

Furthermore if there are intersedions in X and hence in X' then: 

(9.5) (rO-r'= r(r-T*rJ), 

(9.6) T*r;.T*r; = r*(r;.ri). 
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(9.7) IL is a consequence of (9.6) that r* induces a homomorphism of the co-- 
homology rings of A"' into the corresponding rings for X. 

(9.8) When X' is cofinal in X then X and. X' have the same homology theory. 

(9.9) Hkmark. Let X, X' be nets and G, Ha normal couple. Since 
G), v^>p(X, II) are then dually paired with the Kronccker index as the group 

multiplication (6.5), the class is uniquely determined by the values of 

KI (r^', T*r^,) for all Therefore in view of (9.4), r* is uniquely determined by r. 
Similarly in tbe^ v.onot case t is uniquely determined by r*. Thus as regards 
the homology and cohomology groups r and r* are related like dual chain- 
mappings of (H)mplexes. For this reason we shall say that r, r* are dual 

The relations (9.2), (9.3), (9.4) are the analogues of the permanence relations 
for the index and intersections under chain-mappings (IV, 10 . 4 ; V, 14.1). 

The i)roofs arc' vary simple. Assume X to be a net. Then if P^ = 
\rj!] e Sf{X, G) the subcolleetion \Vl^} of IP^ consists of the coordinates of 
a P'^' € ^V'(A’’', G) and b.y (II, 13.3) P^' P'^' defines a simultaneous homo¬ 

morphism T (9.2). Similarly if p', e v'p^>(X', G) lias for rep reason tatives {P'/} 
them the latter arc' also repi-esc'iitatives of a P;, € lippiX, G) and by (II, 14.5) 
P'p Pj, deiine's a simultaneous homomorphism r* (9.3). Thus the coordinates 
of P^' include' those of rP^' and the representative's of p', ar<^ also representatives 
of T*P'^, . Since' the' Ivronec.ker index KI(P^\ P^) in X is defined by its values 
for any coordinate' X suc*.h that P;, (exists we may choose a coordinate y. for which 
P'/ c'xists. TIk'U thc' two side's in (9.4) becomes both ecpial to KI(P^', P^,) 
and so they arc' ecpial, A similar argument applic\s to (9.5), (9.G). This prov<\s 

(9.1) for iK'ts. 'Plu^ moclific'.ations nc'ecled for conc'ts arc^ obvious. 

If IjLtj is cofinal in |X|, by (II, 13.3, 14.5) r and t* become isomorphisms and 
( 9 . 8 ) follows. 

Applic’.\txon. Supi)ose that \\\ has an nppc'r hound Xn , that is to say, 
there', is a last comjxlex in A". Then Xo is in fac't c^ofinal in {X1. Thc homology 
thc'ory of A’x,, as a 'hic't^^ is obviously thc^ same' as its homology theory as a 
com],)lex. Th('i‘efore (9.8) yields luu’e: 

(9.10) // 1 X| has an upper hound iXo}, thc homology theory of X is the same as 
thc homology theory of its Iasi complex A'xq . 

10. Augmentation. 

(10.1) Let our usual nc^'t ho simple. If 7 “ = Itx} then since Trji, X > g, is 
simple we have' KKttJtx) - KI( 7 x) and since ttJtx ^ jI , al«c) KI{t}yI) = Kl{yl), 
Thus KI(7x) == KUtH)* If M, V ^W’e any two indices there is a X > ju, v and then 
KKtS) - KKtx) - Kl{yl). Thus Kliyl) is independemt of X and its fixed 
value is defined as the index KI( 7 °). 

(10.2) Let 7 o be tlie fundamental zero-cocycle of Xx (the sum of the duals of 
the vertices of X\), According to (IV, 10.8) thc constancy of KI( 7 o) implies 
for X > g: n^To = To • Hence to = (to) is a zero-cocycle of X. We call it the 
fundamental zero-cocycle of the net. From KI( 7 ®) == KI(tx), and KI(T^ To) = 
KKtX, to), follows KI(V) - KI( 7 ^ to). 
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(10.3) Let us now augment X\ to Xa\ by the addition of a (—l)-clemcnt 
then extend irji, X > m, to a chain-mapping irl/.X^ X„^ by imposing 

(IV, 9.10). It i.s an elementary matter to verify that properties Ni 
of (2.1) continue to hold and so X,, = {X«x; Va^} is still a net. It is known as 
X augmented. 

(10.4) We obsei-vo that a zero-cycle of X:7“ = { 7 “} i« also a zero-cycle of Xo 
when and only when 7“ is a cycle of X<.x, i.e., when and only when Kl( 7 ") = 
KI(7'’) = 0. 

(10.6) It is an elementary matter to verify that the properties of components 
developed in ( 5 ) for simplieial complexes arc also valid for simpUf (lompUixes. 
If {Xx} is a component of X and x4x is a vertex of X( then 7 “ = [dx} is a zero- 
cycle of X such that 1 x 1 ( 7 “) = 1- From this follo\w readily as in (Ill, 42), 
with r“ as the class of 7 ”: 

(10.6) §"(Xa, (?) ^ .Sj“(X, Q)/OT\ 

(10.7) R\X) = S“(X„) -h 1 . 

(10.8) To sum up, we may say that as regards augmentation in simple nets 
the situation is the same as for simple complexes (see notably (HI, *12.1, ■ • • , 
42.5, 42.7)). 

11 . Products of nets. Let A" == {Xx;x^}, F = bo two nets and 

A = {X; >},M = {jbt; >\ thoir indoxing sots. The product A X M = 1(X,/z)| 
ordered by (X, p) > (X', /) ^ X > X', p> p' is directed by >. Hen<^(' ! A\ X 

7 ^^ X 0 )^'} is a net known as the product of A”, and denoted l)y A" X Y. 

(11.1) If X, Y are both simple, spectra or countahle spectra, so is X X Y. 
However, if X, Y are both simplieial and of dimension grealcr limn 0 then X X 
is not simplieial. 

(For simple nets (V, 17,8) is needed.) 

(11.2) Suppose now that for dimensions not exceeding s both X, Y have finite 
Betti numbers mod tt, RJ\X, tt), R^Y, tt), Pj q ^ s, and that the dimensions of 
the elements of the X\, Y^, are above a certain fixed t. Then: 

(11.3) 2i:*(X X y, it) = E R’’iX, ir)R'‘(Y, x). 

If one of the numbers R^\X, tt), R\Y, r), p^q ^ s, is infinite so is R\X X Y,t). 
Thus the relations for the Betti numbers arc the same as for products of finite 
complexes (IV, 6.9, G.IO). If all the Betti numbers mod ir of tiio. two nets 
are finite we may write down formal Poincar 6 power scries (analo^ 2 ;ous to the 
Poincar^ polynomials) and (IV, 0 . 11 , 6 . 12 ) will hold hen' also. All that is 
necessary, however, is to prove ( 11 . 3 ). 

If 7 ^ = {tx == IK} cycles of X, Y mod ir, we verify at once that 

Itx X 5^} is a (p + (i')-cycle of X X Y mod tt which we call th(^ product of 
7 ^, 5® and denote by X Moreover 7 ^ X 5*^ ^ 0 every 7 x X 
If say 7 ^ 00 0 then some y^^ no 0 and hence every ^ 0 (IV,‘ C.lSa), or 
5® ~ 0. Thus 7 ^ X 5® ^ 0 one of 5^', 0. The same remarks apply with 

obvious modifications to cocycles. 
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(11.4) Assuming thou that, the Hotti numbens at the right in (11.3) are finite 
wo can find maximal lineai’ly independeni. sets of p-cycles and p-cocyclc.s of 
Xmodx, 17,?'!, iTpl where7? = {7 u}. 7 p = ItJ.^ and i = 1,2, ••• ,It'’{X,ir). 
Furthermore (III, 32.3) the sets may bo so chosen that 

(11.5) |lKI(7l',7i)|| = 1. 

The suh.stitations A' —^ V, 7 5, p —> r/, X —> /z yield similar elements for F. 

Hence (IV, 0.7, 0.8; V. 17.9, 17.10) 

(11.0) l7i' X 3'ji, 17;, X aii 

are sets such that 

(11.7) I KT(7<" X 8],7'i' X aj') I = ±1, p + q = p' + q'=S. 

From this wo conclude that the elomonts in the respective sets (ILG) arc in- 
dep(‘iident. H(m(‘(' if p' is the sum at the riglit in (11.3) wc have R\X X Y) ^ p*. 

If say R<\X, tt) = x., p g ,s, thc^ same argumc^iit with i running to any integer 
}fi shows that R^'iX X F, 'n-) ^ vi, and R\X X F, tt) = co also. 

R(‘turning now to t-lu^ c.as(^ whei-c^ the B(d.ti niimb(M\s at the right in (11.3) 
ar(‘ all Hnit(‘, sup})ose that then^ (exists an .v-cocyc^h^ r/., of X X F mod tt in- 
d(‘pendent of those in tlu* second set (11 .G). 'Fliis cocyt'le will lia\'e a r(^pr(‘S(*nt.a- 
tive ( lY , a cocycU' of A\ X F^ mod tt, which will b(» oo () mod tt. From the 
d(‘liniti()ii of tln^ 7 '’, wo infer that a maximal linearly in(k‘p{*n(l(‘nt s(M- of 7 ;- 
cocycles of A\ mod tt is ol)tain(‘cl by augmenting \yY\ a set- consisting 

of r(*pres('ntatives of th(‘ z(M‘o p\h cohomology class of A"^. ''rims for each li, 
and h(*nc(' for all together sinc(^ thiar numl:)er is linit-c^, th(U’(' (exists a Xo > X 
such that 0* Similarly a maximal liiu^arly iiHleiKuident s(‘t for F^ 

is obtaiiKul by augmenting [8^] by a set su(*h that for some go >* g wo have 

Cat" ~ 0.' 

Now hy (IV, 0.8) wc; huvo 

(iY ~ £ ^ijip, q)yY X aj" + f.crm.s 7 X 8, 7 X 3, 7 X 3. 

From tliis follows 

’Txo’' X o)*^{dY - 2 <ih'p X K) ^ 

and .so finally 

(It y ) O'iji.P) 3)7j) X a,j • 

(’onso(iucntly /E"(X X F) ^ p", hoiico both arc ccjual. Thin proves (J1.3). 

12. Open or closed subnets. Dissections. 

• (12.1) The various concepts centering around dissections in complexes 

(III, 23) -will now be extended to nets. The only limitation, caused by the fact 
that pi’ojections need not be unique, is that the operations loc. cit. will not 
have to bear upon the cycles. Moreover the subnets can only be introduced 
for nets which satisfy in place of N3 of (2.1) the more restricted condition: 
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N 3 '. if \ > jLL, are distinct projections then they are chain^homolopic. 

That N3' N 3 is a consequence of (IV, 15.2). Notice also that if N*3' 
is the analogue of N3' with > replaced by <, then N*3' for ttx^ is a conse(iU(‘n(!e 


of N3' (IV, 15.7) and N*3' N*3 (IV, 15.2), 

Suppose then that X satisfies N3', hence also N*3' (relative to the irt^) mul 
let (Xox, Xix) be a dissection of A\ , (Vox open, Xxk closed) such that: 

(a) X >• ju ttJIXix c: Xiju; 

(b) if TT^, X > ju, are distinct projections (hence chain-homotopicO tlien 
the related homotopy operator is such that ®JlVix C . 

Referring to (IV, 22) there ina^s^ be introduced the induced op(n-ations , 
and their duals ttJx , • Then (IV, 22 ), tt^ , iu*e related 

like Trj;, • • • . It follows that Xi == {Xix; is a net which satisfu's N123'. 
We call Xq an open subnet of A", Ai a closed subnet of A, and the pair (Ao, Ai) 
(in that order) a dissection of A". The two subnets Ao, A"i arc also said to be 
complementary. 

We are thus in position to introduce the cycles and cocycles of the A^-, their 
groups and Kronecker indices. 

( 12 . 2 ) Suppose that in addition to (a, b) we have: 

(c) there is a simple set-transformation tl:X\-^X^ y\> ju, such that t^ Xi\ C 

Ai^ , and that any two projections are contiguous in ijl. 

Under these conditions t^ induces the set-transformations t)fi:Xi\ A'i> 
and their duals t^\ . Referring then to (V, 13, 14) one may repeat the con¬ 
siderations of ( 8 ) regarding the intersections in A* and derive (8.3) for tliesc^ 
intersections. In point of fact Al is a simple net and the intersections iuduc(»d 
in Al are recognized, by reference to (V, 13), to coincide with its intc'rsecdnons 
as a simple net. 

(12.3) Since a cycle of A''ix [cocycle of Aox] is absolute and a cycl(» of A"ox [co¬ 
cycle of Aix] is a cycle of Ax mod A^x [cocycle of Ax mod Aox] we shall naturally 
describe the cycles of Ai [coeyclos of Ao] as absolutCj and the eyeless of Ao [co¬ 
cycles of Al] as cycles of X mod Ai [cocycles of X mod Ao], or also as relative. 
cycles [cocycles]. 

Since the Xi are nets (6.5) yields 

(12.4) The cycles of X mod A^i [of Ai] and the cocycles of A"o [of X mod Ao] 
are dual categories and they have intersections when (c) holds. The universal 
theorem for fields (7.2) holds for both types, 

(12.5) Let (A^, xi) be a second dissection of A and let Ajx, • • • have their 

obvious moaning. If A(x C A^'ix throughout we will say that Xi is contained 
in Al, written Xi C Ai. Suppose this to be the case. Since tti;* = | A'lx, 

we have 7 rjlA(x == xi c , and since Xu is a closed sul)coniplex of A'u, 
X\ is in fact a closed subnet of Xi. Similarly if Xnx C Xo\ throughout wc say 
that Xo is contained in Xj, written Xo C Xo. The same argument shows that 
Xo is then an open subnet of Xo also. 

(12.6) If X is a spectrum or a sequential spectrum so are Xo, Xi, tohile if X 
is simplicial or simple so is Xi. 
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13. The comparison of the {»roups of A’ with those of the subnets will yield 
certain important sets of homomorphisms associated with (A'o, A'l). 

(13.1) We choose a fixed coefficient group G and denote Ijy .S'*, , Si i 

, S\ , ••• , ,B?\. • • • th<’ gconps of the cvcUns of X, A',-, A'x, • • • , A'.x and 

h.^' .B;> 1 ■ ■ ■ 1'^*' •‘^nme for i.he eocyeles. In the case of tlie latter G is a.ssuraed 

dis(frete. \V(^ will set also: 

Tx = th(> projection A'x —A'nx ; 

d\ — th(> injection A'lx ^ A'x ; 

TX = the inje<“tion A'ox A'* ; 

0 x = the i)rojection A'x A'u . 

As we recall (IV, 10.1-1) n , r* , likewise 6^ , 0* are dual chain-mappings. 

Kach of th(> chain-mai)pings , rx, • • • induces a .simultaneous honiomor- 
pliism in the corn'sponding liomology or cohomology groujis which will ))c 
denoted by ttJI , h , ■ • • . 

(13.2) IfTi’ = | 7 fxl is a cycle ol A'l then it is also a cycle of A'. The identical 

tran.sformation 71 ' —> 71 (U'fines a simultaneous homomorphisni (iinb('dding) 
in the algebraic ,s(>nse 6:Si S''- If f 'x i« open in Sk and Ux = |7^’ I 7 x « f xl 
ITx = l 7 f Iti'x « t'laui U'x = 01 'x and since 1 Fxl, 1 11x1 are .subbases for 

S'\ Si . ^ ia a sinmltaiK'ous isoniorphi.sin (of eacli Si "'ith a sul)group of the 
corresponding S")- Now ji' ~ 0 in A'l -*■ 7 u ~ 0 in A'lx “*• 7 /x ~ 0 in A'x 

y'l ~ 0 in A’ —*■ OiS'l’ Cl Thendon' 0 induces a simultaneous homomoridiism 
fp"- We call 0 the injortion A'l —> A'. Its analogy with the inj('ction 
in the case of complexes (III, 23.2) is obvious. 

Similarly the mapping 7 ", —>■ 7 ,, of each coey(d(! of A'(, on itself gemerates a 
simultaneous homomorphism 7 *:,^". —> S,, called the mjvditm A'* —> A'* which 
iu(liicc>s a Kimult.aneous homomorphism f* of the cohomology groups: -+ .t?),,. 

(13.3) h’or the proper treatment of the projections it is advisable to deal 
with the cycles of A''ii and co(iyelcs of A'l in a manner similar to (III, 23.5). 

As in loc. cit. w<i first identify a cycle 7 ox with the chains 7 ox -+■ f’x , C A'lx. 
Thus a cycle mod A'lx , or cycle of A'nx is now merely any chain with boundary 
in A'lx. A cycle of X mod A'l is then defined as a collection 70 = { 7 o‘x}j where 
7 ox is a chain with boundary in A'lx such that X >• _m -»• ir^yox — 7 om ~ 0 mod Xi ^. 
'Phat is to say, iriyox - 7 om + a chain of A',„ is in . Wince xo„ = ttJI mod A'i„, 
it is easy to identify the groups of the cycles of X mod A'l with tho.se of the 
cycles of A'o (as a net) and this justifies the appellation “cycles mod A'l” for 
tile cycles of A'o (12.3). 

(13.4) It is an elementary matter to verify that 

\> p,-*- T;,7rJ; ~ TTo^TX = ifo/in. 

Hence (II, 13.5) if r'’ = {r?} «5)” then P? = {fxPx^} « and r” VS defines 
a homomorphism —> ^S • 
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Let now 7 ^ = ^ Jo “ InTx }• Since tx 7 x e nVx , wo luxvo 

7 o 6 To . Thus 7 ^ —> 7 o defines a homomorpliism t, the pwjrdion X —> -Yo 
(II, 13.5). We notice that 7 ^ 0 7 x ^ 0 T\y\ ^ 0 ry^ 0 . Thus 

C gf . It follows in iDarticular that r induces f. 

(13.5) Similar considerations are valid, with all topoIop;ioal arf 2 ;uni('nt,s 
omitted, regarding the coc 3 ''clcs mod Xq , the projection l)oing* tins tiin(» 

Xi . 

(13.6) Suppose now G, H commutatively paired to J and lot tlu^ (\yclos bo 
over G, the coc^Tles over H, and the groups of cocyclcs taken dis(u-(^l.o. In 
particular H is assumed discrete. If y% has the representative' 7 ‘J,^ then by 
(IV, 10.5): 

KI(rx7?,7^") - KI(7x^ rxV^), 

and hence from the definition of the indices in nets wo obtain tlu^ ndation of 
permanence: 

(13.7) KI(V,7p) = KI(7^ T*7p). 

Therefoi’e t, t* are dual. We prove similarly that 0, ari^ <lual with tlio 
permanence relation 

(13.8) Kr(^7^7^.) - KI(7^0*7^,). 

If intersections are present the relations of permanence (V, 11,lab) yic'ld 
the analogous relations here and we shall not repeat them. 

It is hardly necessary to observe that the same situation pn^vails r(^gar(ling 
conets. 

To sum up then we have proved: 

(13.9) Theoeem. wall the dissection (Yo, Ab) of a net or cond X (Ab open, 
Xi closed) there are associated the following simullaneoas homomorphisms of the 
groups of cycles: 

(a) a projection t:X Xo, or reduction mod A"i of the cycles of X ; 

(b) an injection B:Xi X or mapping into themselves of the groups of the 
cycles of Xi ; 

(c) a projection S^iX* Xt or reduction mod Xo of the cocycles of X] 

(d) an injection t*:Xq —> X* or mapping into themselves of the groups of the 
cocycles of Xq ; 

(e) each of r, • • • , maps groups 5 groups g a7id hence they imluce 
simultaneous homomorphisms f, • • ■ ,5* of the appropriate homology or cohomology 
groups into one another] 

(f) each of r, t*, likewise each of 6, 6^ is dual to the other] 

(g) the permanence relations (13.7, 13.8) hold, and in case there are mtersectionSf 
the same relations as (V, 14.1ab) for r, r* and 0, i 9 * are fulfilled, 

14. Special properties of subnets when G is compact or a field. In this 
special case it will be found possible to restore the chain-cochaiii relations 
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(‘xisiing in coinplexos. For c?onvonion(*.o wo will (k?noto ])y C, 7 , P ^^hiunH, 
oyclos, obissos rohitod to .Vn (thus 7 ^, for a oocyoh^ of Xi]\ , • • *) and JD, 5, A tho 
stimo when ndatod to -Vi . Tho other notations arc as in (13.1) with the ad¬ 
dition of (S foi* groups of cliains, 

(14.1) If = j 7 x j in a cyda of X \m)d XI , lhrnd^'~^ = 1 F 7 \) is an (ai}Solule) 
cycle of Xi , and it is denoted by 5^'”^ = p 7 ^\ This holds for any division-closure 
group (L 

Lot * = l^^Tx • Supi)oso \ > fi. Wo. have 7 ^ ^ T^y^ 

mod A^i^x ill Xfi , and since (! is a division-closure gruui), X^ c-on tains such that 

Fc;-" = yl - TT^Ti!' - D‘; . 

Since* thci is Jwi absolute (•.y(^l(! and ir\ (ioininutcs with F, we have;: 

Ft; - ^JIFt; = 3 ;-“ - = F/>;, 

or s;-* ~ xjar’ in A’l^ . 'rhorefore^ 5""' is a i‘.yv\e of A’, . 

(14.2) If 6 '’~' = n q/clc of Xi which itt ~ 0 in X then 8"^' is an Ft'* 

in the sense of (14,1). 

Tlu' condition on 5^'" ^ nutans that 6 x ' ^0 in A\ , and so as before 5x * = 
Ftox j where 7 ox i« a cycU^ of X\ mod A'lx . It follows that I\ — V *5x ^ 9^ 0 . 
L(‘t also Qx = 1 Px 1 Tx € I\\ and denote by /x thc^ luitiiral proj(‘e.tion —> /px . 
When (r is (•()mpa<d. so is (S/’ and since^ K is c.onliiiuous I\ is likewise comyiact 
(I, 23.1). From tin* continuity of t\ follows tluMi lhat Qx is likewise compact 
(L 23.2) and it is diffen'nt from 0. Fiirtlu'nnorc' if {#^1 nro tlu^ induced [)r()- 
jections of tlu^ homology groups then X > g CZ Qf^ . 'Phus ((^^x ; tt^I 

is an invers(‘ system of compact spaces, an<l so it lias a liinit-c'hmu^nt P'" = I Px 1 • 
When (r is a held idx is Hnite-dimensional and h(m(^(‘ lin('a,rly coini)act (II, 
27.7). We find tluai by r(‘ference to (II, 27.()) that the saim* conclusion may 
be reached. 

By assumpt.ion the class 1^ (U)ntains a yj! such l.hat Vyx = ^x ’ and 7 " = 
(Tx'l behaves as n^ciuircul. 

( 1 1.3) 7 ^' 0 mod A"i IV 0 in Xi . 

For t" ~ 0 mod A^ t^ ~ 0 mod A'.x yi: - IK = Ff/; '' -»• Ft? - 0 
iji A'IX Ft’' ~ 0 in A'l. 

'rh(i same propositions may be obtained for the cocycltxs. "Phis time (I must 
bo discrete. 

(14.4) Ifbj, = l 5 p} is a cocycle of X mod A'o thcnyj,.^i = | FS^} is an (al)soluie) 
cocycle of Xo and it is denoted by Ffi,,. 

(14.5) If tm -1 = I'Vi'+i} ~ 0 in X ilw-ii it is nn F3„. 

(14.0) 5^ ^ 0 mod A'o FS^ ~ 0 mi A’^o • 

The proofs are very similar to those of (14.1, 14.2, 14.3) and arc omitted. 

15. Net duality in the sense of Alexander. We shall extend to nets the 
results of (111, 38, 39) for complexes. The terms “cyclic, • • •” arc to receive 
the same meaning a.s in (III, 21 . 1 ). Tho notations remain those of (13, 14). 

(16.1) If X is (p — 1, p)-acydic and Q is compacl or a field then 
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^'r\Xu G) ^ mX, Xi, G) = ©KXo, G). 

It Is to be kept in mind that the compared homology groups ant those of Xi 
itself at the left and the groups of A' nuxl Xi at the right. The latter are also 
the groups of the net A^'o. In the notations of (13) the groups are also written 
less explicitly §i ■ 

To prove (16.1) we first need 

(15.2) f/nder the conditions of (15.1) 5’’"* = F 7 *' ~ 0 in A'l -»• 7 '' ~ 0 mod A'l. 
Let first G be compact. Then (Sfl (group of chains of Xu) is eompimt. Owing 

to the continuity of F and of the group operations, = tx — (F“‘3^’“') n (£(x 
is likewise compact and is a collection of absolute cycles. If is the natural 
mapping €>x . then = OA is again a compact sot. If 'P? e »<{xand 

'tx e T? , then 

'7x ~ Tx” - A" 

and so 

'yP = 7 '' _ D? + FDr^. 

Suppo.se \> IX. Since irj Xu C Xu , and 7 " is a cycle of Xa, we have 

4'yj: = yj: - Dl . 

Since irj] commutes with F, the right-hand .side is a cycle and so F/)^ = 
F 7 ^ = 5^”^ and consequently 'I'l = irji'rx e /S„ (if^ as in 13.1). In other words 
C 8„. Once more {Sx ; is an invei’se mapping system of compact 
spaces, and so it po.ssea.ses a limit-element I'Fx I = 'F‘‘. This limit-element 
is such that 'r*" contains a representative (absolute) cycle 'y\ = 7 x + D\ . 
Since X is p-acyclic, V ~ 0 and hence Vx ~ 0 , 7 x ~ 0 mod A'u , and finally 
y*" ~ 0 mod Xi. This proves (15.2) when G is compact. Wlien G is a field the 
proof is the same with compactnc.sH replaced by linear compactness. 

Proof op (15.1). Since X is (p — l)-cyclic (14.1) and (14.2) together aasert 
that F.3o = 3i~\ then (14.3) and (15.2) that this mapping induces an iso- 
moi-phism • Since the two 55 groups are closed in the corresponding 

3 groups (3.5) by (II, 5.4) F induces a homomorphism t:§o —^ which by 

(15.2) is univalent. Thus r is continuous and one-one. Since the two 
groups aro compact or linearly compact t is an isomorphism (I, 32.4; 11, 27.8) 
and (15.1) is proved. 

(15.3) Linking coefficient. Let again X bo (p — 1 , p)-aeyclic and let (G, II) 
be a normal couple (III, 30.1). Take a cycle of Xi over 0 which is ^ 0, 
and a cocycle y^ of Xo over II. By (14.2) we have 3**“^ = F 7 ’’, where y" is a 
cycle mod Xi, and we define the linking coefficient of S’'~\ yp as: 

(16.4) Lk(S’-\7,.) = KI(7^7.). 

It is shown to have the .same properties as for complexes (III, 35, 38), and in 
particular there is a class linking coefficient Lk(A’’~‘, Pp) given by 
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(15.5) Lk(A'’-\ r,) - Ki(r, r,), 

wh(M’o 6^' = PV? Fi’oni the known properties of the index we infer then: 

(15.()) Lk a group inHltiplication for ; G) and ; H). 

(15.7) From this point to thi^ tluality theonun is but a step. We continue 
to assume A' to 1)0 ( 2 ) — 1, 2 >)-acycUc. By (12.4) vS!)^'(A"i), G) and A^p(A''o, H) 
ar(' dually paired with the Kronecker indt'x as the multiplication. Coupling 
this with (15.1, 15.()) we obtain (III, 88.3) for nets. It is now possible to repeat 
the argunu'nt l(‘ading to the results of (Ilf, 39.1) with simple nets instead of 
sim[)lieial eompl(‘X('s, and with the vcM’tiees, loe. eit., replaced by the cycles 

of (10,5) iissociated with tlu' eompoiieuts of the net. We may thus state 
explicitly: 

(15.8) Theouem. The duality theorems of Alemnder's type for complexes 
(III, 38.3, 39) arc valid for nets, it being iimlerstood that simplicial complexes arc 
to he replaced by simple nets. 


§4. SPECTRA 

10. We have already defined spectra (2.4). The unique projections (har- 
acteristi(‘. of a s})eetruin offer tlu^ ailvantage that chains and chain-groups may 
bi' introdiK^ed, thus bringing tlu^ homology theory of a spe(da’iun oiu' step 
nearcM’ to thc^ ])rototype, the homology tlu^ory of com])l(\\(\s. Howev(u*, iherc' 
is no guarant(‘(^ that the homology groui)s based on tlu' cliaius are the same as 
the net groups, and this question will be our major ])roblem as regards sp(‘(4ira. 
Notice', that since cocycles are dedermiiu'd by a single coordinate they will not 
concern us s(*nously in this coniu'ction. 

A ^^cosp(H*trum” may of course' be' introduced, but will be tlispensed with as 
ne)t regally useful in the seeiuel. 

Let tluin A' = |A"x ; ir'} bo ii Htjoctrum. Whicic is imitiiui if ^^x , ,8x , ffx , 
v*i?)x in’o t.lui ii.siuil groups of A\ ovor a, Hxod G, tho collection {ISx ; 1 is an in- 

V(‘rsi' syst.(‘in and it has a limit-group C" \vhos(> olcmciits c" = {cx ( arc known 
us the projeciiiw. p-cliaimt trver G. If == {cx*^'} e C'’'"' then {Fcx "( a C 
and is written Fc'"''*. The boundary operator F thus defined, is a homo¬ 
morphism C"'^* C" (II, 13.5) and clearly FF = 0. Tho projective cycles, 
bounding i)rojootive cycles and their groups Z'’, F'' aro defined as for_complexes. 
The projvdivc pih homology group over G is of course H*" — Z*'/F*’. 

Tho (!o-olem(!nts are treatod in the same way save that all the systems aro 
direct, and hence all groups discroto. 

It follows immediately from the definitions that H, is the ordinary group of 
A' us a not, and so the projective groups of cocycles will not require any special 
considerations. 

(IG.l) The mapping -> (S? depied by c^ -* cl is a homomorphism which 
commutes with F and so maps Z*" —> SI , F'’ —» Sx (H) 13.4). 
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(16.2) TF is closed in 

(16.3) When G is compact so are the projective groups O'", Z^\ H'*, and when 

G is afield they are linearly compact vector spaces over G. 

When G is compact so are the groups (Sx , and hence also C^’, from which follows 
the same for and finally for ^ by (11, 6.5). When G is a iield the 

groups 6x are finite-dimensional and hence linearly compact. The rest is 
then the same with “compact” replaced by “linearly compact.” 

From (II, 13.3) there follow now: 

(16.4) If {n; >} C {X; > } then = |X^j is likewise a spectrum said to he 
**a part of X.” If (3f = {cx } is a chain of X then — {cj} is a chain of X' 
and c^ —» defines a homomorphism r of the projective groups, C, tF, 

of X into the corresponding groups of X\ 

(16.5) Under the same conditions if \p} is cofinal in {Xj, r is an isoniorphisin 
between the groups C^, TF, F^, of the two spectra. 

17. Let 3^, denote the net groups (as defined in §1), all grouijs in 

question being over a fixed G. When do we have Sufficient con¬ 

ditions, covering all requirements later, are given by the 

(17.1) Theorem. In a spectrum the projective homology groups over a group (i 
which is compact or a field are isomorphic with the corresponding net groups. 

Since in the duality theorems for a net no other types of homology groui)s 
occur we have: 

(17.2) Corollary. *4s regards the duality theorems for a spectrum, of finite 
complexes the groups of cycles may he chosen projective throughout. 

Clearly also: 

(17.3) In a spectrum the group of bounding projective cycles over a group G 
which is compact or a field is closed^ i.e., we have F^' = F^' and hence = Z^7F'\ 

(17.4) Before we proceed with the proofs we shall show that 

(a) Every class 6 contains a projective cycle 

(fi) r = 0 -H. Y , r. 

(17.5) Suppose first G compact. The grou])s , S\ , are then all (com¬ 
pact. Let == {yf} e and set = \8^ 8^! 1. Evidently C f; 

for X > ju. Since is compact so is = yi' + . Hence {f)(’ ; wl) is an 

inverse mapping system of compact spaces. By (I, 39.1) there exists an ele¬ 
ment Y = {7x} in the limit-space of the system. Clearly Y a projecstive 
cycle and V « This proves (a) for G compact. 

Suppose now = 0. The projective cycle Y' jnst obtained will then have 
the property that Y 0 for every X. Since . there exist inXx chains 
such that Fcx^+' - '7x'' . Let =. \ - Y\- If ct" 

and c?it^ are elements of then co^x"^^ - is a (p + l)-cycle. Therefore 
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= Cox^^ + Since 3x^^ is compact, fxis likewise compact. As 

before {fx ttJ) is an inverse system of compact spacGvS and there is an element 
= jcx in its limit-space. Clearly is a projective chain and = 
' 7 ''. This proves (/3) for G compact. 

(17 .G) Suppose now G afield. Since the groups Ex , • ■ * are finite-dimensional 
vector spaces ovei* (?, they arc linearly comi^act, and we find by reference to 
(II, 27.0) that the proofs just given for {a, fS) are still valid in the present in¬ 
stance. 

(17.7) Proof of (17.1). Let r denote the homomorphism —> ,3^’ hi the 
algebraic^ sense whicfii is the idcuitity on Z^'. It is clear that Cl 5 ^'. Further¬ 
more hero F^' is compact, or linearly (‘ompact and hence closed in Z^ (I, 32.1; 
II, 27.5) and 5^'* is always closed in (3.5). Tlu^rofore r induces a homomor¬ 
phism r:H^' —> in tlu^ algebraic sense and liy {a, /3) this is an isomorphism 
in the algc^braic s(mse. Since Urn .3x = Z'*, Urn Jvx = lim .S^x = we find 
))y (II, 13.G) that f is open and hence it is an isomorphism, proving (17.1). 

18. Sequential spectra. In a sequential spectrum {-Y,,; (2.4) the 7 r”'^‘ 

determiiK^ all tlu^ projections sinci^ N3 of (2) yields 


n 


n-M 11+2 
^ n n +1 


h+A; 


(18.1) 

(18.2) The homology theory of a countable net is either that of a single complex 
of the net or else that of a sequential spectrum. 

If jXj has an upper bound Xo then tlu' homology theory of X is that of 
(i).IO). In the contrary cas(' (I, * 1 , 1 ) jXl has a c.olinal secpience an<l so \v(‘ may 


assume A" = }Ah , A" 2 , 


Sele(*t now a definih' 


for ea<4i n and d(4.('r- 


mine ttH , A: > 1 , by m(*ans of (18.1). The r(\sulting net with th(».s(‘ projc'ctions 
is a secpiential spectrum whose liomology theory is the same as for [he initial lU't. 
Ifi. For c-ertaiii seciuential six'ctra one may strengthen (17.1) as follows: 
(19.1) If the sequential spectrum X = {A'n ; is such that every 7r|r^* is 

a mapping onto for the chain-groups, then (17.1) holds for every division-closure 
group G. 

We first prove: 

(a) Every class e contains a projective cycle 

(/3) == 0 V € F". 

The first is the same as (17.4a:), the second differs from (17.4i£^) in that F^ is 
rei)laced by its closure. The proofs will be different from those of (17.4Q!iei). 

Proof of (a). Let and 7 '' = { 7 J} e Suppose that we have 

found ' 7 r , 1 ^ r ^ ?i, such that 

'yH = , , r < n; 

(19.2) 'y^ = yf for some s, 1 ^ s ^ ri; 

1 g r ^ 


'yf 


yf, 


I say that a similar set may be fouud for n + 1, with the same s. We have in 
fact 'yl, a-J’''V»+i in Xn . Since Xn is finite and C? is a division-closure group 
Xn contains a chain cS'*'‘ such that == 'y%, — 7rS'''Vn+i. Since is 
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a mapping “onto^’there exists a chain Cn+i such that irn'^^Cnti = Cn’^^, If wc no¬ 
place therefore 7n+i by Vn+i = 7n+i + FcJ+l we have 'yf, == 7rn^ ‘ 'yll ^ ; 'th-i i 
7S+1 in X„+i, and so the same situation as before for the set '7? » * * * » m • 
This gives an inductive construction for a projective cycle V*- We hav(^ from 
( 19 . 2 ), '7n ^ Jn for n ^ s and also for n < s: ir^'y^ = '7» = 7 n and so 

V 7^- In other words we have obtained a projective cycle V « J^^nd Iiaving 
in addition an assigned coordinate in common with a giv(ui 7'' 6 In 
particular this proves (a). 

Passing now to (/ 3 ), let P^ = 0 . Then 'yll ^ 0 in Xn , and so as Ix^fon^ Xn 
contains such that = Vn • Choose now \ r < n. 

Suppose also that c^'^\ • • • , Cm'^\ m ^ ?i, have been found such that = 

, 1 g r ^ ??i — 1. Since is a mapping “onto/^ thcirc? (exists a 
chain cSXl such that . We thus obtain a chain - {r/,; 

of X itself such that Fcf= ' 7 ? > 1 ^ r ^ n. 

Let Un be any nucleus of 35 ! , and let ^Un be the nucleus of (K)usisting of 
the '70 = {'7071) such that ^ySn « C^n . It is clear that {'Un} is a l)asc for th(‘ 
nuclei of Z^. We have just shown that for every n there is a chain ^ such 
that '7^ — 6 'Un . Therefore '7^ is in F^’. This proves (fi). 

Referring to ( 17 . 7 ) we find that the mapping r:Z^ —> 3 ^’ tlu»r<^ c,onsid(M-(Ml 
induces an isomorphism f:H^ in the algebraic sense. Led*, now Un i>c 

open in 3n , and let F;,be the aggregate of the P^ containing a 7" = I7J; | with 
7 « € Un, 'Vn the aggregate of the P^ containing a projective cy(^l(^ with lli(‘ 
same property. The sets {Vn}, {'Vn} form bases for ff'. Siru’C' Ihow is 
a V e P^ with the same coordinate 7S as any particular 7'* € P^’ we have' 
Vn = 'Vn and so f is topological. This completes the proof of (n),l), 

§ 5 . APPLICATION TO INFINITE COMPI.EXIOS 

20 . Here as in (III, §8) significant results are only obtained wlu^n the (com¬ 
plex A" = {.t} is star- or closure-finite. 

Suppose first X star-finite and let {A"x} be the finite open sul)(U)nipl(‘X(vs of X. 
We order {XI by the inclusion of the Ax and so jX; >•} is dire(‘t(Ml. l)(*not(‘ by 
wl the projection X\—>X„,\ > fi, and by irt*" its dual the inj(‘(dlon A"* -«> Xt 
(IV, 10 . 13 ). The verification of the conditions Ni, N**i of (2) is (demumtary and 
since the projections are unique X = jAx i ttJI} is a spoctnuu. 

Let (? be a topological group and H a discrete group. Let (£''(A", (f), (S^'(A\, (r) 
be the groups of the infinite chains of A and of th(^ chains of A^x (lu^cessarily 
finite) over G, both topologized. Let (Si(X, //), (S^,(Ax, //) l,)0 tlu^ disenvUi 
gioups of the finite cochains of A and of the cochains of Ax (ne('.(^Hsarily (ijut,(‘) 
over H. From the definition of chain-groups (II, 8) wo iiihr at (m\(\ that 
e'^(A, G) is the limit of the inverse system {(^^(Xx, 0 ); Tril} and iSUX, 11) 
the limit of the direct system {(^piXx, H); 

Similar results are obtained when A is closure-finite by passing to A*. 
Therefore: 
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(20.1) When X is star-finite [closuro-fvrdle] the collection of its finite open [closed] 
S'uhcomplcxcs generates a spectrum [cospectrum] lohose projective groups of the 
cycles [cocycles] over G and of the cocycles [cycles] over a discrete H are the same as 
the groups of the infinite cycles [cocycles] of the complex X itself over G and of the 
finite cocycles [cycles] of X over H. 

(20.2) When X is simple and star-finite [cdosnre-finite] the available inter¬ 
sections between classes of infinite cycles [coeyeles] and finite cocycles [cycles] 
as defincKl in (V, §2) are readily identified with thosci obtained from the spectrum 
[cospeetrum]. 

(20.3) If we combine ((>.5) and (17.2) with (20.1) we obtain a second proof 
of the duality theorem (III, 41.2) for infinite complexes, 

(20.4) From (17.3) we deduce immediately that in a star-finite complex and 

when G is compact or a field then arul hence 

(20.5) When G is a division-closure group and X is star-finite, the net groups 

G) of the spcctriun 22 a7id the groups G) of the infinite cycles of X over 

G are isomorphic (fitcenrod [a]). 

Since the groups of -Y are the direct sums of those of its components, we may 
replace X by any component and so assunn^ it countable. 'Phis being the case 
V = {X\] is tlu'u countable. Let X' be tlie (‘.orresjDonding cloinentary spcct.nim 
construc-ted in the proof of (18.2) and with the sani<^ homology theory. All the 
projections of IS existing betweem the (‘()mj)lexes of 2' arc now projections of 
2' also, since Ii: is a spectrum. Thenton^ liJ' is (‘ofinal in As far as (20.5) 
is concerned IS' may clearly re])la(*.e 15. Sinc(^ iho projections in 15' an^ all 
“mappings onto,” (20,5) becomes a consecpieiKM^ of (lO.l). 

(20.0) Tho. dual of (20.5) oltained by passing to is readily staled and 
left to t-lu^ reader. 


§0. WIOBK 

21, hi tiie s(uiuel we shall nKpiire a weakcu* analogut*. of the latticie, the weh 
which arises out of the ndations of inclusion Ixd.ween s<d.s, (ximpU^xew, or ru4«s. 

(21.1) of sets. Let 3i be a t()pologi<‘.al space. Changing slightly our 
standard notations we (l(^signat.e it-s open set.s by A , and its closcul sets by B, 
with c.om],demontary indices, as Ax, (4.0. 

An open weh of is a (u)ll(‘.ction 91 — [Ax] of open set.s sii(*h tliat givem Ax, 
A^ there exist Ap , A p such that Ap d A\, Ap and Ap 13 Ax , A;*. In ot-htu’ 
words (in an obvious sense) botti [Ax ; CZ) anci 1 Ax ; 3} are directed. A closed 
weh iii = IB\] is dofinc'.d in the same way with B replacing A throughout. 

If 91 = } Ax) ia an open web and i?x = ““ Ax then 93 = {B\] is a closed wel). 

Each of 91, 93 is said to be the complmcnt of tlui otlmr. 

A partial web 91' or 93' of 91 or 93 (partial system in the sense of (I, 40)) is one 
whose sets make up a subcollection of those of 91 or 93. Wo say that 91' == {A^} 
is cofinal [coinitidl] in 91 if every Ax is contained in [contains] an A'p . If both 
occur then 91' is said to be coterminal with 91. Similarly with 93 and 93'. 
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(21.2) Web of complexes. Replace 5K by a complex K and subsets by sub¬ 
complexes of K, There result, by manifest analogy, the open and closed webs 
of subcomplexes of K, or merely webs of complexes^ and everything said in (21.1) 
carries over to this case. 

(21.3) Web of nets. Let X = {X^ ; ttJI} be a net. In (12.5) there have been 
defined the relations of inclusion between the open subnets, those between the 
closed subnets, as well as complementation for open or closed subnets. There¬ 
fore we ttiay paraphrase the definitions of (21.1) and introduce webs of open 
subnets or of closed subnets of X, (more simply called open or closed webs of nets). 
Explicitly an open web of nets is a collection 31 = {i4\} of open subnets of X 
such that given A \, there is an A, c: Ax , A;, as well as an Ap Z) Ax ,A^ and 
similarly for closed webs. Complementary webs and the other terms arc defined 
as in (21.1). 

(21.4) Direct and inverse webs, A web 31 == (Ax) of any one of our types is 
said to be direct if {X] is ordered by the inclusions of the A\:\ > ju Ax ^ Ap, 
and to be inverse if {X} is ordered in the opposite way. 

(21.5) Ideal elements. These structures chiefly designed fen* a clos(^r analysis 
of the behavior of tlie cycles of a complex “at infinity^' were already (jonsidered 
in [L; 295]. Their description in tei-ms of webs is very simple. An open ideal 
cletnent in a set or complex is an open web 31 = |Axl such that HAx = 0, 
UAx = or K as the case may be. Similarly for a closed ideal el(Muent. If 
31, 93 are complementary and one of them is an ideal element so is the ot-luM'. 
The associated homology groups fall under the general category of the groups 
of webs to be taken up presently. 

22. Homology theories. As we shall see, the direct and inverse webs resulting 
from a given web of complexes or nets generally give rise to two distinct lioinology 
theories. 

(22.1) An important role is played by certain sets of honiomorphisnis which 
we shall now examine. Suppose first that we are dealing with subned^s of a 
given net X, Let A, A' be open subnets of X and let B == X — A, Yi' = X — A'. 
If B' C B then A C A'. As we have seen (12.5) A is an open subnet of A' 
and B' a closed subnet of B. Referring then to (13.9) we have th(^ following 
oi^erations: 

a projection tiA' A or reduction mod (A/ ~ A) of the cycles of A.'; this 
is the same as a reduction mod B of the cycles of X mod B'; 

an injection B or mapping into themselves of the groups of the cycles 

of B'. 

The duals are 

an injection 7r*:A* A'*, 

a projection 77*:B* B'*, 

with their obvious interpretations in tei'ms of the cocycles. 

If we are dealing with subcoinplexcs of a given complex the same operations 
are to be understood in the sense of (III, 23). This common terminology will 
enable us to consider together the groups of webs of complexes and nets. 
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(22.2) Let 21 = {ylx}, = {Bx} be complomontaiy webs of Hubcoinplcxes of a 
fixed complex K or of Hubnets of a given net .Y. We suppoHo 21 open and 3} 
closed. A fixed eoefficiont group G is chosen and will not be indicated in the 
notations for the groups of cycles. The groups • * * » * * * are 

groups of absolute cycles and coeycles, while • * • arc groups of cycles 

mod B \, and * * • are groups of coeycles mod A\ . We will write: 


= a projection 
ril — an injection 


Ax —> Aa or /?x 




(22.3) Consid(u* first the direct web 2l(X > fx ^ Ax 3 A^). Wo have then 
(22.1) a projection tt^iAx and its dual operation an injection tt*^: A^ —> A* . 
Suppose for (.lu’i pn^sent the group of the c^^cles of the Ax topologizcd and those 
of the c()(*ycles discrete. Referring to (13.9) the system of the cycles and 
cocycles of the Ax under consideration constitute two dual categories with the 
following properties analogous to N^’, N*'i of (2.1): 

HN1. If X > /X there exists a uniciuo simultaneous homon'iorphisin ir^: ,8^’(Ax)"~> 
aiKl 7riK-'’(/lx) C 

HN2. X>ju> V t], = . 

HN*12 th(^ same as HN12 with ttx'" instc^ad of ttJI , coeycles in place of cycles 
and > replaced by <. 

HN3. The r(^lation (0.1) for pc^rmaiK^nce of tin* index holds. 

It. may happem also that- in addition we hav(‘: 

HN-l. Th{^ dual eategories undcir consichjration ]ioss(*ss interseci-ions with the 
pr()p(n*t.i(\s of (8) and in particulai- the permaiuuu'e reflations (S.l, 8.2) hold. 


(22.4) Definition. A nyslrm of dual categoric}^ with Uw properlicu IiN123 and 
HN*12 will be called an Il-net {IF abridged for homology). When in addition HN4 
holdn^ the fl-net in said to be with intcrsecHon. If the homomorpfiisms proceed the 
other loay around there is obtained an ll-eonei. 


Under certain cinmmstancos the dual (Categories admit only of weak duality 
(I n, 31: only disenito groups and only fic'ld duality). W(^ will then say that we 
havcf a xoeak //-net or //-con(4. as the cas(^ may be. 

W(^ ()hs(u*V(', now that HN123, HN*12 are the only properties required in 
developing the theory of cyeiles, eoeyclcs, homology groups, duality theorems in 
(3, 4, G). Moreiover the only supplementary property required for intersections 
is HN4. We have tlieroforc: 

(22.5) There, may be defined cycles, cMycles and the groups^, 5, ^^^fov Il-ncts 
or Il-conets in the same way as for nets and conets and they have the properties 
(3.4, • • * , 3.7, 4.2, 4.5, (hi, • • • , (3.5). Furthmnorc in the H-nel [Il-^conet] the 
resulting cycles and cocycles [cocycles axid cycles] form dual categories and they 
have intersections when HN4 holds, hi the weak H’-nct [U-conet] the same slatC’' 
xnent holds but with weak dual categories. 





236 


NETS OF COMPLEXES 


[VI] 


(22.5a) Supplementary remark. Since projections are unique, the true 
analogy is with spectra, and so there may be introduced the same projective 
groups C, Z, F, H as in (§4). We will not stop, however, to compare them with 
the groups of the iiT-nets or conets. 

(22.6) Returning to the direct web 31 of (22.3) the groiips of cycles and 
cocycles of the A\ with the projections and injections make up an //-net 
which we designate by {A\ ; xj!}. The resulting limit-groups are called groups 
of the direct web 31 over G, written 3d (5t, G), • • • . In particular if xji is the 
simultaneous homomoiqDhism in the groups iQ^XA},) induced by xji, tlu'ii 
{§^(Ax); xjl} is an inverse system whose limit-group 5i|(8l, G) is the y^th ho¬ 
mology group of the direct web Sf over G. Similarly for the cohomology group 

G) (G discrete). 

(22.7) Suppose more particularly that 31 is a web of infinite open subcom¬ 
plexes of K and that the 3^(-^x) groups of finite cycles of K mod J?x. 

Then these groups must be taken discrete and {*4x ; xji) is a weak //-not. Our 
notation is not well designed to separate all the numerous possibilities, but the 
particular case under consideration Avill generally be clear from the context. 

(22.8) If 31 is taken inverse the situation is essentially the same except that 
the //-net is replaced by an //-conet, with injections for the cycles, projections 
for the cocycles, and groups 3f (21? G), • ■ * . Finally ® presents the same two 
possibilities with cycles and cocycles, projections and injections int(U‘(4iang(*d. 
The following table summarizes the situation. 

(22.9) TABLE 


(a) : groups of cocycles discrete; 

(b) : groups of cycles discrete. 

\ > throughout. 


Web 


a 

l> 

I. 31 direct. 

l-4x;7rjil 

//-net 

Weak //-net 

II. 3t inverse. 

l-^A ;ir(\ 

Weak //-conct 

//-conot 

III. 58 direct. 

; ’jn 

Weak 11 -conct 

If -conet 

IV. 33 inverse. 


//-net 

Weak //-net 


(22.10) If a web 31' is cofinal [coiniiial] in a wch 31 ilien they have the same direct 
[inverse] groups (II, 13.3, 14.5). 

(22.11) The Betti numbers of the groups of the table over a given field depend 
solely upon the characteristic of the field. 

Since this is true for nets or complexes the proof of (7.2) applies luu'c^ also. 

(22.12) Duality, The table dciscribes in substance eight dual catc^gories corre¬ 
sponding to each of the //-nets there occurring. 

Examples (22.13) Let X be a locally finite complex and 3t the open ideal olomont con¬ 
sisting of the finite open subcomplexos of K including 0. Taking SI direct wo have Type 
la of the table and the resulting //-net is merely the spectrum of (20) corresponding to the 
infinite cycles with topologized groups and finite cocycles with discrete groups. 
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(22.14) The complex remaining the same, let SB denote the closed ideal clement consisting 
of all the finite closed subcomploxos of K including 0 and let Sti be the complement of SB. 
Taking ?ti inverse we have Typo Ila. Since the groups arc those of an //-conet, a cycle 
-r” of Sltinverso is defined by a single coordinate. Therefore it is merely a cycle of ifmod Bx, 
andsign!lies that 7'’~0 mod B. , for some p > X, i.e., for some B, Bx . Since 
wc arc dealing with discrete cycles, 0” and bounding arc equivalent. Therefore y* 
is merely any chain with a linite boundary andv^ ~ 0 moans that 7 "+ a finite chain bounds. 
Lot ej(A', (?) 1)0 the. groui> of iho finite p-chains over a discrete G. Then the homology 
groups here considered are given by 0) = SHK, (?)/(5''(iv, G) + ^}(K, 0)). 


(22.15) W(' hav(> iilrcuidy doliiuid (21.1) a parliaJ nvh ?li of ?I. If S)^ is any 
//-not. a.sH()cdat(‘d with ?l t.hon the analogue 'Of, foi' Of, i.s a partial H-7iet of Of in 
the .sense of (!)), and it is readily shown that tlu^ arguments of (9) carry over 
to 9f, 9fi. 

23. Under certain conditions groups of a web of subnets may be replaced by 
those of a singh' net.. The resulting i)r()i)<>rti{'s have interesting topological 
applications (Vll, 14, 15; Ylll, 13.4). 

(23.1) Let A' = I A'x ; ttJ) be our ciastomary net tuid a clo.sed web of subnets 
of X. It. will be more in k(‘t‘ping tvith t.he i)r(‘vtiiling notations of the chai)ter 

We lU'uote by 9t t.lu' complement of 33. 


7r„A 


aX 


XapL , WO also luivo 7r„y\ c: 


to write 3.-^ == i-V„l, = {Xa \; T^i 
Let = n„A"«x. Since X > m 
T herefore Y = 1 Lx ; TrJ^j is a ckxsed subnet of X. 

The two basic properties which we wish to prove* areu 

(23.2) The homology Ihvonj of (he wvb 3^ iahru inrrr,sr Ls (he same a,s* that of ilia 
dosed subnet 

(23.3) The homology theory of the ^oab 31 taken direct is the same as that of the 

dual categories of (he cycles of X mod Y and eoeyeles of the open subnet X — , 

As usual wo d(*n()te ey(*l(‘s and cocych's by 7, 5 and ih(*ii* elass(\s by l\ A 
affected with the same* indices. The //-neds or eoiu'ts d(*fined by the inverse 
tind direct W(*bs will be (h'liot.ed by 31/, 31,/, ■ * • . 

PuooF OF (23.2). It is clear that '3^ = 3^ u V is likewise* a e‘.le)seHl web. Kinco 
'3^ has Jis initial e^le'nmnt the* thee)ry of Y anel the' tlu'e)i’y e)f '3L' are the same. 
The‘refe)i-o (23.2) reduce's te) proving;: 

(23.4) 3L and '31/ have the same homology theory. 

livery e'.ycle' e)f '3h‘ of the fe)rm V = V' o wluM'e* 7'’ is a cyede^ e)f 3L' and 6^' 
a e'yele e)f Y. The^ e'ye'ie 7'’ is nmre'ly t.he set e)f e*e)e)relimite‘s e)f '7'' in t.he^ elements 
e)f 3b , and 6'' is its e‘e)e)relinat(‘. in V. It is clear that '7" —> 7'' de‘fin(\s a siniulta- 
lu'ous he)me)nK)r])hism r e)f the p;roui>s e)f e*ycle's e>f '3b* into those> of 3b‘. Tn its 
turn T indueu's a simultaue'e)us ]ioine)morphisin f in the h,omole)|i;y piroups (the 
same as r of ( 9 ) fe)r the Jl-iioi '3b* and its partial n(*t 3b). As already observed 
we must show that: 

(23.6) r is an imnorphlvn. 

Since A\ is (iuito it has at me)st a finite number of subcomplex(\s A"ax and so 
there is a smallest A'a^x. CUvon ajxy Xa\ there is an A^ CZ Xa\ , A«oX * Hence 
AV = A«oX C XecK , which implies X«oX = nA„x = 5 x . 

We noAV come to the cycles. Since we have the last case in the table (22.9) 
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the basic operations in Sdi are injections , a > In '53* there are in addi¬ 
tion the injections rjaiY —> Xa . 

Now a cycle of X« is a collection tS == {rSx}, where is a cycle of A"ax and 
X > M TT^yaX Jan in ^• Heiice a cycle of S* is a collection y^' = { 7 ^}, 
where ol > ^ rj^yl y^ in . From the definition of honioloj 2 ;()us ciycles 
in a net (here X^) there comes: 7 «x tIx in X ^\. In particular i{ fS == ao then 
X/ 3 X = Fx. Therefore Fx contains a cycle 8^ (= t^^x) «uch that if a, are 
replaced by ao, « then 

(23.6) 8^ - rSx in X^x . 

Let \ > fi and denote by ai the analogue of ao for ju. Since y^^ is a cycle of 
the closed subnet Xa^ , (23.6) yields: 

7ri7i\x Jam = 8^ in . 

Therefore 5^ = {SH i« a cycle of F. By (23,6) 5^' 7 « in Xa , whu^h may 

also be written rja8^ ^ 7 « in . Hence ' 7 ^' — 7^’ u 5^' is a cych^ of '43; such 
that r' 7 ^ = 7 ^. Or explicitly: 

(23.7) Corresponding to every cycle 7 ^ = [yl} of Jfi inverse there is a cycle 6 '" 
of Y such that ' 7 ^ = 7 ^ u 8^' is a cycle of '33 inverse, or equivalently such that 7 « ~ 5 ^ 
in Xa . 

Since r' 7 ^ = 7 ^, the mapping r, hence also f, is onto. 

Suppose that ' 7 ^' = 7 ^' u 5'' is a given cycle of '33;. Wn have: r' 7 '' ~ 0 in 
53 . 4-» 7 ^ 0 in SQi 72 j, ^ 0 in Xa^ -► 7«oX 0 in Ya^x 8^! 0 in Fx 

5^ ^ 0 in F ' 7 '’ 0 in '33;. Therefore f is univalent. 

Let Ua\ be open in fQ^(Xax , G) and set 

Vax = {r"| rSxeC/^x}, 

'7«x= {'rn'r^ = r'’uA^r 2 x.r^«xl. 

Since the Fx are among the Yax, it is readily seen that 1 7«x}, {'F«xj arc 
bases for §^(®£, G), G), and since F«x ~ rFax, r is open. This (com¬ 

pletes the proof of (23.5). 

The representatives of a cocycle yp of 33* are likewisci thos(» of a (^oc.yc^h^ ' 7 ^, 
of 'Si, and yp 'yp defines a simultaneous homomorphism r* of tluj groups of 
the coeycles of SSi into those of '33;. In its turn t* iu(luc(^s a simultanc^nis 
homomorphism of the cohomology groups (the analogue^ of of (U) for tlu^ 
two J?-nets). 

(23.8) f* is an isomorphmn. 

Since the cohomology groups are discrete and over a discrete group 11 or a 
field J , and (9.4) holds for 33i, '33;, the same character-group argunumt as for 
(IV, 10.10) with 3, $ replaced by H and its character-group or both l^y . 7 , will 
yield (23.8). 

Referring now to (9), property (23.4) will follow from the rcunaining relations 
of permanence. As already observed this proves (23.2). 
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Proof of (23.3). It is ('ssoiitially obtained l'>y “dualizing;*^ the proof of (23.2). 
If '91 = 91 u (A" ““ Y), thc^i X — y is cofinal in , and so the dual categories 
in (23.3) have the same homology theory as '9t/ . 'Phis reduces (23.3) to: 

(23.9) 9h< and 'Sla have the savw homology ihcory. 

Let 6, 0 *, 5, S* ]>e the analogues of r, • • • , t*. 

(23.10) d is an isoimnyliisin, 

Since have tlu^ first case of the table the basic, operations in % arc pro¬ 
jections 0 )^ , where a > 13 ^ (X — Xcc) (A — Xa) Xa c: . In '9td 

there are in addition the projections Oa-X (X — Xa), or reduction mod Xa 
of the cycles of X. 

Now a cycle of X mod A"« is a collection ja = ItSxI, where jax is a cycle of 
A\ mod Xax , and X > g 7 rjl 7 «x 7 «^ in A'^, mod Xan • Hence a c.ycle of 
is a collection 7 '' = 17^1 where a > 0 ~ T/f iii A” mod X^ 7 Sx ^ 7 jx 

in A"x mod A'^x * In particular choosing a = and n^placiiig 13 by a, we have a 
cycle 8^ (= 72ox) of A'x mod ) x (= Aa^x) such that: 

(23.11) Sx" - 72 x in Ax mod A«x . 

Let now X > g and «« , ai as before. Since 7^1 is a cycle of A mod Xai , by 
combining with (23.10) wo find: 

TT^yaiX ~ 8^ ill A";, lUod Xai,i = Yfi . 

Th(‘refoi'(‘ 5'* = jSx 1 is a cycle of A mod By (23.11) again 5'" ~ 7 « in A" 
mod A'« . Tlierefon’! ' 7 '' = 7 '' u 5'" is a cyclic of '9(t/ such that == 7 ''. Or 
explicitly: 

(23.12) Corresponding to every cycle 7 '' = 1721 of 91 direct there is a cycle 8^ 
of X mod such that ' 7 '' = 7 '' u 8^' is a eycle of '9t direct, or equivalently such that 
ya 8^* in X mod Xa . 

Thus 6, henc.(^ also 6, is onto. 

If ' 7 '' = 7 '' u 6 '' is a givcm cy(‘l(‘ of '91, w(^ have: OV 0 in 9lrf ^ y’* 0 in 

3(rf 7^0 d in Ax mod A'^^x 5x 0 in A'x 

mod l x 5'' 0 in A mod Y ' 7 '' 0 in '91/ . Thus 0 is univalent. 

Yho ])roof that 6 is opcai is the saiTKJ as for f and (23.10) follows. 

From this ])oint on, the conclusion of tlie jiroof of (23.0) is th(‘, same as for 
(23.-1) and so (23.3) follows. 

§7. AIETRKI COMPJ.EXJffi 

24. Frecpu'iif ly complexes (consist of <ilem(mts r(jpr(;sentod by sul^scdis of a 
m(‘tric space. The metric relationships thus arising may lie utilized to advantage 
to introduce mnv significant webs and related homology groups. The following 
definition covers' all the interesting types thus arising. 

(24.1) Definitions. A metric complex is a closure-finite complex X = (ad 
such that there exists a real-valued function of the clement x, called the diameter of x, 
writlm diam x, and subjected to the sole condition: x' < x ^ diam .a' ^ diam a. 
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If Y is a siibcomplcx of X we may now define mesh Y == sup {diam x | x e Tj, 
and hence for a chain C: mesh C = mesh | C |. 

(24.2) In the applications metric complexes will usually occur as follows: 
With each x there will be associated a bounded subset | x \ of a certain nuda'ic* 
space such that x' < ;r | x' \ C | a* |, and then diam x = chain | x | will 
turn into a metric complex. If Y is a subcomplox of A” and C a chain of A”, 
we write \Y\ = U{| .r | | ;r e T} and || C || = | (| (7 |) |. 

(24.3) A siibcomplex Y of A’' is made metric in the obvious wa.y by assigning 
to its elements the same diameters as in X. 

The siibcomplex Y is said to be essential if there is an € > 0 such that chain x 

< € X e y. 

(24.4) Examples. Geometric and Euclidean complexes (VIII, §1), Viotoris complexes 
(VII, §6), singular complexes (VIII, 24) are important types of metric complexes. 

25. F-cycles. 

(25.1) An obvious web related to the metric complex X is rt^adily dehned. 
Given any e > 0, set = \x\ diam ,.r < e}. In view of (24.1) Be is a eUxsed 
subcomplex of A^ If e' g e then 


Be U Be' = Be , Be fi Be' = Be' , 

and so 23 = {i?«) is a closed web of complexes. The onl}’^ interesting ordcuhig 
is evidently {e; <}. Furthermore since X and hence the , aiv mcu’cly 
closure-finite, only finite (absolute) cycles are admissible foi* them. TluMadbre 
the appropriate web homology theory is that of the inverse^ closed web and 1 Vb 
of the table (22.9). The cycles, ••• are known as V~cycA.es, ••• . The 
is abridged for “Vietoris,” as the prototype of this homology theory is th(‘ 
classical Vietoris theory for compaeda (Vio.toris [a]; VIl, §5). SiiKu^ we are 
dealing here with a weak ff-net only discrete coeflBlcicmt groups arc^ admissibh*. 
There are tAVo different approaohc^s to the F-cyclc\s, each with its advantage's, 
and so both will be given here. The resulting lioinology groups are of (*.ourso 
the same. 

(26.2) First definition. Let [ €„} he a positive sequence, tending to 0. Bince 
it is coinitial in {e}, it may replace it in the definition of the groups under con¬ 
sideration, A V-cycle 7 ^ over a discrete G will than be a collection 7 '' = { 7 ?n» 
where yf, is a finite cycle of Be^ and n^m-^ylr^ yf,, in Be „,. The cycle y'^ ^ 0 
whenever yn'^Oin for every n. The operations on the cycles are defined in 
the natural way, and we have the usual groups of the cycles and hounding cycles 
written 3?(X, G), iSviX, G). Their topology is defined as follows: The cycles y^ 
with a given coordinate yl form an open set Un in 3 ?(X, (?) and { Un] is a base 
for the group, (X, (?) receives the relative topology. Since ^ ^^hounding^^ 

for the finite cycles in a complex we show as for (2.8) that gf(X, (?) is closed in 
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.3?(X, (7) and so wc define G) = .3?(A^ (7)/5?(X, (7). From the general 

theory it is known that iol'(X, (?) remains isomorphte with itself if {e„} is replaced 
fry any other sifnilar sequence. 

(25.3) Second definition. Homologies between finite chains in are con- 
vcwienlly denoted by and known as € homologies. Thus (V’ C''" means that 

CF — where nil the chains are finite and of mesh less than e. 

A p-dimensional V-cyclc orer a discrete group G is a cotmlahle collection of 
finite cycles, y'* = It?*') such that 

(ii) mesh yl! —> 0; 

(l>) Til f-i 7n 1 where je,,) (J. The cycle y' bounds, or is a houndin^g 

cycle, %orilten y^' 0, whenever 

((*) yl 

The group of the V-cycles G) is obtained by defining |t?? 1 =1= iT»/M = 

[Tm ± y'n\^ 0 = It?? I yl = oj, and is taken discrete. The bounding V-eycles 
form a subgroup ^1!(X, G). The homology group is defined as !i)l!{X, G) = 
.3r(X, G)/Ts!:iX, G). 


IO(|uivnl(Tit fomiuUiUoiis, fr(MiU(»nUy iisorul, an*: (a) as bcfoiv aiitl (!>)» (c) 
r(‘l)lac(‘(l by: 

(I)') for <*v(‘ry e t.lu'ro is au m such that n, n' ^ m. yl t??' ; 

({*') for t‘V(‘ry € there is an m such that n ^ m —► yl 0; 

or (*lsc also by: 

(b") tlu*r(‘ is a s(‘(iu(mic(* of fiiiit(‘ (*hains IGl | sucli that 


FC?:^'' = T??!-! - T?: , mesh rr?;' 


0 ; 


(c") t.h(*r(‘is a s(‘(iucnc(‘of fiiiil(» chains j ("''“) such that 
Fr:/'^^ = T?:,nicsh 


Ihuhn* th(» (l<»(inition just fjjivcn wc hav(‘: 

(25.4) //V' = 1t7^1 ifi a V-rycle and y'^' = i>s a set of finite cycles such 

that yl y[f where je,*) 0, then y'^' is also a V~cycle. and t'^' V'. 

From (25.1) follows r(‘a(lily (still under the sc'coiul dt'diiition): 

(25.5) If V' = ItSI i^ a V-cycle then t"' = ITw^) likewise a V-cycle and 

y^* ry^'. 

20. (20.1) We shall now compare th(^ two definitions. For eonvenhmeo let 
the cycles, classics and homology groups under the first definition b(^ diniotod 
by 'T) '1\ JRrI l4ios(i under th(» second by y, V, v'p. [t is not difficult to prove 
the following properties: (a) all the V' e are also elements of a fixed P^’ and 
'r^' —> defines a homomorphism in the algebraic sense ; (b) each 

y* = {t??} € has a >siibse(iuenoe lTm} which is a V in a fixed 'P^ and P'* —> 
defines a homomorphism in the algebraic sense 0:$^ ; (c) = 1, = 1. 

Hence r is an isomorphism in the algebraic sense. Tims the two homology 
groups differ only in their topology. Wo shall refer to ^5^ as the homology group 
of the V-cycles, and to as the homology group of the V-cycles with topology. 
For practically all purposes is quite sufficient. 
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(26.2) V-cycles around V. Let us suppose that X is metrized as indicated 
in (24.2) so that we have spheroids 0(| F |, e) and let F bo a clascd subcomjdcx 
of X. Let the notations be those of (25.3b"c")) except that we imi)ose the 
following supplementary requirement: given any e > 0, then all but a finite 
number of yf, , are in 0(| F |, e). This may also be expre.sH(Hl jus: 1yJ1> 

> F. Otherwise everything is as before. The new F-cycIes arc sai(l 
to be around Y. The web interpretation is the same as before (sxcopt tliat 
this time = {a; | diam x < e, x Cl 0(| F |, «)}. 

(26.3) V-cocycles. They must be determined in terms of the gonouil 

theoi-y of H-nets. A F-cocyele is thus defined by a cocycle in some B, mod (A 
— Be) (where B. is as in 25.1),i.e., it is a cochain yp such that Fy, has no elements 
of diameter less than e. That is to .say yp is any cochain such that 
inf {diam \ Xp+i in Fyp) > 0. The relation ~ 0 moans that yp = 
YCp-i + Dp, where Dp is in some X — Be, or again that inf (diam x’’ \ 
a:p in D,} > 0. The groups Sp, > Sj> are discrete and the cohomology 

group ^p{X, Q) = Sp/rSp • Cocycles may also be introduced for the other types 
considered but we will not discuss them here. 

27. (27.1) Definition. Let X = {t), A'l = \xi} be metric complexes and t 
a set-dransformaiion X —»■ Xi. Then t is said to be metric if diam Lx -»• 0 uni¬ 
formly with diam x. An isomorphism t:X Xi is said to be metric if both I 
and r' are metric. If such a t exists we shaU say that X and A'l are metrically 
isomorphic. Similarly a chain-mapping r:X —> Xi is said to be miric, if 
diam II ra: II —> 0 uniformly with diam x. 

From the definition of metric i.somorphism thei'c follows readily: 

(27.2) A metric isomorphism 7-:X —> Xi iruluces an isomorphmn of tite , 
Si>) groups of X with the corresponding groups of Xi. 

(27.3) Applic-wion. Let X he made a metric complex in two wny.'t wilh two 

distinct functions diam x, dianii .r. Then if each approaches 0 uniformly whenever 
the other approrwhes 0, the two metrics define the same grmps 3i >, . 

(27.4) A mkric chain-mapping riX —♦ Xi induces lumiomorphimns of the 
groups 3i> ) 5i) j of X into the same for Xi . 

By (IV, 9) r induces homomorphi.sms of the group.s of finite chains (£, 3, fiy 
of A into the same for Xi. Hence if | C,, | are finite chain.s such tluit mesh 
C„ 0, then the chains { tC„ 1 have the same property. Coupling this with 
(25.3) there is but a .step to (27.4). 

(27.5) Let Ti, T 2 be metric chain-mappings X -» Xi which are chain-homo- 
topic, the associated S operator being of the /-typo (every T>x finite). If 
mesh Sa: —> 0 uniformly with diam x then ti , rs are said to be metrically cham- 
homoiopic. When ti = 1 then rs is said to be a metric chain-defomnation 

(27.6) If A 1 is a chain-retract [chain-defonnation retract] of X under a chain- 
retraction [chain-deformation retraction] which is metric, then Xi Ls naturally 
called a metric chain-retract [metric chain-deformation retract] of X. 
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The general proport-ies of chain-homotopy, eliain-dcformation, chain-rctoie- 
tion, deriv(Hl in (IV, 14-46) hold here also and wii.h unimportant modifications 
in the proofs. We note in particular tlu^ following: 

(27.7) Metric chain-homotopy is an equivalence (IV, 15.1). 

(27.8) Metric chaiiv-homolopic mappings n , X —> -Yi induce the. sa)ne homo- 
morpliisnis in flic V-fumiology gnnips. metric chain-deformaiion does ml alter 
the homology groups of the V-cycles (IV, 15.2). 

Tliis means in particAiIar that if Y is a F-cy(*le of X t.hen ny^ ^ r^y^. Also 
that if To is a chain-deformation, then ti 7 ^' y^ in X\ . 

(27.9) If X is a metric chain-deformation retract of .Yi then their V-homology 
groups are the same (IV, 15.12). 



CHAPTER VII 

HOMOLOGY THEORY OF TOPOLOGICAL SPACES 


The nerves (in the sense of Alexandroff) of the totality of the open coverings 
of 5R make up a net whose homology theory is a typical Coch theory. A similar 
theory arises out of the closed coveringvS. Let us refer to them as the U- and 
S5~theories. The It-theory is chosen as our basic homology theory and will 1)(‘ 
discussed at length. For normal spaces both are the same. Fn atldition to th(^ 
preceding there arc in existence: 

for compacta: theories due to Vietoris, Alexandroff and Lefschetz; 

for general spaces: a theory due to Kurosch, and another diu' to (or rather 
patterned after one due to) Alexander and Kolinogoroff. 

It is not difficult to reduce the Alexandroff and Lefschetz theoric's to that of 
Vietoris (see notably [L, 332]). The latter will bo exaiuinod mon^ fully and 
reduced to the U-type. A complete discussion will also i>c givaui of th(! Kurosch 
and Alexander-Kolmogoroff types and they will be proved equivalent to tlu^ 
S-type. Thus at last a certain unity will have been brought into this group of 
questions. 

Noteworthy additional to[)ics treated in the chapter: duality in the* semse of 
Alexander, multiple applications of webs, i*elations between homology and con¬ 
nectedness, generalization of Mayor^s “union’^ theorem for comi)l(^xes. 

General references: Alexander [d, e], Alexandroff [a, f], Cech [a, b, v., d|, 
Chevalley [a], Kline [a], Kolinogoroff [a, b, c], Kurosch fa], Lefsclu^tz [L, VII j, 
Rteonrod [a], Vietoris [a]. 

§L HOMOLOGY THEORY: FOUNDATIONS AND GENERAL 

PROPERTIES 

1. The nets which are to carry the homology theory are composed of sinn)li(ual 
complexes, the nei'veSy related to coverings and introduced by AU^xandroff. Wo 
first define and discuss the norv(^s and the projections which give rise to th(^ nets. 

(1.1) Definitions. Let'll = {Acx} he any finite, aggregate of sets, A simylicial 
complex is associated with in the foltowing manner. The A « are the vertices 
o/ . A simplex a = A a,, • • • A is a simplex of when and only when the 
intersection Aa^ n • • • n Aa^, is non-void. If cr' - Aaj - ■ A«' < <r then also 

Acc'q n • • • n Aa' 5*^ 0, 

and so o-' . Thus is indeed a simpliciat complex. It is Imown as the 

nerve of the aggregate St. In a certain sense it may be said to constitute the 
‘Hntersection pattern^^ of the sets of . Notice that the dimeyision of is the 
order of % (I, 14). 
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Tho ini.(‘i\MOf*ti()n fl/l,*. (•orrc^spoudiiig to the simplex a of «{>,i is called the kernel 
of a aiul d(*ii()tc(l by \<rl Thus wo may write <l\ = j (t = «<, • • • A^p | [o-] 9 ^ 0\. 

Remakk. It is important to l)t‘ar in mind that while tho simplcxcs a- of the 
nerve 4>« are a<j(jrr{f(iies of .sr/s, their kernels [<t] are actual point sets. 

(1.2) .Vn oxAMiMJC, LtU, K = |cr| 1)(‘ a linita simplicial complex with v<‘rtices |P„1 aiul 
let ?l = [St. J\A . 'riieii St n ... n I\tj, ~ Ht f\tQ ... Pa^ ^ 0 wh(‘ii and only when 
... P„p e K. TlK'n'Toro J\r -> 8t Pa (‘slahlishe.saii iH<)iu<)n)hism K <!»« , so that we may 
i(h‘ntiry the two eoinplexes. Thus K will hecome lh(‘ lUM've of (la* ajygn'gate of the stars 
of its verliees. 

(1.8) L(‘t 1)0 a second fiiiitt‘ a^>;f>;negate of sets and its nerve. 

Sup[)os(‘ that n'fiiKvs so that ('vt‘ry is contained in some . vSelect 
for etxeh Hfi Jt (hdinite set A 3 . Now (J- = Bn^ • • • e fh/,) 

([{“] = C\B(i. 7 ^ 0) (n.ltt(jjj) 9 ^ 0) ^ €^>a), Thoroforc 

Bn —> A a 0 ) defines a simplicial s(‘t-t ransformation and a simplieial chain-maj^ping 

1 —> 4>„ . W(' call Ta a projcction by inclusion or m(‘rely a projection 

d»/. —> <ba . While* these pr()j<‘ctions an* not g(*norally iini(iue w(* have tin* following 
basic pr()p(*rty: 

(1.4) Any (wo projections 4^/, —^ 4\, are prismalically related in the strong sense 
(IV, 1().2), aiut hence by (IV, l().3) they are prismatically chain-homotopic. 

Let ttJ , ir'a 1h* two projections and /« , la th(*ir simpli(*ial carriers. Siipp{)se 
f Bfipe<l^h, and lab(*l temi)orarily the /!« so that laB^^ = .4a, , 

Cliic = Aa[ . Sin(*(* n/>V, 0 and both 3 7)^, , w(*‘als() ha\V 

Dlda. n 9 ^ 0. Hence A„^^ • • • • • • .4 e4>„ , and this proves (1.4). 

Let Va b(* the homotopy operator for tlu* chain-homol^opy in (1.1). H(*lerring 
to (IV, H).3) w<* obtain: 

( 1 .5) •Pjj- a chain of 

From (IV, 15.2) and (1.1) w(* also have; 

(I.()) .4// the projecUons » 4>„ are homologous. 

The (^olh'ction of all the s(4.s of ?l containing any oiu^ of tlu* s(*ts B^^ , • * • , B^p 
whhdi arc* tlu^ vcrti(*.es of e<h (h^termino a simplex a- of 4 j„. Evidently 
f —>Clcr (l(*fines a closed carrier Tlfor all the projections Ta , and Ta is a gemeralized 
simplicial sot-transfoniiation. Sin<*(* tat C vv(^ have from (1.5); 

(1.7) c 7’^f. 

(1.8) Lot E 1)0 any sot and a e<I>«. If tho koi’nol [o-] moots E and a > c' 
thou [ff'J [<rl and hoiicc [cr'| also niocits E. Honoo ^a{E) = \cr \ E n [ff] ^ 0} 
is a clos(id subcoraplox of 4>,,. Tiioro is an analogous (dosed subcomplex i>b(.E) 
of '!>(,. 

(1.9) All the operations Tl, va,'S)a map #(,(L’) into i\{E). 

Ltd ^ e^^biE). Since C it is only necessary to prove (1.9) 

for 2a . Sin(‘.e evciy vertex of is a set ID [f], each simplex v of Taf has a 
kernel [<r] D [f] and so meeting E. Thus <r and hence TSf C ^a(E), 

(1.10) Let a" be a simplex in any nerve, say 4>a.' It has then a dual v, and 
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we define the kernel [o-J of as identical with [a% If = < 7 VI' , Cp = gur], 
are a chain and a cochain of a neiwe, say «!>«, then we say that a set li is a 
earner of if 9 ^ 0 [o-?] n 5 ^ 0 , or if = 0 , and that E is a (wrier 

of Cp if Qi ^ 0^ Vy C E, or if Cp = 0. Notice that [TTaf^'J ID 

Hence: 

( 1 . 11 ) If C^ is a chain of then a carrier of is also one of rtC^\ 

Consider now the dual of ttJ . If €4>a , by (l.l 1) it can only 

occur in a chain Tr^f^ such that [<t^] ID [f^. Hence wt^ap consists sok^ly of ele¬ 
ments fp such that the inclusion just written holds. Therefore 

( 1 . 12 ) If Cp is a cochain of 4>a then a carrier of Cp is also one of 

(1.13) Extension to infinite aggregates. When 5(, 93 are infinite the only modifi¬ 
cations required are that ( 1 . 6 ) need not hold as regards all the groiii)s, and that 
rjf is merely a closed subcomplex of . Since a more general form of ( 1 . 6 ) 
is not required in the sequel we will not discuss it, and as for the modifit^ation 
in Tflf it is wholly immaterial. A complementary property solely reciuired for 
infinite aggregates, will now be considered. 

The situation remaining as before, we observe that since 93 refines 51 so do(\s 
S = 31 V 93. If ^>c = nerve G we have therefore Tl, • • • with their obvious 
meaning. A simplex of is a join <rf where o* = • • • Aap e4>a , f = 

^^0 • * ■ ei‘b ,<r has no vertices in •i'f, and (1.4 at n (IBs,- 9 ^ 0 . Since tlli^ 3 , 

we also have (l^a,. n n(iSB(},.) 9 ^ 0 , and hence e 4>a . It follows (Jiiit 

<rt —J- is a projection irl; it is this particular projection whicih is meant 

henceforth by . We shall also require the generalized set-transformation 
4’c defined by o-f —9 Cl o-fCTaf). We prove: 

(1.14) is a chain-deformaMon of into its subcomplex which is con¬ 
tiguous to the identity in Tl . 7/ tt^ | $„ = 1 then is evidenUy a chain-defornta- 
tion retraction. This holds notably if , cf** arc disjoint, i.e., if the aggregates ?l, sB 
have no common sets. 

By (IV, 16.3) Xa is a chain-deformation over a simplicial complex'P which is 
the union of the closures of the simplexes such as ij = eBa^ • • • B«,(/iB«,) • ■ • 
(/.B.,) corresponding to the simplex e considered abovc^. ()nce inon^ 
[o-f] 9 ^ 0 and t^B^ 3 B> imply [»;] 9 ^ 0 , and hence i? e 4>.. Thus '? C <l*o. Since 
the converse is obvious SC' = 4>c, and so ir,' has the asserted propen-ty. 

If $ 0 ,4>(, are disjoint no B/j is an A a , and then every simplex of ‘fj. is a c, 
hence | 4>a = 1. Thus irl is the asserted retraction. 

2. Consider now a collection 31 = {3tx}, where 3lx = l7lx„} is a finite aggre¬ 
gate of sets. Suppose the collection directed by X > m ♦♦ (?Ix reliaes 3 lji,). W(! 
wall then say that S( is a directed collection. Let 4>x == nerve 3tx , and for \ >- m 
let xi be a projection by inclusion Consider now <!> = {<I>x ; xj|). Of 

the net properties Nf of (VI, 2 . 1 ), N3 is fulfilled by ( 1 . 6 ). li\ > ii> v and 
x,,.4xa = A„e , ~ A,y , then ylx« C . 4^5 C A,y . Hence —> .4,^ defines 

a xj or xjxjl is a xi . Thus N 2 of (VI, 2 . 1 ) holds. As for Nl it merely assorts 
the e.xistence of the projections and so it holds also. Therefore 
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(2.1) The nervea {<E>x} of a directed collection together with their 'projections hy 
inclusion form a simplicial net «!>. 

(2.2) Onco wc have tho not wo may bring to bear the theory of nets. If the 
results arc^ to have topological character all that is necessary, given a topological 
space is to select topological directed collections. Two obvious collections 
are: U, ^ i\\o. collections of the iinite open and finite closed coverings of Sif. 
It is inch^ed eloav that if Ui, lU are finite open coverings so is Ui a U 2 and since 
it- is > 111 , Ua , U is a directed collection. Similarly for J5- 

Chuierally speaking porh'ct symmetry between U and 5 is not to be expected, 
and this on two grounds: (a) they are not dual to one anotheu' since the dual 
of ^fiu)vering” is 'hi collection of sets with an empty intersection;’^ (b) in most 
‘fi*onvenieiit” spaces points are closed sets, and this causes considerable dis- 
symetry throughout. We introduce therefore tho 

(2.3) C-ONVENTioN. Unless otherwise stated all the homology concepts to be 
considered shall refer to those obtained by means of the finite open coverings. 

Thus instead of “U-cycl(\ • • •” we shall merely say ^fi\vcle, • • • 

In ])oint of fact while th(' U-theory has been selected as the basic theory, 
it will turn out (8), tliat when i)l is normal, and this covers a very large territory, 
till' U- and J^-theories coincide. 

3. Irreducible coverings. Frequently, especially when the space 9i is normal, 
we shall find it convenient to re]:)lace arbitrary covi.'rings by more special types. 
Two particularly convi'iiii'iit types will now )>(' (considered. A finiU' open 
(covering U = 1 f/i, • • * , Ur\ with luu’ve 4* is said to lu' 

irredueible whe^never no opcni refiiu'mont of U has a nerve isomorphic with 
a proper subcoinplex of 

strongly irreducible whenever it is irreducible and Ui —» Ui ilefini^s a similitudi^ 
U -> U. 

WIkui U is strongly irreducible f /', —» Ui defines an isomorphism 4> —> nerve U. 

(3.1) Uvery finite open covering U has a finite irreducible open refinement. 
Or equimilently: the irreducible coverings are cofinal in the family of all the open 
coverin^js. 

Sup])ose U ^ 111 •< Ug < * • • I where tho Ut are rc'dtuuldi^ and such that their 
nerv(\s form a seciuenco of (fompU'xcs <1> = , «hi, • • • , whoi*(^ fFi+i ^ a proper 

siilx^omplex of <t?i , Since is iinit(' the sequeiii^e must stoi) and if 4>, is its 
last term lb is an irn^ducible n'linement of U. 

(3.2) If W is irreducible then every Ui contains a point which is on no other 
set of the covering. 

For, if Ui contains no such point {I7 a \h 9 ^ i] is a refinement of ll whose 
iK'rve is a proper subcomplex of nerve U. 

(3.3) If is normal^ emij finite open covering U has a strongly irreducible 
open refinement Hence the strongly irreducible finite open coverings are cofinal 
in the family of all the finite open coverings. 

Let Ui == { Uu] be a finite irreducible refinement of U and let it be shrunk 
to SB = { Vi] . Since SB > Ui, SB is irreducible and so Vi defines a simili- 
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tude Ui —> 35. Since Vt d Vi CZ U i ^ Vi Vi defines a similitude 95 
Hence 95 is a strongly irreducible refinement of U. 

(3.4) Em^j/ compactum 9t has strongly irreducible finite open coverings whose 1 

mesh is arbitrarily small, j 

For SK has a finite open e covering U, whatever e, and so (3.4) is a consociuenco j 

of (3.3). I 

4. The net of the finite open coverings and its subnets. Wo set theti U = 

{llxl, = nerve Ux , and define X > /x by Ux > IV . The resulting proj(K;tions 
by inclusion make ^ = {^»x ; a simplicial net. From (VI, 0.5, 8.3) follows 
then the 

(4.1) Duality theorem for topological spaces. The cycles and cocycles of a 
topological space are dual categories with intersections. 

(4.2) Augmented homology theory. It is obtained by augmenting the not ^ 

(VI, 10). We say then that 31 has been augmented. This operation is useful in 
certain questions. Thus wherever it is convenient to augment, say a finite 
simplicial complex J?, it is equally convenient as regards the groups of the 
pob^hedron \ Ke \ ^ slti Euclidean realization of K, to aiigmcMit \ Ke | in the? 

sense just considered. 

(4.3) Dissections and related subnets. By a dissection of 3i we shall refer t.o a 
decomposition (C7, F) of 31 into two disjoint sets IJ open and F closed: 3t = 

C/ u F, [7 n F = 0. If we set ff>ix = {<r | o* e<l>x , W n F 0), tti^ = 7rjl [ 4>ix, 
then $ix is a closed subcomplex of 4>x (1.8) and by (1.9; VI, 12 . 1 , 12.2) 4 >i(F) = 

!^ix ; 7 rJ;x}, is a closed subnet of ^ with inhu’sections induced by thosc^ of 
Notice incidentally that ^ itself is merely 4>i(3i). 

Let = ^>x — 4>ix, = the projection tT>(>x induced by ttJI . Then 

^q{U) = |4>nx ; TTo;,} = <I> — <I>i(F) = the oixm subnet of 4> coinpU^nKiiitary in 
<i>i(F). In there arc intersections induced ],)y those of To sum up Ui(*n : 

(4.4) I'o a dissection {U, F) of 3J there corresponds a uniguc dissection 
^i(F)) of $, where in the subnets (here are mtorcscctions induced by 

those of 

The definition of the subnets yields 

(4.5) F' a F <lh(F') C 4>i(F), 

(4.6) U' CIU^ MU') C MU), 

It is also natural to refer to the cycle's of MF), or of <I> mod MF) as tln^ 
cycles of F or of 3i mod F, and similai-ly with the cocyclos and «l>i)(f7). 

Referring to (VI, 12.4) we have: 

(4.7) The cycles of 31 mod F and the cocydvs of 3 i - F ^ U are dual categories 
with intersections. 

(4.8) Cyclic and acyclic properties. The definitions are the same as for (com¬ 
plexes (III, 21) and refer to ^ and its groups. Thus 3t is acyclic wlnnicwer all 
its homology groups are zero, • • • , 
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5. General properties of the homology groups. 

(6.1) When U is replacc/l by a cojinal family Lhe homology tliGory is unchanged 
(VI, 9.8). 

(5.2) If n = dim is finite then alt the groups for dimension greater than n 
are zero. 

For the rcliuoincnits of the Ux whose ord(»r does not exceed n form a cofinal 
family giving rise to a not whoso complexes are at most n-dimensional. 

(5.3) The universal theorem for fields holds. Hence the only Betti numbers that 
need to be considered are the Betti numbers over Ike rationals or m{)d tt, a prime, 

(5.4) The homology theory of the closed subnet 4’>i(F) of associated mth the 
closed set F (4.3) is the homology theory of F itself. 

This implies for instance that the class intersections and their rings may be 
obtained for F by means of <l>i(F). 

A noteworthy consequent^e of (5.4), indeed little mor(^ than an etiuivaleni 
formulation is: 

(5.5) Let he imbedded topologically as a closed set in and let jSS;*}, = 

ilF/it} he the finite open coverings of ©. Then to obtain the homology theory of ^T{ 
one may replace Us Jinile open coverings by the coverings {91 a 9^ a 9B^ = 

Indeed this is (Nearly (5.4) with 9J rephu^ed by and F by 

The ])ro()f of (5.4) will rest mainly upon tlu^ following proi)erty: 

(5.(i) If in any net 4> = l4>x ; Trj!) certain ttJI , X > /i, isomorphisms and 
for each such pair one introduces new ordering relations and projections: pi > X, 
TTx == (ttJI)' ^ together wilh all (hose that follow by IransUivily (N2 of VI, 2.1), then 
lhe re.sulling net has the same, homology theory as 4>, 

For (‘(mveniemee w(‘ demote by wjl the projc^ctions in 'F. L(4. 7 ^' = 

Itx } € (1), A lu'ojc'etioii ojjl is a tinite product • • • wx®, (Xo = X, X^ = /i), 

wh(‘r(^ any factor is an isomorplusm or else a proj(M*.tion of Thus cjx;.^.^ 7 x'. 
7 Xi+i »iwid lumee 7 J . ''rh(U*efore tlu^ 7 /' ai‘(‘ likewise^ tlu^ e.o()rdinat(\s of a 

y ^ fO- converse is obvious. It follows that 7 '’ <~> 7 '' defines a 

siimiltaneous is<)mori)hisin r in the algebraic s(ms(‘ of (1) with . 8 ^*('I'j <" 0 - 

The subbas(^ {Fx} of (VI, 3.3) for the first group is inunediatc^ly semn to be oiu'. 
also for th(^ s(mond. H(^nc(' r is an isomorphism. Since tI^^*( 4>, (7) = I?^'('F, f/), 
r indiUH's a simultaiuunis isomorphism of the corre^sponding homology groups. 

Similarly thc^ repn^semtativi^s of a (‘X)( 5 y(*h^ 7 ;, of 4> ar(^ shown to b(^ those? of a 
cocycle 7 ^, of 'F, and 7 ;, <-> 7 ;, defines an isoinor])hism t* of the eorr(?sponding 
groups 3, t? which mduc.(?s one? of the corresponding cofioinology gr()ui)S. Minor 
modifie.ations of the same? arg\nn(?iit yield the? proof tliat r, r* together indiKie? 
(in an obvious sense) an isomorphism betw(?en the? int.e.rsee.tioii classe^s in 9' 
and also between the corresponding intersection rings. This proves (5.0). 

Proof of (5.4). We return to the notations of (4), Let Ux — \ Uu ]> H 
F n Uu 7 ^ 0 w(i identify the? vertex F n XJ\i of nerve F a Ux with th(? vertex t/xi 
of 4>ix. There? results an isomorphism nerve F a Ux 4>ix. We will identify 
the two isomorphic compl(?xca, so that henceforth 4?ix = nerve F a Ux - Under 
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the circumstances tti;, = | , X >• /i, represents a projection by inclusion 

nerve F a Ux —> nei've F a . 

It may very well happen that F a Ux >■ F a Vl^ and yet Ux >■ ll„ . If so, no 
projection by inclusion nerve F a Ux —»nei-ve F a U;, will occur in ^i(F). Taking 
advantage of (5.6) we will introduce such a projection x\’ithout modifying the 
homology theory of the subnet. 

Suppose first that F a Ux = F a U,,, and let U, = Ux a U;., so that U,. >• Ux, U„ . 
We may choose as n a projection by inclusion —> $x which is the identity 
on the common vertices, and then irlx = 1. By (5.0) there may be introduced 
in #i(F) the new ordering and projection: \ > v, tti, = 1 , and those that follow 
by transitivity. Since there is a irjlwith = 1 , we have with the ordering 
prevailing in the new $i(F): X > /i, = 1. If this is done for all similar 

pairs the new net, still written for convenience $i(F), will have the same hom¬ 
ology theory as the initial $i(F). The situation is now such that Ux may be re¬ 
placed by the covering consisting of U and of the U\i meeting F. This being 
done throughout, suppose then F a Ux >■ F a U,< and let U„ = 1 f7„y). For each 
Um meeting F select a U^j H F n Uu and replace f7x< by U\i n f/„y. There 
results a U, > U,, and such that F a Ux = F a U,. Hence we already have the 
projection Trip = 1- Now there is a projection by inclusion Trip:4>ip , 

and hence = Trjpxip is likewi.se a projection by inclusion f>ix —» 4>ip . In othei- 
woi-ds we are now at liberty to assume that the projections in <&i(F) include a 
projection by inclusion xt whenever F a Ux > Fa Up. In view of N3 of 
(VI, 2.1), as regards the homology theory of c5i(F) we may assume that the 
xip include all the projections by inclu.sion of the noiwes of the F a Ux . 

It is now clear that the ultimate #i(F) is merely obtained from tin? iwit'k of 
the finite open coverings of F by repeating certain nerves and introducing coi-n*- 
sponding isomorphisms in accordance with (5.6). Hence and the ultimate 
$i(F), and consequently'F and the initial $i(F), have the same homology theory 
and this is precisely (5.4). 

(5.7) In view of (5.4) and for reasons of expediency we shall natui'ally say 
“cycles of F, of 9i mod F,” instead of “cycles of #i(F), of $ mod 4 >i(F),” likewise 
“cocycles of TJ" instead of “cocyclos of #o(f7).” Wo notice c.xplieitly: 

(5.8) The cycles of mod F, F closed in and the cocychs of — F are. dml 
categories vnih inter'sections. 

Remark. One may be tempted to expect here an analogue of ( 5 . 4 ) for U 
and $(i({7). However, for the same reasons as in ( 2 . 2 ) complete duality is not 
to be looked for in the present instance. 

(5.9) Carriers. Let now 7 " = ( 7 ^ a cycle of 9L We say that 7 " has for 
carrier the closed set F whenever there is a {/t} cofinal in {X} such that every yf 
has the carrier F, or equivalently such that are the coordinakss of a cycle 
of#i(F). 

Passing to the cocycles, yp = { 7 ^} has for carrier the open set XJ whenever 
one of its coordinates y% has the carrier U or equivalently whenever yp is a 
cocycle of #0(17). 

Carriers for the relative cycles and cocycles are defined in the same way. 
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-Hereafter a cycle [cocyclc] vnll always be assmned gioeri with a definite closed 
[open] carrier. If tJuj currier romuins unspecified thou it will mean that it is the 
space jyj itself. 

(5.10) A variety of new int(M*protations may bo ^iven to the ]}r()j(;etions and 

injections su(*.h as those of (VI, 13) corresponding to tlu‘ rcilations between cer¬ 
tain lu^ts anti subnets. It is (chiefly a matbcir of adjusting the terminology. 
Thus if F is a (‘-losed set then there is an injtu'tion r'AhiF) —> fF and a projec¬ 
tion 0:4’ 4’(,(J)f — F). Under our interpretations they ar<^ operations on the 

groups of cycles of F and to those of and motl F. For this reason wo will 
refer to r as the infection F —> and to Q as the projection — F, or also 

as the reducMon mod F of the cycles of ))l. Analogous inter])retations hold for 
the dual operations r*, 0 * of (VT, 13), but we will not require special terms 
for them. 

Suppose now F' C F, where both arc closed sets in Referring to (VI, 12.5) 
<I»i(F') is a closed subnet of <lh{F) and so there arises an inj('(^tion r :4?i(F') -^4»i(F), 
and a projection 0:4’o(3J — F') —» 4’o(^yi F). They txva rc^ferred to as: the 

iuj(Hd;i()n F' —> F for r, and the projec.tion — F' — F or reduction mod F 
of the cy(‘.les mod F" for 0 . Here again no specihe terms ar(‘ reciuirod for the 
dual operations r*, 0 *. 

It is hardly ne(?essary to observe that the theon'in of (Vf, 13.U) holds for the 
operations t, • • • , as hero understood, and with tlui obvious modifications. 

Notice tlie obvious parallel betwetni tlu^ inj('<^t.ion F —> ^1{ and the open-ation 
of topological imbedding as a closed set, lilv(‘wis(^ betwe(‘n tlu' projt'ction —> 
s)f .... p operation of neglecting the part of a set in F. That this analogy 

is not at all accidental is cU^arlv shown when i)t and F nvo polyh(‘dra (se<' \T1I, 

11 , 12 ). 

(5.11) Let T be a mapping !:)t —> '3 such that It == Ti)i is clnsed in '5. Then: 

fa) T induces hmioniorphisms (?) —> *^^^'('2, (r) and t’*'*;»s>;,(2, II) 

II)j (II discrete); 

(b) if V, r' denote the homology and cohomology classes in ^)l, 2 there subsist 
the relations of permanence (VT, 9.4, 0.5, 0 .()) for the Kronreher index and the 
intersections; 

((0 the intersection rings of Oi are mapped lumiomorphically by r* into the corre¬ 
sponding rings of ©; 

(d) T* is uniquely delenninrd by r, and is called the ^UtuaV^ of r. 

Let the notations of (4) continue to hold for 0^; and let {%} he the linitc 
oi)eu coverings of 2 and ^ their net. Corresponding to It, or rather to the 
dissection (2 It, R) of 2 we define the cIoschI subnet'Fi of'P in accordance 
with (4.4). SinceSPi is a sul)net of we have an iuj(action and a dual 

projection 0 ? (VI, 13), Since T is continuoiis T’~'^R a 35^ = 

{7’*"^(J? n Vui)], a open covering of Ot whose net is a part 

of and ^ . As a consequence we have the analogues 02 '4> and 

02 of r, r* of (VI, 9.1). Let § bo the isomorphism '4? —>4>i, and 

its *^diiar’ the isomorphism^? If we set r == 0 i? 02 , r* = 0??*^? we 

conclude from (VI, 9, 13) that r, r* have all the properties of (5.11). 
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( 5 . 12 ) A more intuitive description of the transfornaations of the cycles may 
also be given in the following way. Let {ILl be the collection of all the finite 
open refinements of the coverings a of 3i, so that in particular 

is cofinal in (X}. Suppose IL >* a 93^ . If lb = {Uvj] there may bo 

chosen for each a set such that Ihj C n Vixi) and Uvj F^» 

defines a simplicial projection • If a 93/* = then == fTrl/. 

From this follows readily that if 7 ^ = { 7 ^ is a cycle of and its class and 
if we choose for each p a cycle 8 ^ = p^yf , then 8 ^' — {5^} is a cycle of @ whose 
class is rP^. 

6. Homology theory and compactness. 

(6.1) Let us return to the situation and notations of (I, 26, 27, 28). Then if 
{U\} are the finite open coverings of 5 R, {fi(Ux)} are finite open coverings of the 
compacted space © with the following properties: (a) the nets of the nerves of 
the Ux and of the J2(Ux) are isomorphic (I, 27.8, 27.10) i.e., they differ only in 
the labels; (b) {f 2 (Ux)} is cofinal in the family of all the finite open coverings of S 
(I, 27.11); (c) if T is the topological imbedding -^ © and F a closed set in 9f, 
then the same properties hold regarding the F a Ux and (TF) a fl(Ux). We have 
therefore: 

(6.2) The topological space l?)f and the compacted space © of (I, 26.1) have the 
same homology theory (Cech [g], Wallman [a]). 

(6.3) Under the same conditions the dissections (9i — F, F) of 5)f and (© — TF, 
TF) of @ likewise have the same homology theory. 

(6.4) In the light of the preceding results one may say that the Cecil homology 

theory by finite open coverings is essentially a homology thciory of (compact 

spaces. This has certain noteworthy consequences. Thus take so simpler a 

space as the real line L (an open one-cell) and let it be compacted to F. The 

space S turns out to be the space of all real single-valued functions. Now it 

was shown by Dowker [a] that ^^(L) = ^^{S) (the integral homology group) is 

isomorphic with the additive group of all real single-valued fuiuduons re(luc(Ml 

modulo the bounded functions. This group is certainly significant for the class 

of real continuous functions, but scarcely as a topological character of the liiu'. 

/ 

7. (7.1) Theorem. Let 9i he compact and ® a Haiisdorff space. Then any 
mapping !r: 5 R •—> © induces a homomorphism 7 of the homology groups of into 
the corresponding groups of ©, and a dual homomorphism r* of the cohomology 
groups of © into those of Moreover r, r* are the same for all homotopic map¬ 
pings > ©, i.e., they depend merely upon the homotopy class of T. 

Since 91 is compact and © a Haiisdorff space, Tiit is closed in © (I, 32.2), 
and so the existence of r, r* is a consequence of ( 5 . 11 ). 

Let now T, T' be homotopic mappings 91 By hypothesis there is a 

mapping i: Z X 91 —> ©, Z:0 S w g 1, such that Z(0 X a:) = Tx, t{l X x) ^ Tx. 
If 7 ^ is any cycle of 91 then x-^uXx defines a topological mapping 91 —>u X 91 
under which 7 ^ is mapped into a cycle which we denote by u X 7 ^ (cycle of both 
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tt X and ? X 91 ; see (5.6)). In view of (6.11) we merely need to prove 

(7.2) 0 X 7” ~ 1 X y in Z X 91. 

Let 35 = \U , • ■ • ,l,i} denote a finite open covering of I defined as follows: 
li is a set 0 g ■« < a, is a set |8 < « S 1, and the other sots are intervals; 
only consecutive sets h , h+i meet. Let |95^1 be the coverings of this typo. 
Since there is a 35^ whose mesh is less than any assigned e, (35^) is cofinal in the 
family of all the ()])en cov((rings of 1. Hence by (I, 24.2) if {U\} are the finite 
open coverings of 91, thc'U {35^ X Ux) is colinal in the family of all the finite 
open cov('rings of I X 91. Let $x = neivc Ux, 'I'x;. = nerve 35^ X Ux . If 
Ux = 1 f^xj}, 35^ = It), i = I, 2, • • ■ , n, and <r/, = Ux}^ ■ • • Ux}„ 6$x , then’T^ 
contains the simplex cth = {h X Ihia) ^ and {axi} is a closed 

simplicial complex ^ and denoted by . In particular, 4>x = (<ru | (tm. « 9^xiu ; 
Iffxi] n 0 X 91 9^ 01, and 4>x* = {<r;m | <r;,„ 69>x„ ; n 1 X 91 5^ 0}. In other 
words , 4>x aie the' analogues of •I'lx of (4), for 0 X 91, 1 X 91 and^x^ . If 
"f = l7x} then 0 X 7'’, 1X7^ have coordinates /i X 7x , !« X 7x relative to 
'Px;,, and (7.2) rc'ducos to proving 

(7.3) X7?~/n X7X*’ hi'Px. . 

It is clear that (r;,i —» tr*„ defines a chain-ma])ping such that 

6{li X 7^ = X 7x . Therefore (7.3) and hence (7.1) will bo proved if wc can 
show that 

(7.4) 6 /.s a vhain-dvjormntion occr'PxM ■ 

Now wi'. find immediately that if v* is as lu'fore then n(f< X f/xjv) n 
r\(li+i X Ihj,) ^ 0, and hene(i 

{U X t/xy„) • • • Hi X l/xy,)(L+i X Ihs,) • • • (/. h X 17xy,) e ^xm • 


C’onseiiuently by (IV, 1(1.3): ai an-i d(>fin(‘s a simplicial chain-deformation 
fli:<I>x -X 'tx'* ' ov(n' . Kince 6 = 9„_i • • • O 2 O 1 (7.4) follows, and (7.1) is proved. 

(7..')) If 91 in a (•■ompncl JlamlorJlJ' space amt .1 is a di^ormalion-retracl of 91 
then A and 91 liai>c. the same homology groups. 

Let T be the retraction 91 —> A. 15y hypothesis this time there is a mapi)ing 
i:l X 91 -X 91 such that 1(0 X :i;) = x; 1(1 X ^0 = Tx e At(u X x) = .r for 
X eA. It is already known that T induces a homomorpliisin TLSy’(91, (?) -x 
.sV'(A, 0). Similarly the injection ri —> 91 induc(is a homomorphism 
viip^XA, G) -X .mk G) (5.10). 

Let r''« .'p’'(91, (?) and 7" « P’’. Since T is a deformation Ty’‘ ~ 7" in 91. Hence 
the elements of the class F'*’ = tF" arc also in F" or F'^’ C! F**. It follows that 

_ Jll’ gjjjJ gQ 

Comider now F"" « §”(^ 1 , O). The elements of F"* are members of the fixed 
class F'’ = riT'’’. I say that tF” == F'”. For suppo-so tF’' = F"’’ 5^ F"", and 
let 7'^ e F'^, y"^ e F"®. Then 5 ” = y'^ — 7'"’ is a cycle of A which is 00 0 in 4 
and yet ~ 0 in 91 . We show that this is impossible. In the notations of the 
proof of (7.1) this will follow if we can prove that 0X7’’'~0in0X9l-*- 





264 


HOMOLOGY THEORY OF TOPOLOGICAL SPACES 


[VII] 


1 X 7 ^ 0 in 1 X 5K or finally that h X 7\ ^ 0 in 1^ X y\ 0 in , 

and this is an immediate consequence of the fact that ^ is a chain-mapping. 
Thus tT^ = r'^ == and finally riy — 1. 

Since rrj = 1 , tjt = 1, r.is an isomorphism and (7.5) is proved. 

(7.6) Application. Every parallclotope P is zcro-cyclic. Hence P augmented 
is acyclic. 

For any point of P is a deformation-retract of P and so the homology groups 
of P are those of a point, which is what (7.6) asserts. 

8. Homology theory and normality. What are the spaces, if any, whose 
U- and 55-theories are the same? A sufficient condition, and scarcely more (*oiild 
be expected, is found in the important 

(8.1) Theorem. When is normal then: (a) its U- and %-homology theories 
(i.e., by finite open and closed coverings) arc the same; (b) if F is closed in JTJ then 
the U- and ^-theories for the cycles mod F and the cocycles of 3f — F are like.wise 
the same (Cech [a]). 

An immediate consequence is: 

(8.2) Theorem (8.1) holds when Si is metric^ compact Hausdorff^ or a compactum. 

For in all three cases 9i is normal. 

(8.3) Proof of (8 .1a). Two finite collections of sets == (Ai, ••• ,A,}, 

S3 = {J9i, • • • , 5r} are said to be congruent, if, say 3( > S3 and this so that 
Ai C Bi and that A» Bi defines a similitude ?[ S3. This similitude induces 

an isomorphism t: nerve 31 nerve S3. 

(8.4) We will utilize now an elegant suggestion due to Lagerstrom and apply 

(5.6). Consider the following collections: (a) the finite open coverings jUxl; 
(b) the finite closed coverings {^5#*}; (c) the union of the two {U\, The 
first two are directed collections in the sense of (2). To show that the 
third is one also it is sufficient to show that Vk, have a common refinement 
in the collection (c).^ Now by (I, 33.4) Ux may be shrunk to Ux^ and so Ux' 
refines Ux. Hence Ux' a (5m > which is a finite closed covering, is a common 
refinement of Ux, Sm such as required. 

We may now introduce the nets ^ of the collections (a,b,c) (see 2.1) 
and we will suppose that they have been modified after the manner of (6.6) 
as follows: In the notations of (8.3) if 31, 33 are in the same collection, say 
31 = Ux, S3 = Ux^ we introduce in {X} the new ordering X' > X and projec¬ 
tion ^rx' = 

We have already seen that there is a Uy refining Ux. Hence 'F is cofinal in 
Q . By (I, 33.5) every 55 m is a congruent refinement of some Ux, and in the 
ordering attached to ^ we have then X > /x, Thus is likewise cofinal in Q . 
It follows that ^ and^ have the same homology theories. Since by (5.6) these 
are the U- and 55-theories, (8.1a) is proved. 

(8.6) Proof of (8.1b). The same argument may be applied here provided 
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that we strengthen the (‘ondition imposed on ?[, 35 in (8.3) to: u 21 is a con¬ 
gruent refinement of F v , and the related similitude sends F into F. 

9. Duality in the sense of Alexander, Idtt le more is required than to transfer 
the rosuli-s of this type of djnality for nets (XT, 35) to topological si}:ie(3s. Let 
then be a. topological spacer and F a closed s('t, and in the notations of (-1) let 
— F), *lh{F)) !)(' tlu^ dissection of cornssponding to the dissection 

— F, F) of 9f. XV(‘ may d(^finc the linking coefficients as in (\M., 15.3). The 
duality theorems for complexes (III, 38.3, 39) arc thus valid for a diss(Kdlon 

— F, F), F <*losed. We stat<' (wplicitly tlu‘ main tlumrc^n, and leave tli(i 
formulation of the r(\sl. to tlu^ reader. 

(0.1) Tj-teohem. IJ is (p — 1, pyacj/dic and {G, H) is a normal couple^ 
then Sf \F, G) and — F, //) are dunlin paired with the linking coefficient 

as the group mulliplieation. 

Since '\F, G) and ^);,-.i(F, //) are likewise dually pair(‘d (^.1), both 
vS?),,_i(F, II) and — F, II) are isomorphic with the (‘luiracter-gronp or spacer 

of vSy(9i, F, U) (group of Of mod F ()V(‘r G) and Iien<*(‘also witli oiu* another. 
Tlieref oi‘e: 


(9.2 ) Tiieokkim. If ^)f is (p — 1, p)-arijrlic, F closed in 9f, and II auij discrete 

group, then ^)p.-i(F, //) ^ — F, //) [linear istnnorplnsni when II is a field.). 

This last formulation ofh'rs th(‘ advanta.g(‘ tluit. it is (‘xpi’<\ss(Hl in t(M*ms of a 
single coefIici(»nt grou]). Similar formulations may of course lx* giv(MJ for the 
analogues of the oth(‘r tlieorems of (III, 3S, 39). S(‘(> notably Alexandroff [f|. 

Noteworthy conse<[U(‘nc(^ of (9.1): 

(9.3) IK/n7/. 9i is acifcUc the vohomologij groups of 9f F are topological in¬ 
variants of F alone, and in particular liny do not depend upon Ike lopological 
imbedding in 9t. 

(9.4) Aitlicatxon. An augnumted paralhdotopc^ P lias tin* groups of an aug¬ 
mented iioint and beiice it is acyclic. Ther(‘for(‘ (9.1) is api)li(ail)lo for all 
dimensions and (9.2, 9.3) also hold for P. 

30. Intersections and their carriers. Up to the present, intersections of any 
sort have largely had an “algcb]*aic” connotation. The consideration of the 
carriers will cmable us to make the transfer to ])oint set properties. 

Tlu^ general mitations remaining those of (4), let in addition O, 11 be two 
gi'oups commutativ(43>^ ])aircd to a third J, such as always occur in comuxdion 
with intersections. The bmnt of the argument will hear upon the inters(}ctions 
in a fixed . 

(10.1) Let = \a\} and let F, U be a closed and an open set (not necessarily 
complementary to one another). By (V, 4.1) erf-o-g is a chain of Cl <r\ and 
hence its vertices are among those of of * Moreover (V, 4,1) erf0 

< cr? . 
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Suppose that o-f , ff, have the carriers F, U so that 

K] n F ^ 0, [4] C U. 

Since the vertices of <r® are among those of ff\ wo have [(t^] 3 [o-^l, and tlu'iH'foro 
[ffx] C U. Similarly since the vertices of arc among those of cr( if 

is a simplex of this intersection then 3 fo-^] and therefon? |o-x n F 3 

[<rx] n F a F a U. Hence [o-x"''] n (F n (/) 5 ^ 0, and so crl!-(rl Inus the carrier 
FrV. It follows that if C\ , have the carriers F, U tluni their intersection 
has the carrier F nU. 

(10.2) For the cochains it is most convenient to utilize the inku-sectioiis of tlu* 
Whitney type (V, 20). The vertices of $x are ranged in sotne (ixcsl ord(>r and 
intersections determined in terms of that order. Referiing to (V, 20.1) if 

^ 0 , it is a dual simplex whose vortices include all tho.se of cr), and trj. 
Therefore 

(Tp-o-a 7 ^ 0 -»• [o-p-o-Jl = [o-p] n [cTal. 

Consequently if C),, C\ have the carriers U, V, their intersesdion has tlui earric'r 
UnV. 

(10.3) Let nowy” = (tH be a cycle of 'ift over G with the clo.sed carriei- F, 
7 a = { 7 a 1 3' cocycle of 511 over H with the open carrier V, and let P'', P,, he tlu'ir 
classes. We have then a class intersection P’'- Pa and our purpose' is lo select a 
suitable cari-ier for a cycle of that class. 

By hypothesis there exists {g{ cofinal in jX} and j' e |X} such that ('\'ery 
has the carrier F and y, has the carrier U. Since jg | g > v] is also cofinal 
in {X|, it may replace {g} and .so we may suppose every tx > v. It is then a 
consequence of the definition of P"-P,, that the cycles 7J • Tr^Vp an' coordinates 
of a cycle 7 '”’*' 6 P^ ■ P,. 

Now by ( 1 . 12 ), vlYq bas the carrier V. Hence (lO.l) yj -it* 7 J has tlx' car¬ 
rier F n y. Since {g) is cofinal in {X{, y^-y,, has the same carric'r. Thus: 

(10.4) J/ 7 ^, 7 , hme the earners F, V then in the intersection class P'' • P,, there 
is a cycle with the carrier F n f. Any cycle of the class with the same carrier is 
called an intersection cycle of 7 ", 7 ^, written y’‘'yq . 

(10.5) Consider now two cocycles 7 ^ = [ 75 ,} and 7 ,, = { 7 *! over G and II, 
with the open carriers U and V and classes Pp and I\. Tlu'w* (ixist n'prcv 
sentatives y% , 7 J with the carriers U, V. Choose any p > n, v. Tlui inter¬ 
section cocycle (irp'‘ 7 p) • (ir* 7 J) taken as in ( 10 . 2 ) is a representative of a cocycle 
7 p+«« Tp-Pa. By (1.12) ir*'‘ 7 ^ has the carrier U and irp' 7 « the carrier V and 
hence ( 10 . 2 ): ir*'‘ 7 ^-'!r* 7 , has the carrier UnV, or finally 7 p).,, has the carrier 
U n V. Thus 

(10.6) If 7 p, 7 , have the carriers V, V then in the intersection class l\-l\ there 
is a cocycle with the carrier UnV. A^iy cocycle of Pp- P,, with this properly will 
be called an intersection cocyclc of 7 p, y®, written jp-yq . 

(10.7) The preceding results may be extended to relative cych's and coeycles. 
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Let F, Fi be dosed sets with Fi C F, and V, Vi open sets with Fi C V and let 
7 ^' bo a cycle m<xl Fi over G with th(' cari’icr F and y,j a coeyclc mod Vi over H 
with the carrier V, Wo will say that 7 ^', 7 ,^ are in general position if we have: 

(10.8) (F n fi) u (Fi n F) - 0. 

Similarly let 3 (/i , F Z) Ti , where all tin* sots are open* and lot y,, bo a 
cocydo mod over G with the (*arriei* and 7 ,/ as before. Them yp , 7 ,, are 

said to bo in g(‘neral position if w(‘ have: 

{U n T^) u [L\ n F) = 0. 

It is an (*l(^m(^iitary matter to verify that f<n' n^lativo' olomonts in general posi¬ 
tion all the considerations of (VI, 8 ) and of (10.1, • • • , 10.5) are valid without 
modification. The intorsoetions y^'-y,, and 7 ;>- 7 ,, eontinuo to be ab.soliite cycles 
anti cocyclcNs. 

(10.9) AppurATiON. (a) If y^\ y,^ have carriers F^ V such that F and V arc 
disjoint then I\y = 0. (b) Ifyp , 7 ,^ have disjoint carriers U, V then r,r r„ = 0. 

Similarly for the relative intersections. 

The ^h^dnt set’’ value of this projx'rty is cU'ar. Its proof is (»lom('ntary and 
loft to the reader. 
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11 . (11.1) We have soon (III, 20) that in .simplicial (*omplexos there* exists a 
dose relationshij) botwoen connoch'dness and the 5 !ier()-(\y(^l(^s. The same! situa¬ 
tion is f<nind to hold, following Ce(^h [a], for every topological spa(ie ))i. 1 \> bring 

the two concepts together one must first associate z(n’o-cyd(*s with the points 
of ))l. Lot thc^ notations remain tho.so of (4). Tak(* any point .r e and let 
U\ , U\ both contain x. Since the two sets meet they are joined by a cr^ in , 
or Ih ill • Suppose that we choose a (4 3 .t for each X and lot 7 " = {U\\. 

\ > p then 7 r^U\ is a Up and so Tr^Ux Up in % . Therefore 7 ” is a zero-cycle 
of 9{ associated with x. Similarly \gU\\, g eG, is a zoro-cycU^ of over G and 
it is denoted by gy^, 

( 11 . 2 ) All the cycles such as 7 ” associated with x are homologous integral cycles. 

For if 5° = j t/x}, X € (7l, then Lh C/x in and so 7 ' -- 

(11.3) If is a Ti-space then any 7 ® associated with x has the closed carrier x 
(obvious). 

(11.4) For convenience we shall designate also by x any cycle 7 ** attached to x 
in the above sense, i.e., any collection {f7x}, x e U\ . This is not strictly accii- 
rat(^ since the cycle in question is not gciiorally unique. However, x as a cycle 
w'ill only be utilized in homology relations, and since its class is unique the 
deviation is immaterial. The open sets U\ will also be rofcu'red to as coordinates 
of X, Thus, if X , x' have the coordinates {f/x}, {?7x} then x x' ^ U\ ^ U\ 
in for every X, 



